
from J. Math. Phys. 20, 1341 (1979).

Representations of the Poincaré Group for
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Abstract

Representations of the Poincaré group are constructed from the rel-
ativistic harmonic oscillator wave functions which have been effective
in describing the physics of internal quark motions in the relativis-
tic quark model. These wave functions are solutions of the Lorentz-
invariant harmonic oscillator differential equation in the ”cylindrical”
coordinate system moving with the hadronic velocity in which the
time. separation variable is treated separately. This result enables us
to assert that the hadronic mass spectrum is generated by the internal
quark level excitation, and that the hadronic spin is due to the inter-
nal orbital angular momentum. An addendum relegated to PAPS
contains discussions of detailed calculational aspects of the Lorentz
transformation, and of solutions of the oscillator equation which are
diagonal in the Casimir operators of the homogeneous Lorentz group.
It is shown there that the representation of the homogeneous Lorentz
group consists of solutions of the oscillator partial differential equa-
tion in a ”spherical” coordinate system in which the Lorentz-invariant
Minkowskian distance between the constituent quarks is the radial
variable.
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1 Introduction

In building models of relativistic extended hadrons, we have to keep in mind
the fundamental fact that the overall space-time symmetry structure is that
of the poincaré group [1]. In our previous papers on physical applications
of the relativistic harmonic oscillator [2], our primary purpose was to devise
a calculational scheme for explaining experimental observations. As was
pointed out by Biedenharn et al.??, the question of the Poincaré symmetry
has not been systematically discussed.

The purpose of the present paper is to address this symmetry problem.
We are considering a model hadron consisting of two spinless quarks bound
together by a harmonic oscillator potential. In this case, we are led to con-
sider the center-of-mass coordinate which specifies the space-time location
of the hadron, and the relative coordinate which specifies the internal space-
time separation between the quarks.

Both the hadronic and internal coordinates are subject to Poincaré trans-
formations consisting of translations and Lorentz transformations. The hadronic
coordinate undergoes Poincaré transformation in the usual manner. How-
ever, the internal coordinate is invariant under translations. This coordinate
should, nonetheless, satisfy the poincaré symmetry as a whole. We discuss in
this paper the role of this internal coordinate, and show that internal excita-
tions generate the hadronic mass spectrum, and that the internal an- angular
momentum corresponds to the spin of the hadron.

In Sec. 2, we formulate the problem using a model hadron consisting of
two spinless quarks bound together by a

harmonic oscillator potential of unit strength, and then dis- cuss the
generators of the Poincaré group applicable to the entire system. In Sec. 3,
we present the oscillator wave functions which are diagonal in the invariant
Casimir operators of the Poincaré group.

2 Formulation of the Problem

In our previous papers on physical applications of the relativistic harmonic
oscillators, we started with the following Lorentz-invariant differential equa-
tion: 2

( ∂

∂x1

)2

+

(
∂

∂x2

)2
− 1

16
(x1 − x2)

2 +m2
0

ϕ (x1, x2) = 0, (1)
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where x1 and x2 are the space-time coordinates for the two spinless quarks
bound together by a harmonic oscillator potential with unit spring constant.
In order to simplify the above equation, let us define new coordinate variables

X=
x1 + x2

2
, and x=

x1 − x2

2
√
2
, (2)

The X coordinate represents the space-time specification of the hadron
as a whole, while the x variable measures the relative space-time separation
between the quarks. In terms of these variables, Eq.(l) can be written as

(
∂

∂X

)2

+m2
0 +

1

2

( ∂

∂x

)2

− x2

ϕ (X, x) = 0, (3)

The above equation is separable in the X and x variables. Thus we write

ϕ (X, x) = f (X)ϕ(x), (4)

where f(X) and ψ(x) satisfy the following differential equations respectively:
(
∂

∂X

)2

+m2
0 + (λ+ 1)−

 f(X) = 0, (5)

and

+
1

2

( ∂

∂x

)2

− x2

 = (λ+ 1)ψ(x). (6)

The differential equation of Eq.(5) is a Klein Gordon equation, and its solu-
tions are well known. f(X) takes the form

f(x) = exp
(
±iP Ẋ

)
(7)

with
P 2 = m2

0 + (λ+ 1), (8)

where P is the four-momentum of the hadron. p2 is, of course, the (mass)2

of the hadron and is numerically constrained to take the values allowed by
Eq.(8). The separation constant λ is determined from the solutions of the
harmonic oscillator differential equation of Eq.(6). The physical solutions of
the oscillator equation satisfy the subsidiary condition

pµa†µψβ(x) = 0, (9)
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where

a†µ = xµ +
∂

∂xµ
.

The physics of this subsidiary condition has been extensively discussed in the
literature [2, 4].

The space-time transformation of the total wave function of Eq.(4) is gen-
erated by the following ten generators of the Poincaré group. The operators

Pµ = i
∂

∂Xµ
. (10)

generate space-time translations. Lorentz transformations, which include
boosts and rotations, are generated by

Mµν = L∗
µν + Lµν (11)

where

L∗
µν = i

(
Xµ

∂

∂Xν
−Xν

∂

∂Xµ

)
,

Lµν = i

(
xµ

∂

∂xν
− xν

∂

∂xµ

)
.

The translation operators Pµ, act only on the hadronic coordinate, and
do not affect the internal coordinate. The operators L∗

µν and Lµν Lorentz-
transform the hadronic and internal coordinates respectively. The above ten
generators satisfy the commutation relations for the Poincaré group.

In order to consider irreducible representations of the Poincaré group, we
have to construct wave functions which are diagonal in the invariant Casimir
operators of the group, which commute with all the generators of Eqs.(10)
and (11). The Casimir operators in this case are

PmuPµ, and W µWµ, (12)

where
Wµ = ϵµναβP

νMαβ

The eigenvalues of the above P 2 and W 2 represent respectively the mass and
sin of the hadron.
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3 Physical Wave Functions and Representa-

tions of the Poincaré Group

In constructing wave functions diagonal in the Casimir operators of the
Poincaré group, we note first that the operator which acts on the wave func-
tion in the subsidiary condition of Eq. (9) commutes with these invariant
operators: [

P 2, pµa†µ
]
= 0, (13)[

W 2, pµa†µ
]
= 0. (14)

Therefore, the wave functions satisfying the condition of Eq.(9) can be di-
agonal in the Casimir operators. In order to obtain the solutions explicitly,
let us assume without loss of generality that the hadron moves along the z
direction with tire velocity parameter β. Then we are led to consider the
Lorentz frame where the hadron is at rest, and the coordinate variables are
given by

x′ = x, y′ = y,

, z′ =
z − βt√
1− β2

,

t′ =
t− βz√
1− β2

.

The Lorentz-invariant oscillator equation of Eq.(6) is separable in the above
variables. In terms of these primed variables, we can construct a complete
set of wave functions

ψβ(x) = fb(x)fs(y)fn(z
′)fk(t

′), (15)

where

fn(z
′) =

1√√
π2nn!

Hn(z
′) exp

(
−z′2/2

)
,

fk(t
′) =

1√√
π2nn!

Hn(z
′) exp

(
−t′2/2

)
.
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If the excitation numbers, b, ..., k are allowed to take all possible nonnegative
integer values, the solutions in Eq.(16) form a complete set. However, the
eigenvalues λ takes the form

λ = b+ s+ n− k. (16)

Because the coefficient of (−k) is negative in the above expression, λ has no
lower bound, and there is an infinite degeneracy for a given value of λ.

In terms of the primed coordinates, the subsidiary condition of Eq.(9)
takes the simple form (

∂

∂t′
+ t′

)
ψβ(x) = 0. (17)

This limits fk(t
′) to f0(t

′), and the eigenvalue λ becomes

λ = b+ s+ n. (18)

The physical wave functions satisfying the subsidiary condition of Eq.(9) or
(18) have nonnegative values of λ.

As far as the x′, y′, z′ coordinates are concerned, they form an orthog-
onal Euclidean space, and fb(x

′), fs(y
′), fn(x) form a complete set in this

three-dimensional space. The Hermite polynomials in these Cartesian wave
functions can then be combined to form the eigenfunctions of W

′2 which, in
terms of the primed coordinate variables, takes the form

W
′2 =M2 (L′)

2
, (19)

where

L′
i = −iϵijkxj

∂

∂xj
.

and M is the hadronic mass.
The physical wave functions now take the form

ψλℓm
β =

[(
1

π

)1/4

exp
(
−t2/2

)]
RλℓR(r

′)Yℓm (θ′, ϕ′) (20)

where r′, θ′, ϕ′ are the radial and spherical variables in the three-dimensional
space spanned by x′, y′, z′. Rλℓ(r

′) is the normalized radial wave function
for the three-dimensional isotropic harmonic oscillator, and its form is well
known. The above wave function is diagonal in W2 for which the eigenvalue
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Figure 1: Elliptic and hyperbolic localizations in space-time. The wave func-
tions in the present paper are elliptically localized, and undergo Lorentz
deformation as the hadron moves. The Lorentz invariant form xµx

µ to which
we are accustomed, is hyperbolically localized, and is basically different from
the form used in the present paper.

is ℓ(ℓ+ l)M , and represents the total spin of the hadron in the present case.
The quantum number m corresponds to the helicity.

Since the eigenvalue p2 of the Casimir operator P , is constrained to take
the numerical values allowed by Eq. (8), the hadronic mass is given by

M2 = m2
0 + (λ+ 1). (21)

If we relax the subsidiary condition of Eq.(18), we indeed obtain a complete
set. In this case, λ of Eq.(17) can become negative for sufficiently large values
of k. For λ > 0, the solutions become

ψλkℓm
β =

( 1√
π2kk!

)1/2

Hk(t) exp
(
−t2/2

)RλℓR(r
′)Yℓm (θ′, ϕ′) (22)

For λ < 0, the solutions take the form

ψλkℓm
β =

( 1√
π2(k−Λ)(k − λ)!

)1/2

Hk−λ(t) exp
(
−t2/2

)RλℓR(r
′)Yℓm (θ′, ϕ′)

(23)
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The eigenvalues of P 2 and W 2 are again m2
o + (λ + 1) and ℓ(ℓ + l)M2

respectively. In both of the above cases, k is allowed to take all possible
integer values.

The functional forms of Eqs.(23) and (24) are relatively simple, and they
suggest that this representation of the poincaré group corresponds to the so-
lution of the Lorentz-invariant oscillator differential equation in a cylindrical
coordinate system moving with the hadronic velocity where the t′ variable is
treated separately. We are then led to the question of why this fact was not
known.

Even though the above representations take simple forms, the wave func-
tions contain the following nonconventional features. The first point to note
is that they are written as functions of the x′, y′, z′, t′ variables. The trans-
verse variables x′ and y′ are simply x and y respectively. However, z′ and t′

are linear combinations of z and t. Because the physical meaning of the time-
separation variable was not clearly understood, the dependence discouraged
us in the past from using it explicitly in representation theory. The explicit
use of this variable in the present paper is based on the progress that has
been made in our physical understanding of this time-separation variable in
terms of measurable quantities, and in terms of the relativistic wave functions
carrying a covariant probability interpretation [2].

Another factor which used to discourage the use of the t variable was that
we are accustomed to its appearance through the form

xµx
µ = t2 − r2, (24)

where
r2 = x2 + y2 + z2.

In terms of this form, it is very inconvenient, if not impossible, to describe
functions which are localized in a finite space-time region. In contrast to the
above hyperbolic case, the wave functions which we constructed in this paper
are well localized within the region(

t′2 + z′2
)
< 2, (25)

due to the Gaussian factor appearing in the wave functions. This elliptic
form was obtained from the covariant expression

xµx
µ + 2

[
xṖ

M

]2
< 2. (26)
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The x′ and y′ variables have been omitted in Eq.(26) because they are trivial.
In terms of z and, the above inequality takes the form[

1− β

1 + β
(z + t)2 ++

1− β

1 + β
(z − t)2

]
< 2. (27)

We are therefore dealing with the function localized within an elliptic region
defined by this inequality, and can control the r variable in the same manner
as we do in the case of the spatial variables appearing in nonrelativistic
quantum mechanics. This localization property together with the hyperbolic
case is illustrated in Fig. 1.

Concluding Remarks

We have shown in this paper that the wave functions used in our previous
papers are diagonal in the Casimir operators of the Poincaré group, which
specify covariantly the mass and total spin of the hadron. These wave func-
tions are well localized in a space-time region, and undergoes elliptic Lorentz
deformation.

An addendum to this paper containing a discussion of Lorentz transfor-
mation of the physical wave function and a construction of the representation
of the homogeneous Lorentz group is relegated to PAPS [5]. It is shown there
that solutions of the oscillator equation diagonal in the Casimir operators of
the homogeneous Lorentz group are localized within the Lorentz-invariant
hyperbolic region illustrated in Fig. 1.
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