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5.14 Uniqueness of Cayley Möbius Transformation . . . . . . . . . . . . . . . . 590
5.15 Matrix Symplectification Revisited . . . . . . . . . . . . . . . . . . . . . . 595

6 Symplectic Maps 605
6.1 Preliminaries and Definitions . . . . . . . . . . . . . . . . . . . . . . . . . 605

6.1.1 Gradient Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . 606
6.1.2 Symplectic Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . 607

6.2 Group Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 612
6.2.1 The General Case . . . . . . . . . . . . . . . . . . . . . . . . . . 612



vi CONTENTS

6.2.2 Various Subgroups and Their Names . . . . . . . . . . . . . . . . 613
6.3 Preservation of General Poisson Brackets . . . . . . . . . . . . . . . . . . 626
6.4 Relation to Hamiltonian Flows . . . . . . . . . . . . . . . . . . . . . . . . 628

6.4.1 Hamiltonian Flows Generate Symplectic Maps . . . . . . . . . . 629
6.4.2 Any Family of Symplectic Maps Is Hamiltonian Generated . . . 631
6.4.3 Almost All Symplectic Maps Are Hamiltonian Generated . . . . 635
6.4.4 Transformation of a Hamiltonian Under the Action of a Symplectic

Map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 636
6.5 Mixed-Variable Generating Functions . . . . . . . . . . . . . . . . . . . . 645

6.5.1 Generating Functions Produce Symplectic Maps . . . . . . . . . 645
6.5.2 Finding a Generating Function from a Map or a Generating Hamil-

tonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 653
6.5.3 Finding the Generating Hamiltonian from a Generating Function;

Hamilton-Jacobi Theory/Equations . . . . . . . . . . . . . . . . 658
6.6 Generating Functions Come from an Exact Di↵erential . . . . . . . . . . 665

6.6.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 665
6.6.2 A Democratic Di↵erential Form . . . . . . . . . . . . . . . . . . 665
6.6.3 Information about M Carried by the Democratic Form . . . . . 667
6.6.4 Breaking the Degeneracy . . . . . . . . . . . . . . . . . . . . . . 670

6.7 Plethora of Generating Functions . . . . . . . . . . . . . . . . . . . . . . 674
6.7.1 Derivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 674
6.7.2 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 681
6.7.3 Relating Source Functions and Generating Hamiltonians, Trans-

formation of Hamiltonians, and Hamilton-Jacobi Theory/Equations 686
6.7.4 What Kind of Generating Function/Darboux Matrix Should We

Choose? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 694
6.8 Symplectic Invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 720

6.8.1 Liouville’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 721
6.8.2 Gromov’s Nonsqueezing Theorem and the Symplectic Camel . . 722
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