Correlation Functions and Diagrams

Correlation function of fields are the natural objects to study in the path integral
formulation. They contain the physical information we are interested in (e.g. scat-
tering amplitudes) and have a simple expansion in terms of Feynman diagrams. This
chapter develops this formalism, which will be the language used for the rest of the
course.

1 Sources

The path integral gives us the time evolution operator, which in principle contains all
the information about the dynamics of the system. However, in order to use the path
integral to do physics we need to find a way to describe initial and final particle states
in path integral language. The way to do this is to couple the fields to spacetime-
dependent background fields (“sources”) that can create or destroy particles. For
example, in our scalar field theory, we add a source field J(x) coupled linearly to ¢:

L=10"00,0—V(¢) + Jo. (1.1)

The source field J(x) is not dynamical; it is a c-number field that acts as a background
to the ¢ dynamics. (In path integral language, we integrate over configurations of ¢,
for a given J.) With the addition of the source term the classical equations of motion
for ¢ are

06+ V'(¢) = J. (1.2)

We see that J plays the same role as an electromagnetic current in Maxwell’s equa-
tions, which is why we call it a source.

Consider a source field that turns on briefly at some initial time, and is cleverly
chosen so that it creates two particles with close to unit probability. This part of the
field configuration therefore represents the initial state of the system. At a later time,
we choose the background field to turn on briefly in a clever way so that it precisely
absorbs two particles with a given configuration with close to unit probability. This
part of the field configuration represents the final state that the experimentalist is
interested in measuring. Then, the amplitude that the vacuum evolves back into the
vacuum in the presence of these sources is precisely the amplitude that the particles



scatter from the chosen initial state into the chosen final state. This is illustrated
below:

------------------------- vacuum
@ @ particles destroyed
A
time particles interact
@ @ particles created
_________________________ vacuum

Motivated by these considerations, we define the vacuum—vacuum amplitude in
the presence of the source field J:

Z[J] %“%EI;O<0\UJ(+T, —T)|0). (1.3)

Here |0) is the vacuum state, and U, is the time evolution operator in the presence
of the source J. Note that

Z[0] = lim e~"E0o@T) (1.4)

T—o0

where FEj is the vacuum energy.This is another one of those singular normalization
factors that will cancel when we compute physical quantities.

To compute this in terms of the path integral, we use the result of the previous
chapter that the ie prescription projects out the ground state. We therefore have

20 = N /d[¢] ¢S+ [ 1. (1.5)

with the ie prescription is understood, and N is a (singular) normalization factor.
We need not specify the initial and final configurations in the path integral, since the
ground state projection erases this information.! Eq. (1.5) is the starting point for
the application of path integrals to quantum field theory.

'If we perform the path integral over field configurations with ¢(Z,t;) = ¢;(Z), ¢(T,t5) = ¢ (Z),



If the source J is sufficiently weak, if makes sense to evaluate Z[.J] in an expansion
in powers of J. Expanding the action in powers of J

exp {z Jats J(:c)qb(x)} =1+ [de J()o()

-+§/&w&yﬂxwu»nm¢w>+~- (1.6)

and substituting into the path integral Eq. (1.5), we obtain

Z17] = Z[0) (1 i [t () o)

2 (1.7)
+5/fmfwu@J@xww¢@»+.f)
where
o [061€5 o) ()
(@(z1) - () = 5 : (1.8)
Jdlo) e

We can also summarize this by writing

Z[J]:Z[O]ig [dtare [dta, g(@) - T@)ie() - o@a).| - (19)

This defines the correlation functions. Thus, one way of looking at Z[.J] is that it
defines the correlation functions as the coefficients in the expansion in powers of J; we
say that Z[J] is the generator of the correlation functions. Note that the correlation
functions are independent of the overall normalization of the path integral measure.

We now interpret the correlation functions defined above. We claim that they are
precisely the time-ordered Green’s functions familiar from the operator formalism:

(@(w1) - d(wa)) = (0T Pu(w1) - - - ua(a)|0), (1.10)

where ngﬁH(x) is the Heisenberg field operator. Another frequently-used notation for
the Green’s functions is

G (1, ... x) = (0|Tdu(x1) - - - du(z,)]0). (1.11)

then N o< Wo[or|Uh[¢;], where Wy is the ground state wave functional. Therefore, the normaliza-

tion factor does depend on the choice of boundary conditions on the path integral, but (as stated

repeatedly) this drops out of physical quantities.



To prove Eq. (1.10), we go back to the case of quantum mechanics for notational
simplicity. We first recall the definition of the Heisenberg picture. Heisenberg position
operator gy (t) is related to the Schrodinger picture operator ¢ by

qAH(t) 6+2Ht(je—7,Ht (112)
Also, the the Heisenberg position eigenstate
lq,t) = 7 q) (1.13)
is time dependent, and satisfies
Using this notation, we can write the basic path integral formula as
q(ty) =
(qr,trlai, ti) = (qrle” ity i /d eisla (1.15)
q(t =qi

To prove the connection between path integral correlation functions and time-
ordered products, we first evaluate the time ordered product (gy, t¢|T'qu(t1)qu(t2)|gi, ti)
in terms of a path integral. We assume without loss of generality that to > ¢;. Then

(G, ty|Tqu(t)qn(tz)|gi, ti) = (a5, trlan(t2)qu(ti)lai, ti). (1.16)
Now insert a complete set of Heisenberg states after each operator:
Jdala a1 = et ( [dalayial) e 1. (117)
This gives
(a5, tr| Tqu(t1)gu(t2)lgi, t:) /dQ2 /dQ1 (g5, tslu(ta)|qz, ta)
x (g2, ta|q1, t1) (g1, t1lqu (t1)]g:, ti)
= /dQ2 q2 /dQ1 @1 (a5, trlae, ta)
X {qa, talqu, t1) (a1, t1qi, i) (1.18)

The three matrix elements in the above expression are each given by a path integral:

(qr, tr|Tan(t1)du(te)|gi, ti) = /dQ2 G2 /dQ1 731

qty) =ay qt2) =q2 q(ti)=q
X C’/d[q] e'Sld) C’/d[q] e'Sld) C’/d[q] e'Sld]
q(t2) = g2 q(t1)=q q(ti) =qi
alty)=ar
= C [dlg] 9 g(t1)a(t) (1.19)
q(ti)=qi



where the last line uses the path integral composition formula discussed in the pre-
vious chapter. Note that we considered the case t5 > t1; if we had considered t5 < t;
instead, the same steps would also lead to the right-hand side of Eq. (1.19). This is as
it should be, since T4y (t1)du(ts) = Tqu(tz)du(t1). Now, the ie prescription projects
out the ground state in the usual way, and we obtain

(O (1) (12)10) = € [dlg] €9 g(tr)a(t2) (1.20)

To eliminate the divergent normalization factor, we divide out by the path integral
with no operator insertions:

[dla e g(t)az2)
/ d[q] €514 ’

This argument obviously generalizes to products of more than two operators, and the

(01T Gu(t1)gu(t2)]0) =

(1.21)

field theory generalization immediately gives Eq. (1.10).

We can also write Eq. (1.10) using functional derivatives. We can write

16 5
Z[0] 6J(z1) 0 ()

ZU)| - =i¢(x) - - p(wn)). (1.22)

J=0

That is, the correlation functions are defined by functional differentiation of the gener-
ating functional with respect to the sources. We can also define correlation functions
for operators other than ¢ (e.g. ¢* or 9,¢) by adding additional sources for them
in the Lagrangian. For operators that are already present in the Lagrangian, this is
equivalent to allowing the coupling constants to depend on spacetime. For example,
the operator %¢2 can be defined by promoting the mass term to a spacetime depen-
dent source m? — p?(z). The generating functional can then be written as Z[.J, 1.
We can then define e.g.

1 5
210, m?] op?(x)

21,1 = (@) (1.23)

J=0, u2=m?2

Promoting coupling constants to sources in this way is a very useful way to keep track
of the consequences of symmetries, as we will discuss later.

2 Free Field Theory

Up to now, we have been concerned with establishing the connection between the path
integral and the operator formulation of quantum mechanics. We now compute the



path integral for a free field theory. Although free field theory is physically trivial, it
is important as the starting point for weak coupling perturbation theory. This section
also marks the point where we begin to break free of the operator formulation and
use the path integral on its own.

The action is
Sp = /d49: [10100,6 — 1m?¢?]. (2.1)
The subscript 0 reminds us that this is a free theory. We will compute
ZolJ) = [dlg)eSierif e, (2.2)

which gives us the complete correlation functions of the theory. (Without any source
terms, the path integral is just a divergent number Z[0]!)

We replace the spacetime continuum by a hypercubic lattice to make everything
well-defined:

x = a- (ng,ny,no,n3), (2.3)

where ng, n1, ng, ng are integers and a is the lattice spacing. This treats time and space
more symmetrically than the spatial lattice used in the last chapter. Discretizing the
theory is a drastic modification of the theory at the scale a, but it is not expected
to change the physics at distance scales much larger than a. In the language of the
next chapter, discretizing the theory is one way to provide the theory with a short
distance cutoff.

To define the discretized action, it is convenient to rewrite the continuum action
as

Sulo] = [dn 5 [o(-0)6 — m?”]. (24)

Note that O = 9#0, is a linear operator, and can therefore be thought of as a kind
of matrix. In fact, in the discretized theory the derivative operator 9, is replaced by
the difference operator A,, which really is a matrix:

(AMQS);C _ ¢x+u2_a¢x—u

= Z(Au)ry%v (2.5)
where

1
(Au>ry = % (5w+u7y - 5m—u,y) . (2-6)



Here p runs over unit lattice 4-vectors (a,0,0,0),...,(0,0,0,a). (Note we have used
a symmetric definition of the derivative, so that A, is a symmetric matrix.) We can
therefore write the discretized action as

2
Sol¢] = Za4 _% Z¢w(A2)ry¢y - m?ﬁbi

4
a
=2 5 PeAayby, (2.7)
w’y
where
Apy = —(A?)y — m?6yy. (2.8)

is a symmetric matrix.

Our job is therefore to evaluate

201 = (o) exp {55 atontno, + T atno. (29

This is just a generalized Gaussian integral with a matrix defining the quadratic term.
To evaluate it, note that A is a symmetric matrix, so it can be diagonalized by an
orthogonal transformation.? That is, there exists a matrix R with RT = R~! such
that

A = RART = diagonal. (2.10)
If we define
é=Rp, J=RJ, (2.11)
we have
;; 30aAaydy + zm: oz = Zk: (%Akéi + jkﬁgk) ; (2.12)

where )\, are the eigenvalues of A. We now change integration variables from ¢ to ¢.
Because R is an orthogonal transformation, the measure is invariant

[Tde. =[] dox. (2.13)

2Note that if we had used a non-symmetric discretization of the derivative, then A will not be a

symmetric matrix, but it is only the symmetric part of A that contributes to the action.



We can set a = 1, which corresponds to measuring all distances in lattice units. We
can always restore the dependence on a by dimensional analysis. We then have

ZolJ] = /(1;[ d&k> exp {ij (%’wi + zjk&k> } . (2.14)

In terms of these variables, the functional integral is just a product of Gaussian
integrals:

ZolJ] = 1;[ (/dqbk exp {%%i + zjkék}> . (2.15)

These are well-defined Gaussian integrals provided that Im(Ax) > 0 for all A\,. We
will verify below that the 7e prescription gives the eigenvalues a positive imaginary
part, as required. We then obtain

Zo[J1 =11 [(i—?)m exp {—QLMJEH : (2.16)

k

We can write this in a general basis by noting that

l;[ (i)m = [Det(4)]7"2, (2.17)

Hexp{—%j,f} :exp{—%ZJx(A_l)nyy}. (2.18)
k k z,y

We then have

-1/2

ZolJ| =N [Det(—A2 - mz)} exp {—% > (A% — m2);yl<]y} (2.19)

where

(2.20)

is a (divergent) normalization factor. In fact, both A/ and Det(A) are constants
(independent of J), and therefore do not affect the correlation functions. (Note that
we have restored factors of a by dimensional analysis.)

We now verify that the ie prescription gives a positive imaginary part to all of the
eigenvalues of A. We will do this using a continuum notation for simplicity, but it



should be clear that the results hold in the discretized case as well. The ie prescription
tells us to make the replacement

t— (1 —e)t, (2.21)
for € > 0. To linear order in € this gives
/d4x — (1 —ie) /d%, (2.22)
¢ — (1 + 2ie)”. (2.23)
Therefore, the action becomes
o= [0 [ - (Fo) — m?e?]
— Sold] + ie / d'a 5 [gé? + (V)2 +m2?) . (2.24)

The integrand in the last term is positive definite, which shows that all the eigenvalues
of A have positive imaginary parts, as required.

In continuum notation, we can write this as

ZolJ) = N [Det(—0 —m?)] " exp {—% A m2);yljy} (2.25)

To understand the meaning of the inverse of the operator —O0 — m? it is useful to go
to momentum space. We can define momentum-space by

k) /d4:c e (). (2.26)
Note that ¢(x) is real, which implies that
o' (k) = o(—Fk). (2.27)

In terms of momentum-space fields, the free action with the ie prescription becomes

(k) (K = m2) (k)

+ze/% %qﬁT(k) (K + K2 +m?) o(k)
-/ (;’;4 %&(k;) (k2 = m? +i€) (k). (2.28)



In the last line, we have replaced e(k2 + K2+ m?) by e. This is legitimate because €
just stands for an infinitesimal positive quantity that is taken to zero at the end of
the calculation.

Eq. (2.28) shows that the momentum-space fields diagonalize the kinetic term.
Note also that the momentum-space expression shows clearly that the imaginary
part is nonvanishing for all eigenvalues.

The momentum space expressions above also tell us how to interpret the inverse
of the kinetic operator in the continuum limit. The continuous version of Eq. (2.19)
is

Zol) = Zolo]exp { = [ated'y J@) A, T(w) | (2:29)

where A(x1,x9) is the continuous version of the inverse matrix for the kinetic term:
o 0 5 . o

<—wa—x“ —m” + ZE) A(z,y) = 0" (z —y). (2.30)

That is, A(z,y) is a Green’s function for the free equations of motion. In general, a
Green’s function requires the specification of boundary conditions to be well-defined.
In the present approach, the ie prescription tells us that the appropriate Green’s
function is

4
Ik iy 1

A(l',y) = /(27‘()4 m (2.31)

This is exactly the Feynman propagator encountered in the operator formalism. Our
final expression for Zy[J] in the continuum is therefore

ZolJ] = Zo[0] exp {—% [ty J@)AG, y)J(y)} | (2.32)

This equation expresses all the correlation functions for free field theory in a very
compact way.

2.1 Diagrammatic Expansion

Let us obtain an explicit formula for the correlation functions of free field theory.
All we have to do is expand Zy[J] in powers of J and use Eq. (1.9) to read off the
correlation functions. Since only even powers of J appear, we have

2l = 2003 (<5 [ d I - T(e)

n=0 """

X A(‘T1> =T2) o 'A(!L”2n—1, 932n)- (2-33)

10



To read off the correlation functions, we must remember that they are completely
symmetric functions of their arguments. Comparing with Eq. (1.9) gives

(;j:)' <¢(l’1) e ¢($2n)>0 = % (_%>n [A(;L’l’ x2) e A(x2n—1, x2n)] ) (234>

Here the square brackets on the right-hand side tell us to symmetrize in the arguments
T1,...Ta,. We therefore have

1 /"
() dwmo = — (5) 5 A1)+ At 1v7,), (235)
where the sum over o runs over the (2n)! permutations of 1,. .., 2n.

Eq. (2.35) is not the most convenient form of the answer, because many terms
in the sum are the same. The order of the A’s does not matter and A(z,y) =
A(y,x). The distinct terms correspond precisely to the possible pairings of the in-
dices 1,...,2n. For each distinct term, there are 2" permutations corresponding to
interchanging the order of the indices on the A’s in all possible ways, and n! ways
of reordering the A’s. Therefore, we must multiply each distinct term by 2"n!. This
gives

(O(x1) - Hlwan))o = X iAoy, T0y) i (Ery, 11 T, ), (2.36)

where the sum is now over the possible pairings of 1,2,...,2n. This is Wick’s
theorem derived in terms of path integrals.

We can write this in diagrammatic language by writing a dot for each position

x1,..., %9, and denoting a Feynman propagator ¢A(x,y) by a line connecting the dots
x and y:
=1iA . 2.
s =iy (2.37)

The possible pairings just correspond to the possible “contractions,” i.e. the distinct
ways of connecting the dots. For example,

(¢(21)p(w2)d(23)P(24))0 = I I + + y

Ty i) Ti@—0 T2 T2
= iA(.fL’l, LUQ)iA(SL’g, LU4) + iA(.fL’l, LUg)iA(SL’Q, LU4)
+iA(l’1,I4)iA(l’2,I3). (238)

We see that the Feynman rules for free field theory emerge very elegantly from the
path integral.

11



3 Weak Coupling Perturbation Theory

We now show how to evaluate the correlation functions for an interacting theory by
expanding about the free limit. We write the action as

S[¢] = Sol¢] + Sine[¢], (3.1)

where S is the free action and S;,; contains the interaction terms, which we treat as
a perturbation. For definiteness, we take

1nt - /d4 ¢4 (32)
We expect that perturbing in Sj,; will be Justlﬁed as long as A is sufficiently small.

To evaluate the correlation functions in perturbation theory, we start with the
definition Eq. (1.8) for the correlation functions

Jdl6) 596 (1) - ()
(d(z1) - P(xn)) = /d[¢] iS(¢) (3.3)

and expand both the numerator and denominator in powers of Siy;. Up to O(\?)

corrections, this gives

denominator = /d[gb] e50ld] {1 + @ Sine[@] + O()\2)}

:ZO[O]{1+Z'< )/d‘1 +(’)(>\2)} (3.4)

Note that the terms containing powers of Sj,; are just correlation functions in the free
theory. The same thing happens for the numerator:

numerator = /d[gb] S0 p(21) - () {1 + iSint[@] + (9()\2)}
- 0 {(6(er) o)

< )ﬁy (1) @w&U>+mvﬁ. (3.5)

Let us evaluate these expressions explicitly for the 2-point function. Dividing
Eq. (3.5) by Eq. (3.4), we obtain

($an)oten) = (oan)oteno+ (=31 ) [T ote)oteo

— i{(p(z1)P(22) )0 <——> /d4y (&*(y))o + O(N).

12



The free correlation functions are easily evaluated using the results above. For exam-
ple,

(@' ()0 = 3[iA(y,y)]”- (3.7)
The factor of 3 comes from the 3 possible contractions. Similarly,
(@(x1)d(22)0" (y))o = BiA (w1, @) 1A (y, y)]”
+ 12iA (21, y)iA(xe, y)iA(y, y).

(3.8)

Again, the factors count the number of contractions. (We will discuss these factors
below, so we do not dwell on it now.) When we substitute into Eq. (3.6), we see that
the contribution from Eq. (3.7) cancels the first term in Eq. (3.8), and we are left
with

(6(00)(2)) = (ol )ola)lo — 5 [a'yinr(en y)idd s, y)iAy,y) + ON). (3.9)

We now derive the diagrammatic rules to generate this expansion. As above, we
denote a contraction between fields ¢(x) and ¢(y) by by a line connecting the points
x and y. Each such contraction gives a Feynman propagator, so we write

m =iA(z,y). (3.10)

In addition, there are contractions involving fields ¢ coming from the ¢* interaction
terms. Each such term comes with a factor of —i\, so we write each such term as a

>z'/< — —i\. (3.11)

We then integrate over the positions of all of the vertices. These rules do not take into
account a combinatoric factor that appears as an overall coefficient for each diagram.

vertex

In a diagram with V' vertices, there is a factor of 1/4! from each vertex, and a factor of
1/V! from the fact that the contribution comes from the (Si,)" term in the expansion
of exp {iSi }. Finally, we must multiply by the number of contractions C' that give
rise to the same diagram. We therefore multiply each diagram by

1\" C
S is sometimes called the ‘symmetry factor’ of the diagram. Some books give general

rules for finding S, but it is usually less confusing just to count the contractions
explicitly.

13



This notation allows us to easily find all contributions to the numerator and
denominator of Eq. (1.8) at any given order in the coupling constant expansion. For
example, let us consider again the evaluation of the 2-point function. The numerator
is the sum of all diagrams with two external points. At O(\), there are only two

diagrams:
Q. = 7 [dyid @y y)is (e, )id(y,y), (3.13)
Iy X2
with
1 1
= _.4.3="= 14
and
G ORNEY A G T
R SNy M INORY) o (3.15)
I )
with
1 1
_ 132 1
S 1 3 5 (3.16)

The denominator corresponds to diagrams with no external points. Such graphs are
often called vacuum graphs. At O(\), the only diagram is

QO -2 [eviswr .17

with the symmetry factor the same as in Eq. (3.15).

We can now see that the denominator exactly cancels all the diagrams such as
Eq. (3.15) that have vacuum subdiagrams. To see this, note that the denominator is
the sum of all vacuum graphs:

denominator = 1 + CD + % + C)(D + - (3.18)

(Why is there no vacuum diagram O") For the 2-point function the numerator can
be written

O O GO

numerator —¢—e +¢—0¢ +¢—0¢ - ¢—0 | - - -

14



O
1+CX)+<X>+-~- 0—0—1—0@0—1—"' .

O

(3.19)

The reason is that e.g.

.%. = .Q. x (X)) (3.20)

The nontrivial part of this statement is that the symmetry factor of the diagram on
the left-hand side is the product of the symmetry factors of the diagrams on the right-
hand side. We will prove below that the cancelation of disconnected diagrams holds
to all orders in the perturbative expansion. Assuming this result for a moment, we
can summarize the position space Feynman rules for computing (¢(z1) - - - ¢(z,)):

e Draw all diagrams with n external points x4, ..., z, with no vacuum subgraphs.

e Associate a factor

P iA(z,y) (3.21)

>?;< = —i) (3.22)

e Integrate over the positions of all vertices.

for each propagator, and a factor

for each vertex.
e Multiply by the symmetry factor given by Eq. (3.12).

3.1 Connected Diagrams

To understand the general relation between connected and disconnected diagrams,
it is useful to view the generating functional Z[J] as the sum of all diagrams in the
presence of a nonzero source J(z). This source gives rise to a position-space vertex

X —iJ(x). (3.23)

15



With this identification, Z[J] is simply the sum of all graphs with no external legs
in the presence of the source; the source J creates what used to be the external legs.
We summarize this simply by

Z[J] = diagrams, (3.24)

where ‘diagrams’ refers to all diagrams without vacuum subgraphs, but including
disconnected pieces.

With this notation, we can state our result:

Z[J] = exp {Z connected diagrams} . (3.25)

Note that since disconnected diagrams are products of connected diagrams, every
disconnected diagram appears in the expansion of the exponential on the right-hand
side. The nontrivial part of Eq. (3.25) is that the disconnected diagrams are generated
with the correct coefficients. Note also that the generating functional for free field
theory has this form.

There is a very pretty proof of this that is based on the replica trick. Consider a
new Lagrangian that consists of N identical copies of the theory we are interested in,
where the different theories do not interact between each other. That is, we consider
the generating functional

ZnlJ] = /d[¢1] o d[gy] eSletif e giSlenlti [ Jon (3.26)
This is related to the generating functional of our original theory by
ZylJ) = (Z[I)". (3.27)

The Feynman rules for the new theory are also closely related to the original theory.
The only difference is that every field line or vertex can be any one of the N fields
¢1,...,0n. Therefore, every connected diagram is of order NN, since once we choose
the identity of one of the lines, all the other lines and vertices must involve the same
field. A diagram with n disconnected pieces is proportional to N, since we can choose
among N fields for each disconnected piece. We see that the connected diagrams are
those proportional to N. From Eq. (3.27) we can read off the term proportional to
N:

Zn[J] = N2 = 1 4 Nn Z[J] + O(N?). (3.28)

We see that the connected diagrams sum to In Z[J], which is equivalent to Eq. (3.25).

16



This result immediately implies the cancellation of disconnected vacuum diagrams
in the expansion of Z[J]. The reason is simply that

Z[0] = exp {connected vacuum graphs} , (3.29)
while

Z[J] = exp {connected vacuum graphs + connected non-vacuum graphs}
= Z[0] exp {connected non-vacuum graphs}, (3.30)

where ‘connected non-vacuum graphs’ refers to graphs with at least one source vertex.
We see that dividing by Z[0] precisely cancels the vacuum graphs.

Although the diagrams that contribute to the correlation functions do not in-
clude vacuum subdiagrams, it does include other kinds of disconnected graphs. For

KX: 4+t gz R (3_31)

The exponentiation of the disconnected diagrams means that these diagrams are
trivially determined from the connected graphs. In any case, we will see that the

example,

connected graphs contain all the information that we need to do physics.

3.2 Feynman Rules in Momentum Space

For practical calculations, it is simpler to formulate the Feynman rules in momentum
space. To translate the rules given above into momentum space, we just write the
position space propagator in terms of momentum space:

dAk e—ik-(w—y)
(2m)* k2 — m?2 + i€’

Az, y) = / (3.32)

Consider a vertex at position y that appears somewhere inside of an arbitrary diagram,
as in the example below:

(3.33)

17



The part of the diagram that involves y can be written as

€T3 I
>/< = —i\ /d4yiA(fC1,y)iA(xz,y)iA(xs,y)iA(%y)

Tq T2

:—M/d‘* /d4k1 je—tk1(z1-y) ._./d4k4 je—ika(za—y)
Yent T -m U et T

, d*k, d*ky 4cd
= _ZA/(QW)[’L”. 2 (2m)%0% (k1 + - - + ky)
1

7
k? — m?2 k3 — m?

LT (3.34)

X

X e—ikl-xl .

where we have performed the y integral. We interpret kq, ..., ks as momenta flowing
into the vertex. In this expression, x1, ..., x4 may be either external or internal points.
Also, some of z1, ..., x4 may be identical because they are internal points at the same
vertex (as in the diagram shown in Eq. (3.33)). If 21 (for example) is an external
point, then the factor =11 remains as an external ‘wavefunction’ factor. If z; is
an internal point, then the factor of e~*1%1 will be absorbed in the integral over z,
similar to the expression Eq. (3.34) for the integral over y. Notice that the exponent
has the ‘wrong’ sign compared to the example above. This is accounted for by noting
that the momentum k; flows away from the point x;, so the momentum flowing into
the point x; is negative.

From these considerations, we obtain a new set of Feynman rules for computing
(9(x1) -+ P(zn)):

e Draw all diagrams with n external points x4, ..., z, with no vacuum subgraphs.

e Associate a factor

- d'k i
L N /(27r)4 k? —m? + ie (3:35)
for each propagator, a factor
k3 \ kl
/></ N2 5 (e + s + Ky + ) (3.36)
kN,
for each vertex, and a factor
x .
——— = k= (3.37)
k
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for each external point.
e Integrate over all internal momenta.
e Multiply by the symmetry factor.

These Feynman rules can be simplified further, since some of the momentum integrals
are trivial because of the delta function. To see this, let us do some examples.

First, consider the contribution to the 2-point correlation function

s A fdiy ik, dk
:@{21-1:‘2 L 22 20 on)i64(ky + ko + ks — k
ol 9 (277')4 (277')4 (27’(’)4( 7T) ( 1_'_ 2+ 3 3)
ko Kk
X e—ik1~x16—ik2~x2
o 7 7 )
k? —m? k3 —m? k3 —m?
d*ky  d*k, 4cd
= 2
S e Gy (2 + )
—tk1-x1 —tko -T2 Z 'l
e ¢ k3 —m?2 k3 —m?
—iX\ [ dks )
X l . /(%)4 k%—mQ]' (3.38)

Notice that the factors in the first two lines of Eq. (3.38) will be present in any
contribution to the 2-point function: there will always be an integral over the external
momenta k; and ks, there will always be a factor of e~#1#2¢=%272 for the external
points, and there will always be a delta function that enforces overall energy and
momentum conservation. It is only the last term in brackets in Eq. (3.38) that is
special to this contribution to the 2-point function.

Let us amplify these points by doing another example.

ks
(—
X €T )2 4 4
2_}@4_1 _ (=N /d ’f14 .4 k54(27r)454(k:1 kg — ks — k)
ks iy 6 (2m)t  (2m)
(—
ks

X (2m)164 (ky + kg + kg + ks)e k1 gmikawe

~
~
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) 7
k? —m? k3 —m?

y [(—i)\)2/d4k3 d*ky i i

% 6—2k1-m1€—zk2-m2

6 (2m)* (2m)* k3 — m? k3 — m?
1
k‘l — k’g — k3)2 — m2

X (3.39)

Note that when the ks integral was performed using one of the delta functions, the
left over delta function just enforces overall energy and momentum conservation.
Again, we see explicitly the factors that are present in any contribution to the 2-
point function.

It is convenient to factor out the factors common to every diagram by defining

(@(a1) -+ d(xn)) = G (@, .. 2p)

— /d4k1 e d4kn e_iklmxl .. .e_ik"'x"
S 2m)t (2m)

x (21)404 (ky + -+ k)G (R, . Ky, (3.40)

In other words, G times a delta function is the Fourier transform of G™. G®
is called the momentum-space Green’s function. The inverse Fourier transform
gives

(2m) 6% (ky + - + k)G (ky, . . . k)
(3.41)

= /d4:)31 coedip, eFrT gtk e ) (g ).

We can now state the momentum-space Feynman rules for the momentum-
space Green’s function G™. (These are the rules in the form that Feynman originally
wrote them.)

e Draw all diagrams with n external momenta kq,...,k, with no vacuum sub-
graphs. Assign momenta to all internal lines, enforcing momentum conservation at
each vertex.

e Associate a factor

— TR _mtic (342)

>-< = —i) (3.43)
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for each vertex.
e Integrate over all independent internal momenta.
e Multiply by the symmetry factor.

We close this section by defining some standard terminology. For graphs such as

>< and

the momentum in every internal lines is completely fixed in terms of the external
momentum by momentum conservation at each vertex. Such diagrams are called
tree diagrams, since they have the topological structure of trees. For graphs such

AX

the momentum in the internal lines is not completely fixed by the external momenta,

as

and some momenta must be integrated over. These graphs are called loop diagrams,
since their topological structure involves at least one loop.

Also, note that the Green’s function G™ defined above includes a propagator
for each internal line. It is sometimes useful to work with the amputated Green’s
function, where these factors are removed:

i 7
2—m2 k2 —m?

This is a fairly trivial difference, and in fact the distinction between these two types of

é(”)(/{;l,...,/{:n) = éamp(kl,---,kn)- (344)

diagrams is often blurred in the research literature. In these lectures, we will always
denote an amputated Green’s function by putting a small slash through the external

@ggp:}:fzx+...

= iAo (3.45)

lines, e.g.

8.8 Derivative Interactions

For the simple theories we have considered so far, all the results above can also
be obtained in a straightforward manner using operator methods. However, the path
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integral approach is much simpler for more complicated theories. The classic example
is gauge theories, which will be discussed later in the course. Another class of theories
that are more easily treated using path integral methods are theories with derivative
interactions. Consider for example a theory of a single scalar field with Lagrangian
density

1

£ = 59(8)0"60,6 — V(9) (3.46)

where g(¢) is a given function of ¢. This model is an example of what is called (for
historical reasons) a non-linear sigma model.

Let us quantize this theory using the canonical formalism. The first step is to
compute the conjugate momentum

™= % = 9(0)0, (3.47)
and the Hamiltonian density
1 1 = \2
M=o ¢)7T2 +59(0) (Vo) + V(o). (3.48)

We see that the interacting part of the Hamiltonian depends on the conjugate mo-
menta. When we work out the Feynman rules for this Hamiltonian using operator
methods, we will find that the Wick contraction that defines the propagator is not
relativistically covariant, and the interaction vertices are also not covariant. However,
the underlying theory is covariant, and so the non-covariant pieces of the vertices and
the propagator must cancel to give covariant results.

We can understand all this from the path integral. The path integral is analogous
to the one for quantum mechanics with a position-dependent mass. We find that the
path integral measure depends on the fields:

dl¢] = CTL g7 "*(¢x)de. (3.49)
We can write the ¢-dependent measure factor as a term in the action:
AS =SS Ing(gr) = 5 = [d Ing(6) (350)
24 v 2 a* ’

where a is a lattice spacing used to define the theory. This is highly divergent in
the continuum limit, and we will be able to give it a proper treatment only after
we have discussed renormalization. We will show then that this contribution can be
consistently ignored.
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If we trust that the extra measure factor can be ignored, the path integral quan-
tization is very simple. The propagator is just the inverse of the kinetic term, and
the vertices are read off by expanding in powers of ¢ around ¢ = 0:

1 1 1 1
L= 59(0)8H¢8u¢ + 59/(0)¢3H¢8u¢ te - §V”(0)¢2 Y]

(We assume that V'(0) = 0, and we drop the irrelevant constant term V' (0).) Note
that both the propagator and the vertices are manifestly Lorentz invariant.

V"(0)¢® + -+ (3.51)

Exercise: Derive the Feynman rules for this theory. Use them to calculate the

tree-level contribution to the 4-point function (¢(z1) - - - ¢(x4)).

4 The Semiclassical Expansion

We now show that the perturbative expansion described above is closely related to
an expansion around the classical limit. Our starting point is once again the path
integral expression for the correlation functions:

Jdt6] 9 @) - oz,
B TF- T W)

We have explicitly included the dependence on h, since this will be useful in under-
standing the classical limit. (The classical action S[¢] is assumed not to depend on

Let us recall the intuitive understanding of the classical limit discussed briefly in

the previous chapter. A given correlation function will be classical if the sum over
paths is dominated by a classical path, that is, a field configuration ¢ (z) that makes
the classical action stationary:

6.5[¢)
08(2) | g,

Intuitively, this is because paths close to the classical path interfere constructively,

= 0. (4.2)

while other paths interfere destructively.

Before making this precise, let us give some examples of what kind of classical
configurations we might be interested in. Consider our standby scalar field theory
with a potential with a negative coefficient for the ¢? term

V(g) = ~4i0 + o' (43)
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with p2 > 0. This potential has the ‘double well’ form shown below:

A V(o)

| | >
It has three obvious constant classical solutions:
ba =0, (4.4)

where

2\ 1/2
v:<6%> . (4.6)

The solution ¢ = 0 is classically unstable, so we expect it to be unstable quantum-
mechanically as well. The solutions ¢ = Fv are the classical ‘ground states’ (lowest
energy states), and are therefore the natural starting point for a semiclassical ex-
pansion. Note that these solutions are Lorentz invariant and translation invariant.
However, they are not invariant under the symmetry ¢ — —¢.

In fact, this theory has other interesting classical solutions that we might use as
the starting point for a semiclassical expansion. The classical equation of motion for
time-independent field configurations is

= A

V2 = i — S (4.7)
We can consider a field configuration that depends only on a single spatial direction
(z say) and satisfies the boundary condition

¢(2) = (4.8)

—U as z — —o0
+v as z — 400
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This has a simple solution
¢a(z) = vtanh (\/ﬁu(z - zo)) , (4.9)

where zj is a constant of integration. This is the lowest-energy state that satisfies the
boundary condition Eq. (4.8). In this solution, the value of the field goes from —v
to +v around the position z = z,. This is called a domain wall.® It is the lowest
energy configuration satisfying the boundary condition Eq. (4.8), and can therefore
also be thought of as a classical ground state.

With these examples in mind, let us expand the path integral expression for the
correlation function around a classical configuration ¢ that we think of as a classical
ground state. We write the fields as

¢ = da+ ¢, (4.10)

¢’ as parameterizes the quantum fluctuations about the solution ¢,. We then compute
correlation functions of the fluctuation fields We then expand the action about ¢ = ¢ :

el
5¢($1)5¢($2) ¢=0c1

where we have used the fact that a linear term in ¢ is absent by Eq. (4.2). We treat
Eq. (4.10) as a change of variables in the path integral. Note that

= [ do(2) Hd ) + da(x)] = dl¢], (4.12)

Slo] = S[¢al + % /d4x1d4a:2 ¢ (21)¢ (x2) + O(¢?), (4.11)

since the difference between ¢’ and ¢ is a constant (¢-independent) shift at each x.
We treat the quadratic term as a free action in the exponential and expand the O(¢"3)
and higher terms as ‘interactions.” (The corresponding approximation for ordinary
integrals is called the stationary phase approximation.) In this way, we obtain

Z[0] = eiS[¢al/n /d[¢/] eXp{th /d41’1d4172 % ¢/($1)¢/(I2)}
¢=¢cl (4.1?))
0*S[9] : ,
| e s ol (yl)”'(b(y?’H”']

(Note that the 6°S/6¢® term may vanish because of a symmetry under ¢ — —g, but
higher order terms are nonvanishing unless the theory is trivial.) The numerator has
a similar expansion, with additional powers of fields inside the path integral.

3In 1+ 1 dimensions, this solution looks just like a particle, and is called a soliton.
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This is in fact an expansion in powers of h. To see this, define a rescaled field ¢~S
by

¢ = Vho. (4.14)

In terms of this, Eq. (4.13) becomes

(4.15)
O T 0S¢ - . )
1+ 3l /d Y1 - - dhys 5¢(y1)[5]¢(y3) ¢:¢j§(y1)...¢(y3) +O(h )] ’

where we have dropped an irrelevant overall constant from the change of measure.
We now see that the leading contribution to Z is given by the exponential of the
classical action. The O(h) corrections from expanding the higher-order terms in the
action vanish in the classical limit A — 0, and therefore parameterize the quantum
corrections.

We can perform the same expansion on the numerator of Eq. (4.1). It is convenient
to consider correlation functions of the fluctuation fields

(@' (21) - ¢ (@n)) = B2 (d(a1) -+ D)), (4.16)

and following the steps above we see that ((z1) - - - ¢(x,)) has an expansion in powers
of h. This is called the semiclassical expansion.

For example, for the scalar field theory expanded about the solution ¢, = v, the
potential can be written in terms of the fluctuation fields as

vw=+ﬁ%+§w+%w. (4.17)

Note in particular that the quadratic term is positive, so the fluctuations have a
‘right-sign’ mass. Therefore, the semiclassical expansion of this theory is equivalent
to the ordinary diagrammatic expansion of the theory with field ¢’ with potential
given by Eq. (4.17). Note that because the action is even in powers of ¢', we have
(¢') = 0, and hence

($) = v. (4.18)

Because (¢) = (0|¢|0), we say that the field ¢ has a nonzero vacuum expectation
value. We will have much more to say about this later.
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To see what terms contribute at a given order in the semiclassical expansion, it is
convenient to go back to the Lagrangian in terms of the unshifted fields and define
the rescaled fields

¢ = Vho. (4.19)

In terms of these, the action including a source term becomes

1.~ ~ m?- R\~ 1 -
Sih = [d's |S0"00,6 — "3~ S26+ =9 . 4.20
= it |30rd0,d - i - Tt S (4.20
From this, we see that the expansion of correlation functions in powers of A is the
same as the expansion in powers of 7, in the sense that

($a1) -+ $lzn)) = BV {(21) -+ Hln))
= h"™? x function of k. (4.21)

This shows that successive terms in the weak-coupling expansion in powers of \ are
suppressed by powers of A. In this case, the dimensionless expansion parameter is A .

The fact that the perturbative expansion is an expansion in the combination A\
in ¢* theory depends on the form of the Lagrangian. However, we will now show that
in any theory there is a close relation between the weak-coupling expansion and an
expansion in powers of h. Consider an arbitrary connected graph contributing to an
n-point correlation function G in an arbitrary field theory (in any dimension). Let
us count the number of powers of & in this graph. The propagator is the inverse of
the quadratic term in the action, and is therefore proportional to 4. Each vertex is
proportional to a term in the action, and is therefore proportional to 1/h. Therefore,

graph ~ A"V (4.22)

where n is the number of external lines, [ is the number of internal lines, and V is
the number of vertices. But for any connected graph,

L=1-V+1, (4.23)

where L is the number of loops (independent momentum integrals) in the diagram.
The reason for this is that each propagator has a momentum integral, but each vertex
has a momentum-conserving delta function that reduces the number of independent
momentum integrals by one. There is an additional factor of +1 from the fact that
one of the momentum-conserving delta functions corresponds to overall momentum
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conservation, and therefore does not reduce the number of momentum integrations.
Combining Egs. (4.22) and (4.23), we obtain

graph ~ p" 1, (4.24)

Therefore graphs with additional loops are suppressed by additional powers of h. This
shows that the loop graphs can be viewed as quantum corrections.

5 Relation to Statistical Mechanics

We have seen that in quantum field theory, the basic object of study is the generating
functional

210 = [dlgle 1), (5.1)

The ie prescription is crucial to make the integral well-defined. This can be viewed
as an infinitesimal rotation of the integration contour in the complex ¢ plane:

2 = (1 —ie)T, T = real. (5.2)

We can continue rotating the contour to purely imaginary t if there are no singularities
in the second and fourth quadrants of the complex ¢ plane:

-

A

7

We will later show that there are no singularities to obstruct this continuation (at

least to all orders in perturbation theory), so we can go all the way to the imaginary
time axis:

10 = —izl, o = real. (5.3)
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Then
0 o,

d'z = —id'zy, — =i

o0~ 'Dafy (54)

etc. This gives

0"60,p = (900)* — (0:9)” = —(O09)” — (0:0)* = —(Fp0)”. (5.5)

The metric has become (minus) a Euclidean metric. The action for ¢* theory can
then be written

— S, (5.6)

where
Sp = [d'ar E@EW + %M (5.7)
is the Euclidean action. Defining
Je/h =] (5.8)
we have
ZolJe) = 210] = [alg) exp {1 (Selol + [e6) ). (5.9)

where we have explicitly included the factor of h.

We note that Eq. (5.9) has exactly the form of a partition function for classical
statistical mechanics:

Zgatmer = »_ e T, (5.10)
states

where H is the Hamiltonian and 7' is the temperature. In the analog statistical
mechanics system, we can think of ¢(x) as a ‘spin’ variable living on a space of 4
spatial dimensions. The Hamiltonian of the statistical mechanics system is identified
with the Euclidean action Sg. Note that Sg is positive-definite, so the energy in the
statistical mechanics model is bounded from below. The source term [Jg ¢ in the
Euclidean action corresponds to a coupling of an external ‘magnetic’ field to the spins.
Finally, h plays the role of the ‘temperature’ of the system. This makes sense, because
quantum fluctuations are large if & is large (compared to other relevant scales in the
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Quantum Classical
Field Theory Statistical Mechanics
3 4 1 spacetime dimensions | 4 spatial dimensions
o(x) spin variable
J(x) external field
Sk Hamiltonian
h temperature
(p(x)) magnetization

Table 1. Relation between quantities in quantum field theory and
classical statistical mechanics.

problem), while thermal fluctuations are large for large 7. This is very precise and
deep correspondence, which means that many ideas and techniques from statistical
mechanics are directly applicable to quantum field theory (and vice versa).

One very important connection between the two subjects is in the subject of phase
transitions. It is well-known that statistical mechanical systems can undergo phase
transitions as we vary the temperature, external fields, or other control parameters.
The occurrence of a phase transition is usually signaled by the the value of certain
order parameters. In a spin system, the simplest order parameter is the magneti-
zation, the expectation value of a single spin variable, which is nonzero only in the
‘magnetized’ state. In the quantum field theory, the analog of the magnetization is
the 1-point function (¢,). Note that in the ¢? theory, the Lagrangian is invariant un-
der ¢ — —¢, and a nonzero value for (¢, ) signals a breakdown of this symmetry. For
example, in the previous section, we argued that the semiclassical expansion suggests
that the field ¢ has a nonzero vacuum expectation value when the coefficient of the
¢? term in the Lagrangian is negative. This important subject will be discussed in
more detail later.

6 Convergence of the Perturbative Expansion

We now discuss briefly the convergence of the weak coupling perturbative expansion
described above. A simple physical argument shows that the series cannot possibly
converge on physical grounds. Consider the ¢* theory that we have been using as
an example. If the expansion in powers of A\ converged, it would define an analytic
function of complex A in a finite region around A = 0. But this would mean that the
expansion converged for some negative values of A. Physically, this cannot be, since
the theory for A < 0 has a potential that is unbounded from below, and the theory
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should not make sense.*

This argument was originally given by Freeman Dyson for quantum electrodynam-
ics. In that case, the weak coupling expansion is an expansion in powers of o = e?/4r.
If it converged for some finite o > 0, it would have to converge for some o < 0. How-
ever, in this theory we can lower the energy of the vacuum state by adding e™e™ pairs
to the vacuum, so we expect an instability in this case as well.

Although the perturbative series does not converge, we do expect that the inter-
acting theory reduces to the free theory in the limit A — 0+ (i.e. we take the limit
from the positive direction). Now consider a truncation of the series containing only
the terms up to O(A\") for some fixed n. Clearly there is a sufficiently small value of
A such that the successive terms in the series get monotonically smaller. For these
small values of \, we expect that keeping more and more terms in the truncation will
make the approximation more accurate. However, if we include higher and higher
terms in the series, it must eventually diverge. A series with this property is called an
asymptotic series. For any value of A, there is an optimal truncation of the series
that gives the best accuracy.

These properties can be seen in a simple model of ‘0 + 0 dimensional Euclidean
field theory,” i.e. the ordinary integral

Z:/_O:Odqb exp{—%¢2—%¢4}. (6.1)

The expansion in powers of A diverges because the integral becomes ill-defined for
A < 0. We can expand this in powers of A

Z=>"Z,\", (6.2)
n=0
with
2 1N\™ foo n_—2 )2
o= 2 (A) [aoneet o

We can find the asymptotic behavior of Z,, for large n using the method of steepest
descents. We write the integrand as e~/(?), with

f(¢) = 16> —dnln¢. (6.4)
This has a minimum at ¢? = 4n. Expanding about this minimum, we have
f(¢) =2n(1 —Indn) + (¢ — 2/n)* + - . (6.5)

4As we have seen, the semiclassical expansion is also a weak coupling expansion, and the same

arguments apply to it.
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We therefore obtain

Ly 3 <_l>n e~ 2n(1-In4n) /OO do 6—(¢—2\/ﬁ)2

n! 4!
\/7_T 1 " 2nlndn
=T (~ga) @ (6.6)
nlnn—n

Using the Stirling formula n! ~ e , we see that for large n the coefficients in the

series behave as

1
4le

an\/?r< > 62nln4n—nlnn. (67)

We can check when the successive terms in the series begin to diverge by computing
the ratio

Zp AP )
% ~ 4n. (6.8)

A good guess is that the optimal number of terms is such that this ratio is of order
1, which gives

3!
nopt = X (69)

For example, if A ~ 0.1, we must go out to about 60 terms in the series before it
starts to diverge! We can estimate the error by the size of the last term kept, which
gives

07 ~ Jme mort ~ Zoe 3, (6.10)

This is the typical behavior expected in asymptotic series. Note that the error is
smaller than any power of A for small \.
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