
-Fermion - photon Herter function :

-

Mpe ( P , P
') = Nae Q + The

"""
(P, ti)

-

tree

Yarn "¥
'

- Recall D= o ( naivesuperficial) ,
i. er
,

log - divergence from general formula

( all loops )
- Equivalently / more quickly ,

use dimensional

analysis : ( tiple
" OH] = 0 ,

since can

be thought of as coefficient of
UT Ape 4

in Lagrangian ⇒ canoe
't have the

"""
all

>xoccouplings)

(assuming (couplings] 30 , i.e., renormalization theory)
)

Ie . g. , can try NY(m or p or q) , but
then

M
, q, P→ 0 limit doesn't make sense)

(dimensional
"

argument
' ' valid for all interactions

which are renormalizable contributing to ,

e-g ;

Yukawa , i.er, in loots . . . and all loop - order)



- In general ( all loop) , structure in Dirac

space ( like E) : Tµ"00K¥. I
,
Vµ , 6µV

( no Vs or VµVs due to parity invariance)
- By Lorentz invariance,

we must

have ( only momenta are Doa , qpe or Pfe)

Tiple"" x (pm or g.pelt t Vµ tofu@orPY

⇒ actual degree of divergence
lowered

by 1 (as compared to naivesuperficial)

for I & 6µV pieces , ie, finite ;

onlynergentf
- Above is for fermion (s) /photon being
on or off. Shell llgfeneral kinematics)

. . .

. . .
onto special case ofbothfermionh#

(photon must be off-
shell

,
e.g., scattering

of

electron of off heavy nucleus by photon exchange),

where
, using

Gordon identity & current

conservation
,
we can re - write 1 term



in terms of me , 0µV giving

-Tpe ( P , P ') = Vµ F1 (94 tioaeuqufzz (941
-

(see LP Sec 12.1 or PS Sec .
6.2)

⇒ F , 1941 = Q (tree) + FI
'""(94
- -
x. 2 are form - factors)
-

dog -Idivergent
Fz (o) (finite)] is anomalous magnetic
moment of fermion ( Sec . II. 2.2 of

LP or Sec . 6.2 of PS)

- Onto 1 - loop : estimate gives
log - divergence from fd4k Izz tf tf

w-

⇒MIN#p ' photon fermion

¥'t k propagators
Pt "

Sgt, q
e

-Calculate (using DIM REG)
: why ? !

Lip practice ; .

relation to E
,



based on gauge invariance ,
hence

crucial to use DIM REG ,¢cf . hard

cut - off ( see HW 21 : general setting- up
in LP see 11.3)
Liii) . confirm no reduction of

divergence ( no
"

surprises
") : after

all
,
no principle at play here

• again , above arguments
valid

for photon - fermion
vertex even with

Yukawa ft QED) interaction :

•

-F --r -

h#
- And

,
since gauge

invariance not

used above (for Tpe by itself) ,

we can generalize to vertex in

pure ¥4u Kawa theory as well
:



I- - a

h④k Tino at
It Noe t Teu

'
' 0 ( of .

4
"ok '{a xpiuqu

' log -
X

i photon in finite
QED)

divergent

- Recall : for
, gauge

invariance (or

WT identity) informs us beforehand
that

(all loops) D= 2 (superficial)
→ D= o (actual))

,

but estimate for 1 - loop diagram still

shows D= 2 : it's only after calculating,

regularizing loop integral (
that too

,

with DIM REG ,
not hard cut -off) that

we explicitly see quadratic divergence

disappear ( again ,
'lot of work !) . . .

While for④ ,

chiral symmetry / Dirac

structure tells us D= 1 (superficial)

→ TD = 0 ( different principle than for

Tru ) ; then even fought estimate



for 1 - loop diagrams shows same ,

backed - up (if needed) by calculating

loop integral , but without needing
to regularize etc . ( again , hard cut-off

will also lower divergence, since gauge
invariance is not really at play here)

Next step is adding countertenor
- following is sufficient , since divergence
is only in Nµ term ( at all loops)) :

L !! ' = - Q #z - II etAIX , again same

form as L classical = - e QUTAft

- Choice of kinematics for fixing Zz
:

both external fermions on
- shell (p

'

=p'2=m2)

and qM(photon momentum , off- shell) O

⇒ initial & final fermion momentum (
state

is same !

So
, really it's q→ o ( specifically em), e.g,

non - relativistic / atomic system



In this situation , choose CT so
that it

exactly cancels loop contribution
to the :

Trpeclassical+ pipe loots)(p2= # Em? + (T = glassine
Iq, -70

)
⇐ ypeadassicay

Since for both fermions being on shell (but

q2 need not vanish ) we have

ppl
''t) ( p2=pi2⇐m4=vµF!

""194+ iq°oµuFz(94

we get FzH%l(q2=o=)o7
-

comments on / interpretations of
choice of Zi

-
- considering non - relativistic form of spinors,

we can show ( see LP Sec .
II. 2.1 or PS Sec .

6 - 2)

that in above limit ( p2 = H2 = m2 ; q→o) ,

only coupling to electrostatic potential (
01

survives ( again , from it Tfeu) , i - e.
, coupling to

-

magnetic vector potential
(Al requires at

least one power of q . . .

⇒ above (kinematic configuration measures



electric charge, so that's what then seems
to be chosen to

be same as classical . . . but just to complete

the picture, note that full photon propagator

in this limit (qZ→o) was also
' " chosen

" ( via Zz , i - e .

.

CT for Tieu ) to be same
as classical and

dressing (self- energy) of
external fermion s

vanishes ( choice of Ect) : schematically

⇒ "
full

"

coupling to Ern field is
same as

classical in this case , i.e , IEQJ , so that
"

e
"

here is as measured in (e.g.) atomic

systems ( 92-30 limit$ , i - e , e%¢tFdQED=÷z

[ again , effective coupling for 9,21=0 , e.g.,
higher energies, will then

be different :

we will calculate this running later . . . ]

- Expanding around qu=0 , ie .

, keeping

leading terms for q
# O

,
we obtain

coupling to magnetic field : Fa lol gives
Dirac magnetic moment, g=2, i. e. , same as tree. since



F-zfu" (o ) = Q (tree) -1 Fat 0010101 + ⑥ Hi - 1) from CT
= Q (CT chosen to cancel loot)

while Ez ( o ) is anomalous magnetic moment

[or (g - 2)) . (Fa , z (92¥01
will give even

higher - order effects ]

qWTidentity⇒Zz==Z#-
( see separate

note for proof)

comments on It, = Zz : since it's

#

based on QED gauge
invariance

,
we

see that

41 . it will n t be valid if we use

regulator (such
as hard cut - off/ which

breaks gauge
invariance : see HW 2.1

41 . it holds (for photon vertex / even if

we use Yukawa interaction ( which is

QED gauge
- invariant ) inside loop , i.e .

,

Zz
"

from
"

'µ us . Zz fromhn

(Note , h is different for electron us . muon . . .)



131 .
it's valid for all choices of gauge

fixing parameter ( E ) , since we
didn't

have to specify that in proving WT identity

However
,
Zz (or Zz) - by itself - is

dependent on G : in fact , for 4=0

( Landau gauge) , it is finite . . . again,

such that Z ,
= Zz always . . .

④ . an analogous relation
does not

hold for pure Yukawa theory (since

we doIt have WT identity in that

case) , i. er,
"

Zz
' '

from # Zz from ,
- -

,

h h

i h h

¢ l

(not photon) I

⇐ I .

We will show later(next topic)

that Z ,
= Zz ensures ratio of electric

charge of electron to muon or



proton is not modified (us .
classical

valuate ) by loots , even if

interactions in loops (e.g. , Yukawa

coupling) are different for
electron

us . muon I proton . . .

. . .
whereas -given # 4 above

-

ratio of Yukawa coupling of

electron to muon . . .
is modified

at loop - level ( we U come back

to this point at end of course

in the context of GUT 's !)

- Finally , check that (Tpe
"""
t CT)

is finite (divergences in Talbott
cancelled by CT) even

if fermions

off- shell and q to (general
case) :

a bit subtler than for Hmv & E ,



since there are more terms

( Dirac structure) in this situation
:

Mae (general)=Nµfz + Baetz t fz P 'm t

6µV puff + Jmu P
'

Uts

Rcf . Tpe = 2µF , ( 921 + i0µuq°Fz(q4

for both fermions being on -shell
,

but not photon ( q # 01

→ 8µF ,
do) for q -30 (e.g,

atomic systems , as assumed
while choosing CT

• See separate note : essentially ,

divergence only ik F, (o) . . .


