
TTT ( Kl using DIM REG
F-

(1st step (regularization)
- Look out for how (k2gµu - Kuku)
structure emerges : non - trivial,

even if was expected based on

WT identity f gauge invariance

- DIAN REG : number of spacetime

dimensions ± 44 - 22 E) E N ( E >
o)

T

as per LP ( PS Has
"
1
")

⇒ ( L ] = A - Ze ⇒ £431 = Zz - E ;

[ Am] = 1 - EE ( from kinetic terms) ⇒
E

L int n e µ F AIX ,

where

@ ( usualI ] = o ( since LUTHY]=4
- 34

- Roughly I intuitively , net coupling
co instant mass dimension > 0 ,

even



if
"

epsilon icarly
"

us
.

= o in 4d . . .

UV divergences
" "

less
"

severe in

general, since D 7 . . -
. . .

⇒ in addition to anphysical parameter

EE
,
introduce µ ( arbitrary mass

scale ( subtraction point) : check

later that physical amplitudes are

independent of E & pl

step
' '

O
' '

: i Tkµu (K ) =
-

d
4-ZEP¥14.2, t't

xtrfieoeermiktmlieai.ru#kItfImmIJp2-m2

step : keep even powers of N 's in

numerator prod et , since Trfr
odd]=o

TTµulH=ieZµ2Efd4
-

Zep /@ *14
- 2E



Tr frm K Vo ( txt #I + m2 Veeru]

Step ⑦ : Use Feynman parameters

to combine denominators ( LP sec .

11*3 ; PS see. G. 3 : mathematical
' ' trick

") :

I

EEEEmi-%7a.msIt
a e- KE m2)}

-

I
= fda-
o ④2+2 p . K x - m2+ KZSEJZ

complete
square f daI= ④ + Kaf- m2-i¥rTJ

Step 137 : shift ( loot) momentum
:

p
' = P t k x ( also in

trace of

numerator)



Maeve fd
" -

ZEP . Soda 2

x Trfrm #-Kal rufpt.tk/u-aD
( t m

-

Van §
where a2zm2-k2a(i-#-
r . .

then P'→ to (dummy variable)

step ④ : drop odd powers

of p in numerator ,
since

denominator is even powers , so

integrates to zero

( moore clear after
Wick rotation : Steep g)

⇒ relevant numerator ,

Nmu = Tr frm# Vuk] + m
'
Tr@perv]

-aah-a) Fran Kruk)



Step 15T : while the number of Dirac

* - matrices can be analytically
continued to non - integer , i. e. ,
V
µ ,

with M=3-2E ( cf . No , i.¥3
in 4-d)

,
it seems that dimension

of

T - matrices can not be continued Ian this

mannet .
So

,
we keep V - matries

of dimension 4 ,
i. e.

,
Tnr I = 4 ;

VµVu + Nunn = 2g peu MI 4×4 ;

NM N = (4 - 2E ) 14×4 . "

-
MV

g 9µV

Soo
,

as in 4d , Tr @aero ] = 4 gmo ;

Tlr @µVuVxVp]= 4-fgmugxp-gmxguptgmp.sux)
Thus

,
after some algebra ,

Nµµ(numerator) = - 8 x ( t - a) (Kaku
- K'goof

-114@lgµu(aZp4)



Step ⑥ : simplification upon fact
-

Zep

In general , I UP =fd
"-up pv pPf(p2)
-

symmetric in U
, p

(must be ) = g
up
>
c- constant

calculate
"

F
"

: g up
x . . .

on both sides :

gd¥2epp2f(p4 = g
"
g up
J

-
N = 4 - 2E

up g
4-2E

$⇒ I
* P
= gene ,

d p 2f($4

Use it on 2nd term in Nµu above :

afterJd
* - ZE

#
form

Npev = 8 x (1 - a)④gov - Kuku) } expected
( using

+ 4gµu⑤ - 1) pka) wTidentit#
→

" unwanted
"

"

⇒ form



2ndterm ( naively qq.ua dratically divergent)

should integrate to 0 ( this is at

1 - loop
,
but valid for all orders as

per theorem) . . .
S # et ⑦ Using DIM REG (not

obvious
,

but) in tergal of 2nd term (
after Wick

rotation : see neat step) does vanish :

see LP Eq . 112.147 for details or PS

bottom of page 251 (mostly
"

math
") . . .

. . .
Cf

.

hard cut - off regularization :

P'
Efuclidean)

E thou
q analog of

→ see below

2nd term will not vanish , i - e .

,
will not

get purely
.

(K ' gun - Kuk up structure

- physics interpretation
"

: DinaREG

preserves gauge
invariance ( WT identity

,

while hard cut- off does not ( see

also HW 2*1 for calculation of Theus . E)
-

' ' Intuition
"

: analytic continuation



of nauauember of space - time dimensions

should not violate gauge invariance :

y (a)→ e-
ie Q 0h14 (x) & Aoe→ Aoetdaeo

However , hard
cut off has the following

' '

problem
"

. Note that while p2e E Nuu restricts
"

frequencies
"

( Fourier modes contained in

the fields Ape ( set , UCH g the gauge
transformation parameter ( not afield) , Ola)

is still arbitrary , i.e ., can contain

frequencies above Nov . So
,
such gauge

transformation could lead to new fields

having frequencies violating cut
-off
,

resulting in a incontestability .

Step ⑧ : Wick rotation ( mainly
"

math

trick
"

: see Eq . 77 . GI of LP or Eq . 6.48

of PS ) so that fd4p "

simplifies
"

to

angular & radial integration ( 4d
"

spherical
"

coordinates for momentum)



[ Need to be careful with poles
: see references .]

Recall , we
have so far

Tµµ(k ) = 8 i eZµ2E ( k2gµu - Kuku) x

d 4
- IE

p

¥⇒ daa[P2- a2) 2 I
where p2 ( Minkowskian1=4092-1151 ?

Go to JEuUdean momentum : PE ipf

so that P2 = - PE = -④E)41,517,
I unchanged

=⇒ (p
'
- ay in integrand = - (PE + ay

Using Sec . A - 4 of LP for integration ,
we get (after some algebra)

TI
peu ( Kl = -8€ (gawk

'
- Kuku) Pfe)

$6 TIZ T
t e function (not

false 4147-1 all - se) vertex ! )
°
→ m2- x. ( $ - x) K2



SEED ⑨ : Expand for small E
:

F (e) = Ee - ye
t Ole)

←

divergence
F-Her - Mas che roni constant

= 0.58

as E → o ( physical limit)

and

@2a9tt1E_2telog42aII1toleYsothattTTflk4r-8ffz.d. 24 '-24€ - re -194]
'

Scala ft e loggia) to let]
drop O (E ) overall

= -

2¥) da sef - se) - Vet log + log Ma÷)
-2=64(city EYE'

= - 2+4 ÷, - ICKY] ,

where

w

from fdx sell - K)



ICKY =fdx x ( t - se) logftfdm-aa.fm}
Expand for K2 m2

,

= ÷ log mYµz Ig
I ( k2= 07,
using

+ Of K2) Sdr all - a) = I
6

So
,
IT ( K2) IT (o) x KZTI

'
(o)

-

-⇐ (
'

z
-

' ogm÷. )
we will return to I (K2) when

caloulafing running of (effective)
QED coupling constant

Again , TIµu ( K2) depends on M & E :

unphysical parameters
introduced

to ii$o late divergence , thus should

cancel in neat steps . . .

. . .
which is adding counter term (CT)



to cancel divergence :

Lt ⇒ - Lyft, - l ) Fav FM (same

form as La classical -_-¥Fµu FT suffices,

where Zz = 1 - tag
,

- 108M£24. . . since

full propagator ( classical + loop
+ CT)

⇐ ( similar to re - summing
insertions

of Tieu done earlier)
- i @ peu - krkulkz)
-

E@ - IT 2) + ⇐

cctassical kioop IT
=
- i(gµu - Kuku /k2)
-

EF-E.is#.-iosnmitEiEIIi!:YtiIf



So
, divergence ¢ Iz,) and µ - dependence
cancels in full propagator for all

K2 ( unphysical parameters
"

disappear
")

=
-
i ⑨ mu - Kuku 1×2)

T.CI#k4J
'

where Tlr ( KY = K2 t.co/fYr1ko=oD
→

we

renormalized finite
,

O ( x)

⇒ massless pole survives . . .
and

for on - shell / physical photon

( K2→ o ) , full propagator Ee classical . . .

. . . due to choice of finite part of

coefficient of CT ( Zz ) : can
choose

differently . . .

rn . but no such freedom in divergent

part of Zz ,
i. e.
,
that's fixed as above

by requirement of canceling divergence



( Again , in general , finite piece
of CT

is arbitrary ⇒ even if no corresponding

tree ( classical term ,

there's no prediction

from (loop + CT) . . .
of course, if there

is tree contribution ,
then it's clear

from get-go that can 't predict . . .]
"

Bottom line
"

of toe ✓ calculation : suppose

we never heard of gauge
invariance (or

WT identity ) .
We perform DIM REG

calculation -at 1 - loop - to find

(k2gµu - Kuku ) form ( after lot of
work !)

⇒ photon mass less even at G -I look . . .

. . . but instead
if we use hard cut -off

regulator , then
"

surprised
""
to find

otherwise ( photon massive at loop
- level)

* . .
so
, good to have deeper understanding

:

DIM REG preserves gauge invariance . . .
-1

valid at all loops ( otherwise, might
"

wonder.
"

. . )


