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-

by non - trivial pion
-

-nucleon system

( both fields transform)
-Nu(NN) doublet , made of proton

(b) & neutron (n) , assumed degenerate
( m p Mn E MN )

+
real scalars

- Pin triplet : 4$
.

( i = 42,31 or in

terms of electric charge eigenstates
(see later) :TITO § & it (4, Ii-
also assumed to be degenerate

:F In
m2
#
I = Mito = m2¢i E MZ complex

- L
free

= IF fi ¢ - min) # +
scalar

-
or I 2×2

Ez @MET@MEI - tree ? E , where

e- =f & # 4¥;) ,



with Lint = - text? Et III.
aping

1- (TI - N interaction , which is focus here)

ig (E Vs o E) .E (compactly
Just to be explicit,

⇐ rso.IE/.oI=EFIts0aI40a
# a =L,2,3
"

row
" in

triplet to - space , =E (XptNots,UntVoVs)oaqn ) abut number in
a

both Dirac and

doublet N - spaces

'

-Ea .gg#EipHoHpaKal*jEja0a
T

T →
Diractriplet lol) doublet

(N)

. . . in particular , it contains X-p Vs Ya #i.e
.

←
creates P annihilates TT

p - n - TT coupling (Ns , i.e .

,
pseudo - scalar

based on that observation)
- what are (global) symmetries of above L ?



(a combination of which is gauged/made local

by adding photon field
: see later)

(2) (simple) Barymber of) B] , i.e .

,

Io→ OI (Ti 's are mesons) and

UI → et
O
UI ( B = -12 for both p , n)

(2) . (Non - trivial (more interesting )su④

Iy and Isotone :

(a) . SU (21 on EI (as before) :

Eu → out -- eaefia.I.la?afazIoI
*
no I , since

(b) .

So (3D (to be explained Suk)

below] on E :

El; wmjwimeatfiaE.E.gtaiai.IE,
where Taadj . are 3*3 (hermitian)matrices
( " adj .

"

is for adjoint representation
: see later) :



*:÷÷tmi÷÷o¥¥÷÷ :D
.

adj .
Note : Tz eigenvectors are

(O O 11T
,
i.e .

,
3€ To) and G ,

ti
, OKE

,

i. e.
, THE @zIk0z11rzJ.i.e .

,
2 of

basis vectors 10101 & Kool are not -1598
:

eigenvectors
[Later , we will mention another
" basis

"

for generating same
transformation]
- Now

, (i Ta ) are anti- symmetric,adj .
real matrices forming a complete

set ( since these must be purely
off - diagonal , of which there

are

3 elements) ⇒ R = exp f- i Bataadj . ) are

3×3 orthogonal matrices Isarity check :

R = exp AA
,
where A = - i Ba -8aadj . is



anti - symmetric so that
RT= eats AT = eats f-At ⇒ RTR = I]

And
,

delk R = 1
,
so called 50131

transformation (special , orthogonal
in 3 dimensions)
(Aside : OI → - OI is not so 131 ,

since

transformation matrix =
- I has

determinant - I]
-Of course , R = EIB are also unitary,

* an .ee B = -E BaFaadj . are hermitian ,
but

a

above is not really SU 131
transformation ,

since Ta 's above are
(obviously) not

adj .

complete set of hermitian
matrices

,

cc Cc

which would be 9=32 of them , rest

of those give Tar
est) as complex ,

thus cannot
"

act
' '

on real E ( i. er,

one would need three complex scalars

too undergo feet'll
' SU (31 transformations



- In HW 5.1
,

check above is symmetry
of field Lagrangian (free part

and E

self - coupling is easy , so TI
-N coupling

is the real work here) . . .
t Noether's theorem . . .

11

Actually , are the differencing
"

transformation ( 2 dimensional ,
complex ) vs . OI ( real , 3 dimension)

related , just different realizations
of

same symmetry ? !

- Indeed , such
a
" unified

"

description

might be suggested by
number of

generators being
same for the 2

transformations ( i.e., three
of

J 's and above Tladaj . 's ) . . .

. . .
and ( ie call Phys 622 ! ) howrotations

in physical are implemented : by

3×3 orthogonal matrices acting
on

(3 all real vectors (
"
like

"

OI here
,
but



in field space)) vs . 2×2 unitary
matrices on 2 - component spinors

(spin - Yz system) (
"

like
" Iu here ,

but in P, n field space) . . .

So
,
we resort to a more systematic

approach (mathematical character
of these transformations) ,

i.e.
,

elementaleory .

. . .-
• . .
which will show that above are

two representations of game, SUCH

[ calledpi] symmetry
: we can

then generalize this to
su(nh )

- Each set of transformation
of

fields given above forms a
"

agro up
"

- Group : set of elements/objects
with a multiplication operation ( x o y)

such that lil . No y belongs to set (for



every choice of x, yl ; (ii. there exists
" identity

"

element : (x o II # (Ion) = se ;

Liii ) ! ' inverse
"

of every element : a- to a =xor-t=1

and Liv) . multiplication is associative :

K o y ) o Z
= x o § o Z)

- For transformations relevant to physics
l l

ll

lie .g. of fields
⑧ r physical coordinates), identity

( l ll

is
"
no

' ' transformation ; multiplication

is doing one transformation
after

another etc .

- specifically , for (internal) symmetry
transformations of fields ,

we used

matrix representations above : we can

easily check that U ( n) ( n x n unitary)
matrices form a group , e - g., U , Uz is

also

unitary ; @ ( n))
- '
= @ (ND ? . .

. . . similarly 3×3 ⑧ * thogonal matrices CRI
. #

-- Transformations of coordinates :

Lorentz rotations
"

have matrix Form ,
but



space - time translations do not

quite ( xµ→ art ape )
- Here

,
we will restrict to matrices . . .

. . .
back to why so 13) is related to SU (2)

:

number of group elements in

continuous symmetry is D ,
but can

be represented by finite numbers
of

continuous parameters , e.g. , O for
U (2) ; Ba ,

where a = 1,2 . . . NZ for U(m) . . .

- Generators of ga up (Ta) are defined by

group elements infinitesimally
close to A- &

i.e.
, (I - i Bata ) (Ba small] (Fta is analog

of

charge for non - abelian group) such that

general group element is esepfi Bata
)
,

where Ba need not be small : this holds

for U (n )
,
$0 (n) * . called Lfiefgheoubs

- generators must satisfy certain properties
in order to reproduce correct group
multiplication * e.g., we can be motivated

by generators of su (2) , i.e ., 642 which



form a closed algebra under commutation
relations : fats , Jb Iz ) = I Eabc 442)
- Indeed , in general, if

[Ta ,

T b) = ifabc Tc ,

then exp f- i Ba Tal forrmmm a group , since

e.
A EB (where A

,
B are of - i Bata form)

=@ sing Baker - Campbell
- Hausdorff formula)

exp (At B t { (A , B) +1¥ (A. B] )- EB , CA , BJ ]

I c- I EHE
X o o e

= exp (At B t . . . C t . . . D t . . . E t . . .)

where C
, D ,

E are same form as A
,
B due to

( commutation relations of Ta 's )
⇐ same form as ett , e

B

,
i. e.
,

expfipa" ta) x exbfi Bbk't b)⇐ exp BETTY
- Thus

, group is
"

defined
"

by commutation

relations of its generators ( Lie algebra) ,e.g.,
- -



41 .

SU (2) acting on doublet UI : Ta = Ea (a-443)

with Catz , tbh) = I Eabcsfclz)
- clearly f- a b e (called structure

I = - f- bac ,
i. e.
,

antisymmetric in a , b (following
from commutation relations ;

(Tb , Taa) = - (Ta , Tb]
= - ifabctc

= + if Tc
bae

- Furthermore,
Tta 's can be chosen

such that f-abc is totally
anti - symmetric : f-abc = - facts

= -fo bas

e -g. , E abc for
Suk) above

- Remarkably ,
② . so (3) on (real) triplet E has



Lie algebra identical to SUCH
:

aadj .

itbad
j ) = IEabc Tacdj

i.e
, ⇐ a

,

Tb) = i Eabctc for

Ta = Ratz ( 2×2 matrices
:

traceless=

& hermitian

& Taadt '

,

where I Taadj
'

are

real , antisymmetric (3×3)
matrices

⇒ elements of group generated by
Taaddt:

( i.e., 3×3 orthogonal matrices ,
with

determinant 1) are in one - to
- one

correspondence with those generated

by Gatz (2×2 unitary matrices ,
with

determinant 1) . Namely , if we have

exp Ba
' "

Eg ) xeapfipdb
"

= eat Bc"Ez] ,

---
product of 2 group elements

'

. another gear up
2×2 unitary matrices element



then ( ice .

, necessarily/ we have for 3×3

orthogonal matrices ,

enpfi Ba
'"Taadd] xexpfipijttbaddfeapfipcttcadd:]

( i - er, same 3 Ba 's for both group
element multiplications]

- we say
so (2) is isomorphic to so (3) or

these are simply 2 different representations

of SV (2) : doubletf fundamental and

triplet / adjoint . . .

⇒ IT- N system has just one non
-

abelian symmetry ,
i. e
,
so (2) : it's just

that IT
,
N transform as different

representations under it ( again
do u bet for UI us. triplet for Io )

-
we will generalize above 2 representations
to SVU (n )

,
but before that, a couple of

more comments on the example above :



- we can gauge a subgroup of global symmetry
of IT - N system ,

i- er
,
Su(2) isosbin x U (1)B , by

coupling to EM field : see separate

note Elater on , we will find something
similar with the full electro -weak

gauge group ,
i. e.
,
VIII Era is a sub -grout

of SU Klux UH ly]
-Anbasis for generators of adjoint
-

for triplet) representation of SUCH
is

given by (see e④E p . 931 :

⇒ *Yo. ooo:p ÷
⇒ basis vectors ( I

001T
,
lol 01T& (0011T are

eigenvectors of J, with eigenvalues
+1,08-1

( respectively) , with J+=Jz±iJz being
-
-

re

raising/ lowering operators
for Tz eigenvalue :

" al:O :O :o) . " ÷ :o)



( one can check that CJA , Jb ]= I E-abc Jc ,
as is familiar from angular momentum theory )
- In this basis to n (O l 01T(Tz eigenvalue
O)
,
while ( I 001T & ( o o 1)

T
are t

't
,

with Tgs eigenvalues II ( respectively)

. . .
Cf

.
earlier basis

,

i.e
, generators T

ad
i

a

being Imaginary ) anti-symmetric
3×3

matrices so that group elements expfipsataadj)
are ok thogonal ( real) matrices ; T3adj .

eigenvectors are ( O O 1)
T

# ( I ti 051¥
with eigenvalues o ( i.e ..to/ & I 1 ( i. er, t

't)

(respectively) . .

- the 2 bases are related by a similarity

transformation
"

: this could be useful in HW (e.g .

-
in a different content - is in Eq .

4.72 off CLP

-
Onto SU (n ) , where

121 .fm#enta)fn - dimensional) representation
was already studied earlier

: generators,

Tam are (n x n ) traceless hermitianI



matrices
, group elements are (n x

n)

unitary matrices with
determinant 1 . . .

acting on (complex)
column vectors with n rows

- these Ta can give us structurefund

constants of Su ( n) , i. e. ,

a Tb ] = ifabctfund , wherefund fund

f-abc can
be chosen to be totally

anti - $ym
metric

(zadj representation : we can be

" inspired
"
here by so (2) , i.e .

.
dimension

of this representation [=3 for SUCH]
is

same as number of generators (which

of course is same for all representations

of a group ) . . . and Taadj . can actually be
"

formed
"
out of structure constants : indeed,

for SUCH ,
we see that flaadj . )bc= I Eabc

- So
,
in general , we can show



adj . Corr sunt)) ab = - if
abc

^
in

1 . . . H- H (n'- 11×42-1)

( number of
matrix (dimension

generators )
of representation)

i. e.
,
that above Taaadj . satisfy Suh)

lie algebra : see HW 5.2 - l

. . . of course
,
we have

' '

trivial
"

representation for any group (
called

) ,

i. e
,
Ta = 0

. . .
so
, only

group element
is It ( no transformation)

& other representations (matrices

acting on column vectors of other

dimensions ) , but we won't
need beyond

above 3 here

( In general , representation
of group,

i. e.
,

elements
,
need not be matrices

and

" multiplication
"

might actually be
"addition

"

,

e. g. , integers : I is
"
O
"

,
inverse of

integer is its negative . . . ]


