Mon-abelian [y/ob@(/‘SyMr:zeénes r) (
efemen farj 7ﬂwup f%eorjjmoﬁ't/ated /
by non- trivial piom- aucleon sgstem
[bofh FHelds %ransform)

— Nuclean /N/ dcué/e/'g/ made of profton
[p) A peutron (n/} sssumed degenefafe

(W‘P: My = mN/ /ere,a/( scala rs
— Pion triplet ¢i (1 =1,2,3) or in

terms of efectric "hafﬁe eiqen states
+ 5
(see later) TT°= & k= (2 7,

2
&LCO O.SSume/d ’[’0 be dggen@/‘a‘fe ‘.r 7{
mz-rri' — mzrrc — m2¢i = qu C()M'ble)(
_ - 1D [; Scalar
Iacree- ’?{1/5"’””)@ * )
— —
o Laxz

.,_
5 CuB)@1B) -t BT E, where
P34« %)



with X ¢+ = —1L A(@Tg;/‘P pion
t self_co uﬁ//'oy
'['(TT" N ;'m‘fefacﬁﬁn/whfcﬁ S Foems Aere/

. g( AN / é [com,bac/fg/
Tust to be explicit,

(8 % < 7% = (Progs?,
‘\/' @S %zxz

’Z‘lrrfdpc'fe/éﬂsé_gpa.Cﬁ/ :Z (WP"L,)/O ys—/ 'Wn /YO()/S)O; (% } ¢1
(43

bu;t nuMAG/L n
bsth D(rac and
Adouvblet N —<cpaces

=2z 2 — (’y"%jﬁcx ): 11;304 a
NI 4
~
{’nlb(e,é [Sé/ d:uﬁ/ef Dirac
(N) B )
'n payé’z'cw(ar/ (+ contaAs 'l,ﬁ'b ’)/ggﬂn 77"/,13}

4

createsp . lecT”
+ .
b-n- T cou.ﬁ&ng (/)/5_,,'.@./ pgeudafsca/(df

based on fhatk obserua-ﬁon/
— Whatare(plohat) symmectries ofFabove L ?

n



/a combinatbon of which Is 3ac¢ged/made locad
bg a_dda'ng pkOfOﬂ ﬁejd See /afer)

(1) Gimple) Bargon-number [U()g], 1e.,
b —= P /77(5 are mesons) and
QU2 o2 (B =+1 for both p,n)
(2). //\/on _triviad [mare fmferesﬁng)/;u/z/]

E‘” D) and 50(3) on 9P|

(0‘/‘ SU(Z/ an \P [CLS bejcdre/ :

-~/

‘L_P —_— U Ilp = elb(—lé,gag)'\_p
a=-1,23 2
§<no ﬂ/S(‘nCE

(b) S0/3][+to be explained  SU)

beJOuJJ on g_g :

é /column W1t r R
3 fowg*/ —> exp ;?{-Zia_?—ad//é

h 7.5 L
w Q/V'eu ady are 2 X3 <her/n({7aq/,na{”'c€s
(uadd- i for add'o inf represen tat'on : See /d{’er/f




adj. _ ' .
¢ /009 od)- /O O+1 adi. /O -1 O
TJ. :—'/ ' ;7—2 - + & d:

O O -1 O‘OO

O+ O -100 o o o

Mote . T;A‘{'e,‘jenuec-éors ayre
(o0 ) Tin, o) and (505

L-e. TTi[: (¢1ii¢2//\/zﬁ]z‘i€,2 . '

ad
b&S/‘S vecfa rs (0 1 O/ A (1 oo/ Gare not 7_3 d
e(genvectors
[Laée/‘a, e wil| menfion angthes

”64573 N for 36/16/‘&:/4}4? Sameée
‘(’rdngformaﬁ'onj

- No u)/ (L ‘1’02 3 ) e an‘l‘?n— Sjmmefnc/
real matrices fgrminj a com'élefe
ge/f (glnce hese mast be ‘bccfe/J
off - cu'agoﬂaf, of which here arc

1 dements) > K = exp(«iﬁa‘r;j},/ aye
3 x3 or//éoiana/(’ ma€vices Eam’i’g check:
R = exp A where A= —t ’BQT:;J’ e



ant - Symme,{'nc <oy that
RT:_eprT; exp (— A/;RR J

And det R =1, <o called SO(3/

{’ransfd rmaﬁan (S‘beu‘a//or//zo?onaf
in % dfmens«'ons)

[Aside '- ?5—9 — ?—5 /s not 80/3//s:'nce
transtormation matriz = — 1 has

determinant — 1j

"07& COLLISC/ )Q = ezBare, Q[;o um('v‘ay/
B = —2 ,Ea &:Q:j ore herm/é/ar\j bl«bf

Since
above (S nof fea[/g SU/f/frdMSformaﬁ‘an
since T I ahgue are [oéuwuslcy)naé

J
Comp/efe sef of hermitean maﬁrrce_c

which woauld be 9=3 Sy them rest’
of those j/‘/e [Z T re= Jag complex,
hus cannot “act an real ?/ €.

one would need fthree cgmﬁ/ex ccalars
fto wund ergo Fuld SL)[B/ f:rangﬁzrmaﬁons



— In HWw 5.1 ca ect abguve (S Sjtmme,ﬁy
of fll Lagzbanffan /Free lbaré and D
self -coupling is easy  so 77N coupling
s the real worék here/..,—l—/l/oe/ﬁergfﬁeorzm...
Acfu a/{// are the iﬁ{%er@n‘f l(/ookm(? !
l"ransfo rma—/v’dus Jdn }_Z' /2, dimens /dnal/

CO Mlb{eZ/ Vs . ?E- /rea,e/ ? d,’Meng"on/
re//a/ﬁec!,g\usé d('ﬁfgfeni’ reali zat19ns of

Same Sjmmetry .?/
—Jndeed, cuch « ”un[ﬁed’/degcw"bi'ion
mighﬁ pe Swjjesﬁed bg Aumber of

came for the 2
th ree of

?&neratorg ﬁee‘nj
transtormations /('-ev
o and ahove 7;43&)--,

.. and (recall Pﬁjs 622 1) how Fotations

N /ﬁthfca,e (3 A are implemeated : bj

3 x3 DV‘//hoana/ mafrz'ces aaﬁng JA
(3Ad) real vectars [l ke P hLere buf




n el Space} vs. 2 x2 um,’fari
matrices on 2 - com,bonen% spmors
(spin-" S}sfem/ [ Lte @ here,
bt n p, n field Sbace/

50/ wé resort to a more Sysfemaﬁ'c

aﬁpfga(/h {n/\d//he,maﬁcal Wla/‘aei’ejz
of Mecse {—ramSycarmaﬁonS///fe./

/E/fe men farg g/wap /ﬁedrg/...

which wll show thal above are
two representations of same ,SUY

[ca/aed M] ngmefrj/: we can

hen fé’né’fal(-ze— hes to SU(”)
_— Fach cel of +r ansStarmaton e
Jéf@(ﬂ’g 2'\/@“ abave Formg aé/zd;/_/pl

“’6 V‘()wﬁ ! _C&f' 0*/ @gemenfg/obd'ecég
with @ multiplication a/ﬁeraﬁ'an(xoy)
Such et (1) x* 0 Y bejo,?g to sel (For

¢

/



every choice of 7,4/ lilthere exists
1] /'den ﬁ'lfg ( e{gme,ni’ L (Z o ﬂ/: (ﬂ o x/ :DC)'
(i) inverse " of every element £ b xozox =1

and (\\/) mulf plecaton (s assocabve :

(xoy/oz = 'xo(goz/

—for tranctormations releyant to ,bhfg('cs
(ej O';[ %&/AQ or ﬁhys\llCd Gdﬂfd(hafeS//?de’A_&'?
< "o a franS’?[o rmaton ‘/‘nu/ﬁ/p/zﬂcwﬁon o
BS dof’lg one ff&(ng%drmaﬁqdn a‘lcf%
anothesx efc .

— S{becx‘ﬁc'cal(é/ /fdf (/'Mfefﬁal/ S‘JMMQ‘{"?
%rangfd rmathons of Felds  we wsed
matriz r@pPeS&néa-Hdns above ' we can

645:'/(7 checlk phat U(”/ (nxn un/farg/
matrices form @ ?/de/b/ e.g, U, U, is also

— +
umifarg/' [:U (V‘):) l: CU(/!/J
'-'Si""“(a'(abl 3x3 ortﬁo?onw{ matvices (R -

— Tvransformations of coordinates :
Lorfn‘fgnfdfa‘hbﬂsuhdue matvix Form, put

lr



s‘bace"l’)‘me tranSlations dd not
7/60(\756 (%//‘ — Xyt a/&]

— Here, we will restrict to matrices. .
... back to why So(3) s related @50[2)1

aumber of gﬁouﬁ elements In
conbnuous s%mmeftfy c 00, but AN
e re//orege/nfad [)g Anite numbek of

conh hnUIus /barame/&ers , e-?,) O 7£0r
U(l) ; B, 6 where a=121,2.- n% for U/ﬂ)..,

— Generators of ?/wu/ (T“/ are defined éy
?ﬂowp elements /‘hﬁ'n({’esima/(y dose to 1 4
e, (L — i }gaTa)(ﬁasmaﬂJ (T is analog of
c/hafge for ndn —apbelian ?/‘LO“—P/ cucth that
g@nefal ?/Looc/) element s expéiﬁaTa//
where Pa need not be small - /s holds

for U(n], §0(n) - catled [Lie| groups

— 3&ne/ra‘fors muS‘f‘Sah'Sfy certain propertrec
in order to veproduce correct Froup

multiplicatron 5 €g., we can be motvated
by generatirs of sv(2) , ie, Ty whick




Form a closed algebra wuandes commutation
retakons « (Tap Toiz )| = 1 Ease by

— Tndeed , in ge/n@ra// o
[Ta,—rb]: LTabe (c )

th en ex‘bé—ilga 7_0‘/ form a W“{S/s/nce
eA eB /wh._o,re A, R are of —i/gaTa%O””/

:(asw\g Batkes - Campb&a— HausdorfF forMu[a/

( 1(A,B w1 fas] ]-[2 [
eXP%A+B+Z[‘ACV‘j E&% e "JL[—\/J : ?‘]#
D E
-+ e J

_
= exp /A +~ B «.c +...Dt E -+ )

(wheyze c,D,E are came form as A B duefj

camﬂ\ufaﬁdn refatons of T 2%

A B

_ same form as €, & ey

&%‘b{- ) /Ba(’ Tﬂ x exﬁ[—i tgb(Z)Tb]: e'x,]b[’i ,5(/;2/'7—3

— Thws, f/tdwp s defned ”6/ co mmutation
relatons of s gen erators (Lie dgaﬁfa]/@?,/




(’” SU(Z) @C/‘h-ﬂg g1 ddbléleg'ip : Ta_:za/a;(,Z/Z]
2

with (Tay, Jb/z]: LEP e
_(,(eary "Fab c (Ca/aecd@fum‘utfi)

M/ = _Fba_c , 1€

dVLﬁijﬂ\me/é[/c (n d/b (fdl/dw;'nf
ﬁdm commu,f&uh‘dn fda—ﬁ'dns;

(:Tb/ TaJ - '[T“/Tbj‘:'z%abﬁ T
=+«if, T°
o C

— Further marZ, T%< can pe chosen

cuch that Fope '€ ‘[’ofa/é%

anh- sym metric © fFope = —foc b
— ’VCc ba »

C

— R@maﬂzéaé/y/
(2] SO (3/ o N [reaé)fr)"p/ef @ has



L{e_ alﬁebra /d@n’h‘c/d ‘fo SU(Z/.'
a b r C
[Tcwld. / —radd‘] = Lgabc Tacﬂd'

‘ . | .
e, ET ,Tb]:ziab&’f For
2 X2 ma ér{ce,gsfra_cdegj

T, = 0.
. &/Z( Roe h@fmil’fan)

X Taadd" where ) Ta\&d(/" are
real, anhsym metric (3 x3) matyices

ad).
::> é/(emenfs 015 ?/vou,'b g@ﬁ&fq/fed bg‘j‘; d
("“’/-, X2 orfh ojdna,é matrices, wi

de/fuminam‘ 1) are in aﬂezfd—dne
cdrrasponde/nce w i th Mosce ?@nerqj—ed

b% 5&/2 (ZXZ uru'r"cuy Maht'ce,g/ coil M
determinoant 1) A/qme//y, i we have
Q%P[-Lﬁa/"g} expl-d Pt - ex,,@,ggz/o_gj
N— o 2 J L 2 J’
broduck of 2 growp elements anothed Froup
2x2 unifary matrices element




then /,',a./ neceggar//y/ cwe have for 3 x3

J r/’haﬁdnal matrices )

en bl LT | enpl BT e PO

[i-e, Same 3 B.'s for both ?}‘Oulb
element mu/l,‘c",b/c'caﬁ'onsj

—We say su(z) (s (Somarphic to s0/3) or

these are simply 2 A fFe rent representations
of svl(z): doublet(fundamental and

{’r/"ble/f/adj'ainf.,,

> TT-N gysfem Nas jus‘(’ one non-

abelian sym metry , e, SUL(Z): (Es gust
that TT , N #ransform as different

r@presenfa-h'ans under 1t /OL? i
Aoubet for WD vs triplet for ?’5/

_ We will jenerab"ze above 2 re/presenfa,ﬁ'ons

+o SU(V\) ) hut€ be,fore f’ha/f/ a cou,‘é/e g

MOVe (,othen,{s on e example above :



— we can gauge a Sub;}wu,b ofglobalsymmeéry
of T-MN system re, su(z)isospin x Ull) g , by
COu,b&'ng to EM field : see separa fe
note [later on, we will find somethig
cimilar with the U electro-weak
?auge j/LOu,b , e U(2)zm 'S @ Sungroutb
of suU (2], x U{ﬂ)yj

——{A_—n’oﬂle/z l bosis 7£df jenerifdrg Ofceayofmf’
(or trip (et) represen{'cu‘?'dn oF SU[Z/ IS
given 63 (gee €L ). 92/;

@) 0 0-),'0

O o O 17 00 2 |1 o -1

o o0 -1 0 00 O+; O
\

T T T
@ hbasis vectors (.’I OO) , /oto) &/001] areé
ciqgenvectars of T, with egenvalves +1, 081
(respectively), with T =Tt172 bectf

vz

y'cu'g//t?/ loweving operators for T ecgen value

T . /9 1 o T o O O
M 0O o 1 & - 1 O
O o o o 1

O Q C



(Orte can chectk that [_’:7;/ 75]; 12, To .

as (s Familiar from angu,(ar momentum /%earj/
— Ta tis basis 77'0/\/(0( O}T/Tg e,(c‘?em/a/ue
0) while (10 0)7T & (00 1) T

wi ’l} e[gen valuec + 1 /respec#\/e/g/
add“‘

aré '7Ti-/

b&rﬂg ﬁmaginarg/ amﬁ'—SJmmeﬁr/c 3 x3
Md‘ffl‘Ce—S <O Ma/f %du,ﬁ e/ﬂemen€S BXPZ'UEQT:;J}
oare Or//hogo nal [feal/ MmatricésS ; ng{/

cf. earlier bass, te, 3@nerm,‘ors T,

igensectrs are (00 11T (121 o)
Wi h &ﬁeﬂua/ues 0] //;3-/77'0/ S :tl(:'~e,Tri/

(r‘es/bec/#ue[;t)
— The 2 bases are related bya S?mr'(ar/fy

transtormation " s codd be usetul in HW /e.j,
_in a A Ferent context — s mnEg. q .32 of CL/

— Onto SU(n) where

(2] ﬁCundamenﬁa{)/n— d:’me/ns}dnal/ V‘Q/léfESeﬂfaﬁO/l
was already ctudied earlien:generators
E'C:Cumd‘ , are (" x N| traceless hermitian

—




mafro'cesl g&ouﬁ elements ar® (n X n}
Mﬂlf'f’arg maﬁr/ces w de/‘fe;/m/nanf l

(comp/ez) column vectars with N rows

0619/\2 onN

— Hece T:W'd can j/ue us structure

constants of su(n), e,

‘ C
[Tffndf‘r;cfnd - LFFO\AC 7:&‘«“40’ / where

"Fabc can be C/&’OS€VI tv be éo{’al/daf

anti-syg mmetric
[Z/M rebreSenéa#on . we can be
Cinspired "“ pere by SV(2), i1e, dmension
of thic representation (=2 for su(2]] is
came as nuamber of genera—éars(wh.'ch
of course is same for <U representatons
&
Lraf @ ?/zau'b) .. and Taa?d‘.ca" ackud/ybg
fdfmed / out 07£ SffuC’/u/‘Q cangéanfs . /nd’eed/

3 .
for SU(2),we see that (T“AJ’/bc-z E be

— So ?@neraj/we can s hye



C .
(—;-/add. (%or SU("/J/ab - T ‘Fab c
\—
1. (=1 (ﬂz’z)X("z'l)
matriz (Aimension

y + ‘
(7\ mhe ¢ oF representwhan]

gene rotors )

e, that a bove T:dd" Sa%}s%# su(n)

[ (e a(?ebra - cee HW 5.{2.(

of course, we have {typ/yidl

re prese ntation For any ;/covaf [called

Einﬂ(eﬁ) e, T2 © 4., so,only
j/%owﬁ e//e,mer\f is 1 /rzo {—ranS%orMaﬁ'or)

& other y-e/)y-esem{:a:ﬁ'dhs (Ma{'rllcej

4

aoﬁng IN ca(acmn l/e,c/'forg a—f ofher

o mengfons) i hut we wo nt need beJdnd’

above 3 here
[Tn 39//13.*41/ represeataton of gtaup,

| £ pe matrices and
€., elem enfs/ need no

. oy
U i plication ‘! M,lyhf ctcﬁka«/((% be Yaddtion,
= o l/} ‘nverse O7C

eqg., ntegers 14 .
intéger s (€s Vl@?q‘ﬁue J



