
Putting it alk together tfsteb ]

( after regularization & counter
terms) :

Renormalization
-

( more complete Iformale discussion

in Phys 8511
- Recall we start

with

-

Lcllassicae = - taken F
"
+ I40-MIX - EQUTAIX

. . . actually ,
"

separating
"

coupling of photon

to fermion into e ( coupling constant)
&

Q ( charge of fermion) has meaning

only if there are
⇒ 1 fermions with

different charges , e.g. , electron (
Q = - 1)

and quarks (Q = - 43,213 ) . . .
even then

,

we can

"

absorb
"

e into Q for 1 fermion

( say
electron), so that physically relevant

¢ possibly predictable , including
loops etc .)

parameter is ratio of Q 's



- with above L classical
,
loops have

divergences : TTµu ; E and Tpe

- So
,
added counter terms (CT's) to

cancel divergences ( same form as

L classical ) :

Lc, =
- tf #

- 1) Fav FM - (Zz - 1)EQUTAIX -1

⇐ -YIK - cm - Sindy
-

- Now
, divergent part of

CT 's
"

fined
"

by goal of canceling divergences

From loops , but finite parts

chosen such that

Lal .

full ( classical (tree * loop + CT)

photon propagator in on - shell limit

(q'→ o ) = same as classical

( mass of photon
remains Zero)

lb ) .
full fermion propagator =



classical ( again) in on -shell limit

⇒ observed mass of fermion = m

(as in L classical ) ; no
"

dressing
"

of external on - shell fermion line

lol . For kinematical configuration
of both fermions being ⑧ n -shell &

q ( photon )→ o ( really 92K my,

full vertex , lapel p2=p'Zm7q2→o)

= classical
,
Q
↳ tree + loop +CT

combining above 3 choices , i. e.,
vertex same as classical, but

also

fermion / photon propagator -_
classical

,

we see that

electric charge (even at loop - level)
= e Q ( = classical ) . . .



so . . but then there
"

no effect
"

of loops ( no renormalization of

m or e Q ) ? !

* . .
not quite Mfas follows) ! Consider

full Lagrangian (call it
"

bare
"

) :

&
Blare)
=L classical + Let

⑥after all , both are terms in

Lagrangian . . .
that too similar form !

- we will see below that
observed

values ( EQ
,
m : as mentioned above)

f- those in L
B ( even

if same as

L classical) , i. e., there is renormalization . . .

- Begin with LB as function
of

4, A (canonically normalized fi EADS
in L classical ) § but with coefficients



of terms dependent on Z 's (CT's) &

e Q
,
m ( observed values) :

LB -_←-¥3 Fun FM-12-24-40- MB)x
- Zz eQ F AIX ,

where

MB = m - f -¥1 Sm

- we can make it look canonical by

rescaling fields and parameters :

AMB (
"
new

") E F-3 AM (classical) ;

XB =fZz4 ; e B
= ehfzz & QB=Q¥z

( For 22 fermions , put
"

I
"

subscript

On € I
,
z
- but not on Zz - and on Q /

⇒ L
B
=
-¥ FB per

FBMt VTB (i0-MBIYB
+ e B

QBUT At XB B B



( again , in general ,
"

i
" label on 4,3 , QB &

M B ,

but not on e
B = e¥Ez )

. . .
looks like classical

,

but
"

B
"

subscript

everywhere : e → e
B ,
m → MB ,

Q → QB

(parameters) ; y -74ps , Ape→ AMB

-So
,
we see that observed(measured (

"

output
"

)

values remain eQ , m
: rescaling doesn't

change that) # bare parameters

( EB QB ,
MB ) that we

' ' but in
"

in L B fire, L classical
and Lct :

again both are
terms in

"

L
"

,

that

too same form ,
so combination taken

as in#⇒

there is renormalization(rescaling

of parameters ( e Q , m us . EBQB , MB )
. . .
that too by

"

divergent
"
factor :

EB , M B are divergent , since



e
,
m are of course finitelyobserved . . .

or. .
what happened to Q ? !

Enter WT identity ⇒ Z
,
= Zz so that

QB = Q # A- Izz) = Q
,
i. e.
, charge

is

not re normalized µ

- More carefully , ratio of charges
of

2 fermions is more physical i. so let's

consider ratio of charge
of (say)

electron to quark : naively , ratio

of bare charges =/ ratio
observed

,

since after all ⇐2)et #a)q even

with only QED interaction (Zz *
Q2)

( Even for electron us . muon, Zz
due

to Higgs / Yukawa coupling
in loot is

different . . . ]
- similarly ,

⇐2)e # (Z2$q . . -

a . . remarkably such that (Zi Izz) same



for electron , muon
and quark (and

equal to 11 : ⇐ 2) i = ⇐2) i , even

if ⇐split ⇐ a. 2) j . . . ⇒

¥÷÷=÷÷*÷÷÷÷÷÷÷÷÷s
- Above is another physical consequence
of WT identity ( earlier one

was photon

remaining mass
less even at loop - level) :

in fact, ratio of charges being unchanged
is

not
" obvious

"

from simply gauge invariance

( of . photon being massless)) : indeed
,

Q 's can

be different for 2 fermions
at tree - level

¢ no principle setting value of charge ,
Cf .

photon massless already at tree - level

"due to
"

gauge invariance)
. . . so

, why should

ratio of charges remain same at loops ??

But it does so non trivially due
too detailed

application of
WT identity



[ As an aside
,
(QB) if B)j

is not really

observed
,
so is there a prediction here ? !

Maybe , e.g . . if 041 gauge group ¢
abelian)

is part of a bigger simple unified

gauge group ( as
we will see in GUT

part of course) , then QB 's$ are

quantized so that (QB/q/@ Bye is

predicted to be 43 or 43 ( up or
down quark)

- Compare above non - renormalization

of charge to mass being
renormalized : MB = m

- K - ¥z)8m
••ch that Im B)elqmp.gg#me/mq
-
observed

so
,y/Fngf of parameters :

-4coefficients in CT 's ( 3 amplitudes



are divergent : E, Tae & Tieu , but

E has 2 independent divergences,

i. e.
,
with Nae & I structure ) :

Zz (for Pm) ; Zz for E (Vµ part)
; Sm for

E (I)

& Zz (for Tieu) . . .

o . . but only 2 combinations

show up in renormalization

( Zz drops out due to WT identity)
:

EB = elfz
,
i QB=Q; mis -- m -ft-⇒m

⇒ divergences
"

absorbed
" into 2

parameters (e & m)

-Above is BPH renormalization

( CL Sec . 2.2 )
- Instead

,
we can do

"conventional
"

renormalization (Ck Sec . 2. I or



chapter 7 of PS), where we basically
"

start
' '

with above L B ( no
need

to
"
add

" CT
: after all

,

CT's same

form as L classical in earlier

approach )
,
but parameters in

LB : EB & MB ( ⇒ tree
- level amplitudes)

are divergent ? ! No worries ,

since divergences in loops
will

cancel against tree
so that

observed values are finite *
ice .

,

schematically ,
observed - bare ( EB , MB )(divergent

+ loop (also divergent
~ finite

- above
"

cancellation
" of divergences

( in 2 or 3 - Bqint functions , with D ⇒ O)

in conventional scheme works



similarly to what we showed explicitly

in B Pta ( in fact , just re -writing
Lps as L classical + Let

- How about other amplitudes

( DK O )
,

where prediction was

claimed ?

- Let's do it using L B , e.g .

et e
-

→ getµ
-

(we 'll do it

somewhat explicitly at 1
- loop ,

but can be generalized to

higher loops (
other processes)

- Big picture first
: naively lie .

,
before

thinking of last step of
renormalization ) ,

loop contribution seems
finite ( Deo) ;

tennant
e-Inter -



tree of course is ( using L classical) . . .

• . .
but know

,
i.e

.

, using LB , tree
- level

amplitude ( involving e B ) is # ivergent .? !

Eye.im#-
Who cancels that ? K

"

Must be
"

loop , but

:

not above ( finite) . . .

o . .
instead sub -graph divergence (

mentioned

earlier ) , i. e., in Ole 't part of diagram

us . full diagram being Ole
't) in amplitude

, i
- - - -

I Get
et) l l

e-yet
-

l l
- -
- -

Again , even if
DCO for this amplitude

( earlier diagram is finite
,
above

diagram is divergent ( that's why
D

is superficial 1 naive)
-- Back then

,
we

' ' hand-waved
"
that



sub - gaaph divergence already encountered

at earlier stage , i. e., tour (2-point
function)

tamed then . . .
so
,
no worries here (2-72

scattering) . . .

. . .
now

,
i.e
, using Lps ,

we see that this

sub -graph (loot) divergence actually

cancels e B , so plays
crucial role . . .

- Next
,
show this explicitly , even if

expected /sounds reasonable
. . .

. . .
also in this process , we

will

identify a remnant farge)
effect

,

i.e.
, running of

effective coupling

constant


