
Spontaneous breaking of Gaige-
$ymmetry:fgTmechanisn :

Basic aidea
-

outline

to gauge
earlier continuous@(y] global

symmetry ( no explicit mass term
for

gauge field
: L is gauge -

invariant)⇒

- NGB of global case
"disappears

"

-

garage boson
massive

- other Mma Ssi ve scalar ( radial mode)

of gk bat case survives
- above features easily seen in
"

unitarily
"

gauge ( where only Physical

d. o - f . are kept
- However , in unitarily gauge, (massive gauge

boson propagator has same form as

with explicit mass term . . .

. . . so
, naively re normalize ability aspect not
-



modified ( that was entire motivation

for SSB ) ? !
- Not quite , since there's additional

particle ( Higgs boson) -
" leftover

"

from SSB vs . explicit mass term ⇒

2 models are not identical
. . .
⇒

suggests re normalize ability
can Be

different I can hope SSB is

re normalizable even if explicit mass

term is not)

- Reno rmalizability more transparent

in different representation (general

⑨ r Rea - gauge) : can show Higgs

mechanism /SSB is always re normalizable,

us . explicit mass term can be

non - re normalizable . . .

. . . again , even though end result
-
as

far as gauge boson is concerned - looks

same , presence
of Higgs boson in

SSB makes

a difference



Unitary gauge
- Garage continuous global symmetry
of earlier complex scalar m del :

couple E (with charge
Q to gauge

field Aoe ; add Dirac fermion (4)
fwith chhnarge Eye set too 1 , without
loss of generalityD • Iso coupled
vecttori ally to gauge field

:

I =-
'

z Feu
Faut MET not) - V(E)

+ Ili * myDX
↳ bare

mass allowed

cf , later with
chiral

coupling
where DµoI = @at ie Q AHE ,

Dmx = @out ie# AMY andt

QQ if

✓ (ER = µ2oItoI+XfE*EI
'

(aiko)

( For generic Q ¢ , a coupling of 4
to E will

not be gauge - invariant , thus is forbidden
.]



L is invariant under local ④Kase

rotations on ET (and 41 , of . global
earlier : this gauge

Eran sformation is

Ela)→ eatsfieQ¢HxDE ; Aoe→Am -10µA
and X→ eatsC- ie Nal]4
- choose radial representation for EI

:

E eat throat)}
- As before fine . , global case), Fr disappears

from V (El , but what about kinetic
or

derivative terms in L ? !

- Recall that in global symmetry
mode

,
L kinetic was no

# invariant

under local phase rotations (even

if potential was) ⇒ free) remained

in deriv ate terms fkinetic &
interactions) . . .

. . . but now ( in gauged modelD, kinetic



part of L ( ie , entire L) is locally
ult) - in variant ⇒ space - time dependent
part of phase of OI , i.er, free) ,

should be removable by a suitable

gauge
transformation . . .

←
constant

- Indeed , choosing - e Qp dye) = O + Gr (rlly,
-
-

unitarily gauge
transformation

field¥ge parameter

we see that Gruel disappears completely(again,

even from derivative terms ) . . .

. . . but there is no
" loss

"

of d.of . since

gauge boson
( which was massless

"

before
"

coupling to GIVEU) now becomes
massive

,

thus

acquiring an extra d. o -f.(polarization) as follows .

[ Gauge boson mass ,
i.e .

, breaking of gauge

invariance is
"

expected
"

,
since we cannot

do a further local phase rotation

while remaining in unitarilygauge,
i - e .

,
without 9 rlx) . . . so , no gauge

invariance

- Plug above EEw ith gauge choice of no fr
intoL :



LF (DM #It(Doe#I = Maia Amarth@pent (OMNI ,
* EZ § AMAµ my 2) interaction

where is mass term

for gauge field , of
correct sign

(same as in L proca. i.e. , explicit
mass

term) : again AµAM = (Aof- (Ail
'
so

that L F - Yz Rafa (Ail Zor V
-

-

+IIA @ it
'

( i. e., mass
'
in potential > o for

' '

physical,
"

space - like components of gauge field)
. . .

. . . but massive gauge field
has three

polarizations ( 2 transverse
+1 longitudinal :

see note below) vs . only 2 transverse for

massless gauge boson (again ,
before

"'

turning- on
"

coupling Am to Io VEV)

⇒ " conservation
"
of d.of. s

.

what's

( l ( I

lost by scalar (spin
- O sector ( i.e ; frm

disappearing) is gained by gauge



field (spin - 1 sector (i.e. , longitudinal
polarization . . .

[Gauge field
"

eats
"
N GB to become massive,

while (massive) n r
' 'untouched

"
in this

process , i.e .

,
is a physical d.of .

in both

global and gauged
models : n is called ,

the Higgs boson (
more on its

' ' role
" in a bit)

- Just to Emphasize this
mechanism ,

suppose we
"

start
"

with gauged model

( with physical d. of . being n
and three

Am polarizations) , but
then take the

tQ¢→To ,

i. e.
,
scalar

"

decouples
"

f il

from Ape (which however continues
"

to

coup ke to 4) : phase rotation on Io (
but

not on 44 becomes (
"

goes back
to"/global symmetry

⇒ Yr ( x) cannot be removed ,
thus it

"

re - appears
" (physically) , but then Aae

" loses
" longitudinal polarization , i.e.,



(massively + (2 transverse and 1

longitudinal polarizations
of Ape (massive)

¥5 (massive) n (no changed, massless 9 +

2. transverse polarizations of Aµ(massless)

( of course, X is
"spectator

" to

this process )
- Inn fact

,
we have Goldstone 's equivalence

theorem ( based on above intuition
: for

"proof
"
see PS see . 24.2 and examples in

HIW 4,190) : amplitude for emission or

absorption of longitudinal polarization

of massive gauge boson
in high -energy limit

HE of gauge boson ⇒ MAD become

(approximately ) equal to
that of

corresponding (
' ' eaten

") NGB

- Next
, ( elephant

in the room !) is Higgs
mechanism renormalizable ? !

r . . first
,
Look into polarization vectors . . .



Massive gauge boson polarization
vectors
#

- More physically / intuitively to begin
with

,

start in rest - frame of gauge boson

(cannot do it for massless
case !) ,

where spin 111 fixes direction , say +
z

- if boost to go to a general frame

is along( opposite to spin ( IZ here),

then we get helicity = II

( transverse polarizations : C-
µ
.tk

,

where Epe is polarization vector and

I is gauge boson momentum in general

frame ;
note spin is along (opposite tok)

- if boost is in plane I spin ,

then helicity = 0 ( longitudinal
polarization : C-

µ
ME ; note spin II)

- More precisely ( mathematically , divergence
of E O M for Ape from Pro ca Lagrangian
¢explicit gauge boson mass

term ) gives



Ope AM = 0 ( see Mandl, Sha aw Sec . 11.3

or Ryder Sec .
4.5) , i. e.,

"

automatically
"

,
of .

Maxwell Lagrangian ( massless gauge field)

where this is
"

imposed
"
as a subsidiary

(or gauge fixing) condition

⇒ ( Kae , Em are gauge boson
- momentum

,
polarization vector

in general frame)

- To determine EM , go to rest
- frame

of gauge
boson ( can not for massless

case) :

rest
k µ

= (MA , J) ⇒ C-
µ
must be purely spatial

⇒ three possible Eoe 's , say, I , J , E

- then
,
boost along Itogygeneral frame , i.e .,kµ=( :

two E 's (again , purely spatial) of rest

frame which are I to E ( boost)

are unchanged (still purely spatial
:

transverse (t) polarizations , since



Eik = 0 , ii. e.
,
EE
,
in plane I II . . .

whereas 3rd E in rest - frame is

alongglotpbosite to boost , thus is

transformed into ( in general frame) :

⇐yelling itching
"
(III

,
EI )

MA
^ (W X boost

w fixed by direction

fixed by KM . Eµ=
O

normalization

( longitudinal polarization, since spatial

part H E
. . .
but there is also time - like

park in general frame)
- clearly (in general

frame) , we have

C- T . Eat = o

--

spatial purely spatial ,
part HI LI

- Note in high - energy
limit ( Ess Ma ,

as relevant for equivalence theorem),
we get Ept = Kou Inna- O aa)⇒ I ii. e., enhanced



us . ENT being 0111 always

-
We can deduce sum

over polarization

vectors ( " completeness relation
") :

-

µ Ejraelk
) C- truth - fgmutk.mu)

r =L, 2,3µz,,#|
- Indeed

,
above sum over 3 physical

polarizations
"

matches
"
form of

massive gauge
boson propagator

obtained in unitarily gauge ,
i. e.
,

¥nzµ§m- kptaka) ,
which turns out

to be same as for Pro ca Lagrangian

( with explicit mass
term : recall weget

well - defined propagator, since no gauge
invariance due to mass

term
,
of .

massless gauge
field)) : after all ,

quadratic terms in Ape are same in

Pro ca & SSB Lagrangians



- This confirms that unitarily gauge
is the physical gauge ,

i. e.
,

it

does not contain any
"

unphysical
"

d. of . (of . general / Rg gauge in

next note) : again ,
in bosonic sector,

these are µ ( massive scalar) &

3 polarizations of (massive) Ape

- However, even
if physssical content

theory is -manifest in unitarily

gauge, calculation
of loops (especially

divergences therein,
thus the issue

of rennormalizability) is tricky , e.g. ,
it's not clear if we

"
remain

"
in

unitary gauge upon quantum
corrections . . .

- Actually as mentioned
above

gauge boson propagator
in unitarily gauge

(obtained from SSB) is identical
to that

with explicit mass s term *
which was argued



to possibly have
" problems

" with renormalizeability

. . . SSB ( Higgs mechanism as
"

replacement
"

for explicit mass term was motivated

for
"

improving
"

on renormalizability front

- But
,

it looks like we might be

back -to- square one
then ? !

* . . maybe/hopefully , not quite ,
since are

2 theories really the same ?

- No
,
since E$$B model has additional

scalar
, in ( Higgs boson) ,

which is absent

with explicit mass term . . .
i. e.
,
a
"

remnant
"

of gauge symmetry (sign
that it's SSB or

gentle breaking) which
could save the day

( a la relations between
non - renormalizable

couplings in radial representation
for

global , continuous
SSB controlling divergences) ?!

( I

- In order to test
" whether this

direction I hope
is worth pursuing, let us

try
to see if n ( Higgs boson ) can be

made A heavy (decoupled) , while



keeping gauge/ fermion masses &

fermion - gauge coupling
fixed . . . so

that SSB model really reduces
to

explicit mass term

- Indeed , with fermion coupled
vector ially to Ape as assumed above,

we see
that this is doable : take

Q → 0
,
v→ (with e fired) such

that Ma = e Q o is kept constant

( of course , my untouched ,
so is

fermion - gauge boson coupling)
.

So
,

for fixed ( perturbative) X ,

we see
that Mj = 2X v2→ •

as desired : again , suitable
limit

of SSB (Higgs model is
identical to

explicit mass term for gauge
boson ,

to which fermion couples vectorially !



- However
,
we had argued earlier , i.e.,

with explicit mass term , that this

model is renormaliz able ( since

" bad
" part of propagator does not

contribute to amplitudes) . . . so , in
Il 11

this sense
,
there was no need to

go to SSB /Higgs model (we will
of

course show in next note that Higgs
mechanism is renormalizable) : a nice

consistency check

- what about the other case for

fermion -gauge boson coupling
that

we discussed in content
of explicit

gauge boson
mass term ? Namely,

an axial - vector part to
this coupling,

e.g. , subbase only h chirality
of 4

couples to Ape (with charge 1) ,
i.e
,

R chirality has zero charge :



L a it 4L + i Ir 04r
w ↳

no Ape here
•pet ie . 1AM

T

Qu

⇒ - e Ape (jmu - ja ) fine ,@
-Al

-

coupling]

-
Back then

,
we argued that this

theory could be non
- renormalizable , since

"

Bad " part of propagator contributes
a dm. jun ar my ( bare mass term)

# O

⇒ in this axial- coupling case, we do

need SSB/ Higgs model for saving
re normalizeability
⇒ It better not be

the case that

by decoupling n , SSB lteiggs
model can

be reduced to explicit mass term model

( again , which is non - renormalizable) . . . otherwise

this was waste
of effort !

- Indeed ,
in SS Bltliggs model, we

cannot quite play the earlier game



of decoupling n for axial case .

- Namely, a bare. mass term
for

fermion is not gauge-
invariant

( note that L is fully gauge
- invariant)

- Instead , my ( like gauge
boson

mass) must be generated by
SSB
,

i.e .

, coupling Y
to E . . .

which

requires Q 4=1
'

'

,

L F h UT, & Xr
th - c .

-

anWW total

charges :
- I + 1 O ⇒

= o

(we can easily
show such a term is gauge

-

invariant . )

with Mu=h%€ . . .

or .
thus

,
we cannot take Q → O

,

v→ D . . .
unlike for vector case

[ Equivalently , we
could decouple



n like before using Q →Oo . .

but then we can not couple OI to

4 in gauge
- invariant way ⇒

my →
0

,
i. e.
,
we can reduce SSBllliggs

model ( again, to be shown
is renormalizable)

to explicit gauge boson mass
term

,

but only if 4 ( coupling
with axial

part I is massless . . .

. . .
but in that

limit
,
we already (

ice .

, with

explicit gauge boson
mass term) knew

theory
is renormalizable , since

•µjMA ⇐ my→ 0 so that
""

bad
"

part of propagator
does not contributed

. .
. again , a sanity

check : SSBl Higgs

model has a
"

chance
" to be renormalizable,

even for axial coupling, although
the

(different) model
with explicit gauge

boson mass term in non - renormalizable



- How do we make sure above hope

is actually realized ? ! We need to

"

clarify
"
re normalizability feature . . .

. . .
recall the advantage of choosing

representations in this regard , e.g. ,

linear representation for scalar in

global, confines as SSB
model was

"obviously
"
re normalizable , while this

was
"hidden

" in radial representation

( on the other hand ,
derivative nature

of NGB interactions
was not manifest

in linear representation)

⇒ go back
to linear representation

for scalar in Higgs model , resulting

in general ( Rq - gauge ,

which makes

re normalize ability transparent
. . .

. . . but
"

price
" to pay in Rg -gauge

is that it involves anphysical



d. o . f . Rfe .g. , we have
to

"

resurrect
"

N G B
,
FG (x! and time

- like #calar polarization

of gauge boson , but only
as internal lines

(after all , this is not unitarily gauge!)
. . .
with these 2 ulnaphysical effects

"

canceling ly
- Rough analogy with quantization
of (massless) photon

field in QED :

if we only use two physical (
i.e.
,

transverse ) polarizations of photon,

Lorentz invariance is not manifest

( but of course it 's present

nonetheless ) . . . while adding two

un physical polarizations (
but not

as external lines) ,
i.e.

, longitudinal

and time - like/ scalar , makes
it

easier to keep track of Lorentz

invariance ( contributions of
these 2

unphysical polarizations
"

cancel
"

in net

amplitude ( like for Higgs model above)


