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We have suggested that the operator master equation for a. photoemissive
source is ~tatistically equivalent to a stochastic quantum mapping. Each
iteration of the mapping involves a quantum evolution Wlder"a nonunitary
SchrOdinger equation, for a random interval of time,. followed by a wave.
function collapse at .the end of thi~dnterval. In. general, the probability
distribution governing the dura,tion of the quantum evolution depends .on
the past history of the sourc.e. In most cases it will be very difB.cultto imple-
ment this mapping analytic~y. However, it is quite easy to implement on a
computer. The computer simula.tionsgerierate" "trajectories" for a stoChas-
tic wavefunction that describes the current stltote of the quanttun-meChanical
source, conditioned on a particular past history of coherent evolution and
collapse. Time. series obt aiDed from these trajectories. have. a direct. statis-
tical correspondence to the fluctuating signals obtain~d by monitoring a
single quantUm system (not an ensemble) iIlthe laboratory. They can be
analyzed like eJCperiment& data-f()rast~tionaiyproce8s, by averaging in"
time; the time averages reproduce the usual quantum-mechanical average.

We now apply this quantum trajectoty method to various elementarY
examples, and show that i~. reproduces results obtained by . conventional
methods, The tna,terial presented in this lecture is taken from a presentation "
by C~michael ~dTian at the 1990 Annuil.l Meeting ofthe Optic& Society"of A~erica. [8.1]. .

8.1 Damped atoms and cavities

Perhaps the simplest example we can consider is spontan~U8 enrissiC?n from
a two-state .ato~. In this ex8Jn.ple the picture obtained from the quantum.
trajectory approach is a picture that haS. been presented in manY guises
before. It is the picture of jumps betw~ndiBc~ete.atomic states inherent
in the Einstein tate equations [Eqs.(3.~) ~q. (3.4b)]. A closely related
example is the decay of anoptic& cavity mode prepated in aFock state.
We will look first at the atomic example and then at -the decaying cavity
wuoe. .

We consider a single two~8tate a.to;m (lower state II) and upper state
12}) described by the source master equation (2.26) (with n = 0). The field
radiated by the atom is given in terms of source operators by (2.61). To
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:omplete 411" solid angle into which the photon is emitted~ The source field.perator scaled to give photonfiux into' the detector is then '

t.(t) = v"¥u_(t- Tic), (8.1)

vhere 'Y is the Einstein A coefficient and r is the distance from the source to
,he detector; the overall phase of thia field is, unimportant since the decom-
X>Sition of the master equation dynamics we consider is b~d on intensity.
rhe superoperators (£ - 8) and S that govern the coherent evolution and
;ollapse, respectively, are defined by the relationships

Spe = "((j-Pcu+, (8.23)
(.c - S)Pc = -i!""A[(j~,pc] - ~(O'+u-Pc + PcO'+o_), (8.2b)

where Pc is the unnormalizea conditioned density operaior - the density op-
~rator for the atom conditioned onits past. In this example the conditioned
:iensity operator may be written in terms of a pure, state wa.vefunction:'

Pc(t) = ItPc(t)}(tPc(t)l. (8.3)

The dynamical evolution of the unnonnalized wavefunction l?,bc(t)} is gov-
Imled by the nonunitary Schrodinger equation

d - 1 - ' ,

dt ItPe) = ift HltPc), (8.4a)

with the non-Hermitian Hamiltonian

H = l~Auz - in~t1+t1_.{8.4b)

The evolution generated by (8.4a) is interrupted by collapses

I~c:}'- CI,pc), , '(8.5a)

with collapse operator

(; = .,nt1_. ,," (8.5b)
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. ItPc(O») == l1,bc(O)~ ,= ci(O)ll) t ~2(O)12).." " (8.7)

l'Iom (8.4a) and (8Ab) weflnd that the unnormalized amplitudes Cl(t) and
C2( t) obey the equations

~ l' -C} ::: 2~ACt,

~2 = -("1/2+ ~iU.lA)C2'

T~e solutions are .

Cl(t) = cl(O)~ii,",At.

~(t) = C2(O)e-b/2)te-jiIalAt.

rhe normalized 8mplitudes are then
Cl(t) = . CleO) .. e.i i"'At ,

¥1Ct(o)12 + IC2(0)13e-71 .
(0) -h/2)1 .C2(t) =. C2 e. e-! i"'A 1

. v'icl(O)I~+ IC2(0)j2e--r'

1C2(OWe--Y1 .;p~(t) = (")'L1t) 1~1 (0)12 +.1~2(O)12~-'Yt I

for an initially excited atom"(c}(O) == 0) tbisprobability is independent of
time. Clearly there is only one collapse in each trajectory sin~e (8.5a) and
(8.5b), and (8.9a) and (8.9b) give (after normalizing the states before and
aft~r the collapse) .
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and the collapse probability is given by

Pc(t) = (2K~t)tr[Spc(t)]

= (2KL1t)(t/>c(t)latalt/>c(t»

~ (2K~t) (t/Jc~t)lat~.I~.c(t».. . (8.18)

. ... (tPc(t)ltPc(t»

It is again possible to~Jve the eyolution between collapses analytically.
We willriot bother with the deta.i1s. The main point is that the amplitude
equations are. ~couple.d a$ .they are in (8.8a) and (8.8b)jconsequeritly, if
the cavity mode is in a Fock state, it remains in that Fock state until the
next collapse (photoll emission) occurs. At that time the effect of the col-
lapse operator (8.17) is to t~eth~ Fo~ st~te -In} to theFock state In -1).
Clearly, an initial state IN} will undergo N jump&, at N ra.n<iom times, \U1ti1
the cavity mode .re~ches the VltCuwn state, where .it will rem.ain forever. A
sample trajectory is illU$trated in Fig. 8.2(a). On average the dwell ti~e
in .each Fock state becomes longer as the level of excitation dccieasesj\lrls
is because the collapse probability (8.18) depends on the collditioned mean
photon flux -..f'2K(t/>c(t)latalt/>c(t» which c1ecrfmses as 'the system descends
the random stairc~se. Figure 8.2(b) shows the evolution of the. average in-

tra.cavity photon number, c.alc~ated by averaging 10,000 realizatiolls of the
conditioned mean photon number (ata)c = (t/>c(t)lataltbc(t». The ensemble
average over trajectories shows theexpoIum.tial decay givenhy (3.3).

8.2 Resonance fluorescence8.2 Resonance fluorescence

Both of the. examples we have just Seen are really rather trivial. The quan~
tUJIl trajectories for botbare elementary examples of Markoff processes on
discrete state spaces. Anyone ~ho is f~liar ~th Markoff processes and
a little quantum mechanics cOUld have conCocted simulations to produce
the quantum t~jectories sl1own in Figs. 8.1 and 8.2. But we have some-
thing more than a concoction. Weha~awe1l-defined fonnal procedure for
cC)nl;'tructing the stochastic process-from 'an operator master equation. In
general the quantum dynamics for a given SO11fce WiU not be ~ transparent
aain the foregoing examples, a.ri.d the "concoction" approaCh will not work.

.'
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Hamiltonian is

H = fu.Joata - itul:ata.

The collapse (8.5a) is governed by the collapse operator

~

(8.16)

C=~a, (8.17)
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a nonzero probability form~ing a. further collapse ~d emitting another

photon.

~

where

26 = 'Vh/2fl- il2. (8.23)

The collapse probability in the,time interval (t, t"+ L1t] is then given by
""" " "'", " "" ,,'"< , "', ' '- ",

" "'2 " /C2(t)\Z "," .','

po:(t) = (')'LH)I~2:(t)I,= (-y4t) IC1(t)IZ + IC2(t)!Z' (8.24)
- ' "";" ."; """ "'" i"

: Fig\J1'~- ~.3showstwP. exatJlplesofquanttUIl,trajecto,ries for resonance

fluorescence.'rhe full qu~turn"sta,te could be -represebted by a stochas-
tic motion On the Bloch spherej in Fig. 8~3 the upper state probability
1C2(t)12,is !>lotted.The yt;rtkaJjU1l1ps return the atom to the lower state
at t~etime$ ()f the photq~ ~ssiqns;t.he8e, are the CQnap~s responsible for
photon .~tibup.cbing intesona.nce ftuorescence(Se:et. '3.5). -Notice that ,for

~
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:

Ct(t) = e-b/4)'eiil4l,4t [cosh(6t) + (1f:)sinh(cSt)} ,

C2(t) = ie-b/4)'e-tiwAC n sinh(St),
. . U. ,

(S.22a)

(8.22b)

~~~
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