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Outline for last lecture
-

-Basedn time - reversal properties
of angular momentum eigenkets ,
derive those of expectation values
-

for these s #ates of time- reversal

even (odd operators
- more physical consequences

of

time - reversal transformation
- e - g. of using symmetries for getting
selection rule
- x-

- For A being even/
odd under

time reversal :( in general)
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old>

- plug IN --l&idII
angularradial quantum momentum

number eigen Ket

with O l jam> =L .-42M Lj ,- m>
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to

get4. j.mIAK.j.mf-IK.j.am/Ala.j . - m)
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- More specifically , A is spherical
tensor : Tlqkl : suffices to get
matrix elements for g = o , since

others related to it
"geometrically

"

using Wigner
- Eckart theorem :

T (Kl ( Hermitian) event odd
under

-

time - reversal based on q
= o :

• Tattoo
-'
= I Talk!o ⇒
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- Now

, l⑧j , - m)
"

related to
"

Lj,#m) by
rotation operator and we know how

Tf" transforms under rotations ⇒
( details in Sakurai)



( a. jcml To
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Tock ) is even /odd . . .
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- 111 , with
I even

⇒ ( j , ml El j ,m)
⇐ O : EDM vanishes

for angular momentum eigen
Ket

,
of .

earlier , vanishes if parity eigenket
geo complementary : la , jim> need

not have definite parity , e.g ,

spin - Hz particle with 1=0 (
s -wave)

or e = 1 ( p- wave) can have j = Yz :



Kj = 42 , m) = Csl 5212) tcpltyz)
- x x
angular momentum e = o Kj e=2 Kj
eigen Ket

i. e.
,
not parity eoigenket (

s or p

are even or odd)

- **-

physic implication of
time -

reversal symmetry : even if

f- , H) = 0 , O U ft , tot
= Uft , to),

since U €2 - i tilt -to)th - - -

(of . other symmetries, including
parity ) . . .

. . . but do get wavefunction
real

( no degeneracy) , without spin

- More mileage including spin :



[f. H] = o ⇒ In > & O In> have

energy eigenvalue
- If they are same

state (no degeneracy),

then Oln) = eis In> ⇒

04N> = O @ is In)) = e-
is Olin>

= e-
is
e.
is In>

i.e.
,
02( n) = + In> . . .

which is not valid

for half - integer j (02=-21
for it)

⇒ In) and 0 In> are different
:

there is Kramer
's degeneracy,

e.g. , VE e 0(x) (external electrostatic
field)

⇒ @ ,
H) = o since [O, R) = O

=@ , function of a)

⇒ with odd number of
electrons

( total j - including
orbital & spin - is

half - integer) in any
E
,

each

energy level
at least 2 - fold degenerate



- However
,
with external magnetic

field ( assume not changed by time
-

reversal) , H 7 5 . B- ; F .
A'+ F. F

( B = I x E) , where 5,5 odd under

time - reversal
,
so OH ¥ HO ⇒

Kramer 's degeneracy for odd number

of electrons removed by external
B-

e.g . spin - Yz system : 0 It> - I -3 ,

but energies in B
different for It>



Example of angular momentum

conservation combined with Bose-Einstein

statistics (identical integer - spin particles)
decay z identical 2spin - I particle →

( vector) spin -O (scalarf .

( creation /annihilation
of particles needs

relativistic oral quantum field theory ,

but here simply assume some
interaction

Hamiltonian - rotationally
invariant -

can do it : angular momentum
conserved

between initial &
final state)

-fie : 2 idenbisons
( integer spin particles)

⇒ overalls
wavefunction u-nchange.cl/symametric-
under exchange of all quantum

numbers

of 2 particles
-②

"

sub
"

- spaces of quantum
state ( in

general) : spin & orbital angular
- -

momentum
-



- Here no spin for final state

particles, hence orbital part
of

wavefunction 41 must be symmetric

- Now
,
X is function ofF=F,-€ :

relative position vector of 2 particles

- Upon exchanging 2 particles ,
F→ - F

⇒⇒ we require X l- F1=4 (
F)

i.e .

,

"

like
"
even underpaying ⇒

l must be even d- 2) b eigenvalue
in general] ⇒ total angular
momentum j final of final state

= l final ( since
8 final,

= o) = even

. . . but then it cannot
match

initial angular momentum (
spin) of 1

⇒ spin - I particle can not decay
into 2 riddentical spin - o particles


