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-

0utfortdmayllastlecfure.in
Mon .

-

( After getting warmed - up to
anti-unitary operator)

- Back to time - reversal : must
be

anti- unitary (based on how Hamiltonian

transforms for time - reversal symmetry )

- how other operators (E, F), expectation

values
,
wavefunctions transform

( matching intuition (
educated guess

of before)
- H is time - reversal invariant ⇒

wavefunction is

"

real"fup to phase
independent of *

')

- Time - reversal
for spin - Yz

system



tme-reversaeatinE
anti - unitary ( denoted by

O)
#_-

*start with fixed time : time - reversed state

is really
" motion - reversed

"

, e.g .

.

IF
'> → I- E ') (in general, la> → Old)

a- t -- O - St - (E- spy
* • SEI Lbl at -_ o # St

(al
"A ball

ball
• t=0 ( Fl slowing • t=o(- El

speeds -
* down

up
* t -- O * St (time:[rsed)

-Consider (infinitesimal) time
- evolution :

- original Ket : la,Eo=o;t=ot§
= (I - IH Stl# Ida>

(usually
. . - d )

att to -_ O

. . .simfor time - reversed state

(Olaya (t - iH*It) @ ID)



-Neat , assume time - reversal
symmetry as for ball falling under

gravity
(neglecting air resistance !)

but not for
ball rolling on ground with

friction] : time - reversed state at

later time #t
= start with original state at
earlier time f- Stl;
then reverse its momentum

⇒

µ - iHz$t) la>$ = Offa. to -0; t = - sty
r .

. (2)

( later) time - evolved version
time - reversed version

of time - reversed state
of original state in
past

combining 4) & gives (for any K))
:

f- ittzst ) ok> = of
- ittzk- Ett) KS

⇒⇒tilHO=Ol
0 was unitary

E O = Of ⇒ HO = - O H :

"

strange
"

for H being
time - reversal invariant Ect . ITH - 1-HIT foirnutaairainhf]
. . . so what ? ! Apply to energy eigenket :



H (O In) ) = - O Hln) = - En (Oln)) ⇒

energy eigenvalue
e o (starting with positive) :

does not make sense for free particle

(r : F is odd under time - reversal
:

O
"

F O = - F
⇒ 4517µm,

= three is even
:

O
' '
H
free

O = H free ⇒ H free
O = OHfree]

So
,
assumption oaf O is unitary invalid :

⑦ must be anti- unitary so that

← it H O = O E TH (of before)
= - i O HH (O anti- unitary)

-⇒HO=Ok ( O
-

AH O = H) : again , that's Ha having

time - reversal symmetry,
like with H being

parity invariant : ( H , Tif = offHIT
ITH)

( do not get negative energy
eigenvalue , of . if

0 were unitary]



[ Having concluded time - reversal is
anti -unitary based on H being
invariant

,
this property valid in

general , i. e , even if H is not

time - reversal invariant
. . .]

IHowdoothenobe.at#5e5JI/their expectation values

transform under time - reversal 2-
- Recall 0 taken to act on

bets

from left : no need to define (directly)

O acting on bras
from right

#

⇒ ( B1 O la>
"

Interpreted
"

as

*pl ) . @ lay , not as
lol .day

- Useful result for transition

amplitude / expectation
value

,
related

to transformation of
operator under O

* - I ~ X is

431×14=4210×0 I B) (linear)



( Note I , 15 order
"switched ' ')

Proof : IV) = Xt IB) → (BIX = Lol

so that (Blxlx) = (VIX) =Glr>
*
= (III>

= (210 In> = (210*+18)=4-10×+0-101 B>-
IF>

- special case :
Hermitian operator(observable

(Plata) = ( Ilo AO
- ' IF> . . - Cal

- Operators /observables everyodd
under

time -
reversal : OAO-1==A# . . - lb)

- combining Cal
& lb) : Kpl Ala> = # (El AIRI

= I (F ( A ( I)* (
"

think
' '

A is Hermitian
matrix :

( interchange row &
column )

- more specifically , Ip> = la) :( expectation*

values ) : (al Ala)
-

- ICI IA ta) # deiaegmmenat

( expectation values f- I (
I (Al outerAmihan

(are even (odd with A . . .) -
matrix

time - reversed
stateExam A = : classically, time - reversed

particle has opposite f- (really
"motion

"
- reversed)

⇒ (Ehrenfest theorem)
"

impose
"

( To> flips :

(alt la) = - ( II III )
⇒ E is odd :



1050-1=-157Sanity
check :expect (Otto '>Y

to have eigenvalue - F
'

:

* →
a-

Is @ ItD) = - (④ E O ) @ It'>1=-0 E' IF
'>
-

= - I
' (0/157)

real

⇒ (upto phase) O ( I '> =L- P
')

( In general , eigenvalue
"

flips
" for odd operator]

- whereas
,
impose (alot (a) = -1481212)

( position not reversed) ⇒
E is even

O Ix ' ) = ( x'> upto phase

r . . Cf . both I
, E are odd under parity ⇒

futtane⇒ easily
-

preserved under parity . . .

on .
also under time - reversall due

to arbitrary

-

anti - unitary : Eri , pj ] la>
= it did last ⇒

O (aicbj) 0*019=0 ihoijla>
= - iosijh IN

¥f¥jo- '- . . .
⇒ C- xitsjtlojxilok>=

- i Old

Xi Tpj ⇒ (ai , pj] = itthsij
tsij

- similarly , [ Ji
, Jj] = i EijkhJk intact

if I is odd :TIEN
. . .
reasonable

.

since I⇐ one realization

of J) = (I xp) is odd
↳ event odd



How do wavefunctions transform under

time - reversal ?

Educated guess (earlier)
: complex conjugate

check formally now : 4* (x ') = (x'( x)

( no spin : see later) ifeng.amnsiga.ggefficient)
( now , know how I xD, la> change ]
O la) = O false . Ge ' lad la')
W/
time - reversed

*

= fd3a' ( x ' la) O la
'>
÷

=@a' Ix') (sell a)
*

⇒ 4g(x ')
*

= Yak't

Recall : general anti- unitary =¥ Ky
unitary

Cro .

So
,
based on Old ) = fd3a'(a' 123*1*7
-

Sdsu ' la ' ) (a' la) (again , Olsen) = In 7)



it seems µ = I. : O = (only ) K . . . but if

base kets In'> . . .
but basis - dependence :

not quite valid for base bets ( p '> instead :g

since O IE ') =L- F
'> (⇐¥. Ola> = HED) :

*

log ( E 't = loaf - F
')

w
momentum - space

K . . . of original state

wavefunction
of time - reversed
state

( c . c .

and
' '

flip
"

F ')

( O la) = Ofdisk
' Its> (Fla>

= f d 3 D
' ( III a)

* O 15')

= Sd't
'

4549*1 - E'>
*E. pfd 't 't

-E
'

!
•A¥ part of Hua foie 't = Rlrl Yem (0,0)1- real

Yem ( O , 4) (m > ok
mm ¥Jf-Hmmmkjm(coso12etNe-ml!#
--

47¥!

Yen To,$k Hint: Haake's",
- reversal

since (convention ) Ye-
m

(0,01 (m > 01 =L- IBM④em (o , ¢ ))
*



- Yem 10,01 is wavefunction of le , m)
⇒ t.ms#EeXa8Iinndn2ges1
* Sanity check : probability

current density

of Im (4*54) : for X ta
') - Rlrlyem

,

current counter- clockwise
for m > 0

,
us .

⇐ lockwise expected for time
- reversed :

agrees
with flip of sign of m

consequencefforwavefunctionofttbeingti.me-
reversal invariantdsofar.Hhavingtime-reve.rs#

symmetry only
" used

" to deduce O

is anti- unitary)

:( spin - less particle : include it

later ) wavefunction of energy eigenstate

is real , up to E
- independent phase

for O H O
- I
=
H and no degeneracy

Intuition :
"

eigen Ket
" of O also ⇒

"

⑥
' '

on 4nA Yen ,



but 4 µ
→ 4n* also ,

80 yn = X
,

*

( in general)

lprootf : H O In)
,

= OH In> = En Oln)
-

energy eigenket

⇒ 0 In) has same energy as In) , but

no degeneracy ⇒

0 In> = In) , upto
constant phase-
neglect it

⇒ wavefunctions of In) &
O In> Dame :

w

(in general)
of

In) 's wavefunction

⇒ wavefunction real
, µlEy2@mginvaviante.g. C ) : free particle wavefunction

- exp (it! I 'th) (position - dependent
phase ?!)

. . . but degenerate with expf it ! Eth)
e.g. L2)

: One - electron atom : for m to
,

( H is invariant)



wavefunction an exp (im &) ( not
(of In , e, m)) constant

. . . but degenerate with In , e , - m) phase
?!)

( actually , for spherically symmetric potential,

m = - l ,
-etc . . .

e - I , l all degenerate)

TiNfrpYystem→
- Earlier twist for spin

- Yg State :

Zt rotation (
"

full circle
") flips sign

- Another (related) one
with time - reversal :

for orbital angular
momentum ( only) ,

M

O le , m) = C- il le , - MD ⇒

O
'
le , m> =L- llmffymle , - Em → team)

02 = 1 for orbital angular momentum,

but O2=-1forspin##
Proof :

Use J is odd under time
- reversal

⇒ eigenvalue
' '

flips
"

( like for E )
. .

Sz (01+7)=-0 Szlt) ( O"s¥o?Easz)



= - O th 12 It > = - t Iz (Olt>I

⇒ 0 It> = n ( phase) I -> .
. . 4)

- Now
,
I - ) ,

upto phase , obtained by
"

rotating
"

I t ) about y -
axis by IT :f
at

a
1+7

" E
,

s y
l->

<
ze
←

I -75 = eat f- it Sylt ) 1*3 . . .

O
' '

on

"

Eq . gives

ol -> = o zerofitness) I -17
= ¥* O exp f- ithsy) It> . . - ③

• Need @ , isy) to move 0 to right

past eats f- itsy th) (power series in isy) :

Oli Syl- fi Syl O = - i O Sg - isyo
= - i @Sgt Sy O) = O ,

since Sio = -Osi

⇒ O @ xD - it Syl#I = expf-itself) O



⇒ Eq . gives

ol - s -

- ¥*e4fi¥401
use (1)

= I eatd# n IIy
*

case (2)
I=

#* resetting zextfiti.IS/It3
= n eat fizzy) It> = - n It>
9 . . . (4)

ftfmn ↳T¥otation flips sign)
so
, O (et It) t C - I- s) = c# 01+7
- *

arbitrary Ket
+ c

-

O l -7

= c# n l -S - CE n It> @seal , KB

o
' o c# no
# - O c#n IH

8%7'=c+n* OH - C
- n
* 01--17

- -

- n Its 141 + n 1714

= - ILI@+ It> + c. I
-7) =HfttF$



Generalize above results for spin - 42
& orbital angular momentum (

e -- integer)

to arbitrary angular momentum
:

OZljhakf-integery-e-ljhalf-intege.ir( like for spin
- 42)

021 j integer>
= t l j integer> lolirkieaeti"(lseesakuraiforbrooflangomeanrtumn.NO

te : j integer above can be (purely)
orbital

or made up of even number of spin
- Yz (e.g.,

two electron total spin can be
0
,
I ) . . .

Similarly , j half - integer can be
odd number

of spin - Yz or orbital angular
momentum

,

plus one spin - Yz . . .

- Actually.anystateofevennumberofspin-yz.is#
(euenunder02.nomatterthei.rs/oinor#
spatial orientations ( latter determining
orbital angular momentum ) , even

if not 1512
( l l l

eigenstate : such combination decomposes

into components with LIK eigenvalues integer,
since orbital angular momentum always



integer (total L = L , + Lzt
. . .) , while

even number of spin - Yz gives integer
total spin ⇐ S

, tszt
. - - l

- similarly , any state with odd
number

of spin - 1/2 is odd under OZ . . .

-gfeneru.ee Ole , m)
-

- film le
.

-m)

for orbital angular momentum
to

Ottinginteger)- -1
orbital or

even number
of

spin - 112 . . .

further to 01lj.m7-4.fm#j-mX
(Sakurai problem 4 . 10 for proof)

for any j ( integer
or half - integer)

consistent with n = ti for spin
- Yz and

Ij , m> made up of 2J spin -Yz 's
( Schwinger 's oscillator model)


