
Lecture 4Mt, Dec .

9 ( wed .)
-

(continued from
lecture 40 notes$

outline for tag & Fri

-

" reversed
" particle motion also

valid

- intuition from wavefunction ( time -

reversal to do with
"

complex - conjugation
"

)
- need

"

detour
"
on unitary operator

( **h us far) us .
anti- unitary (distinct

from non - unitary !) in general
( related to above complex conjugation )

- Back to time - reversal : must
be

anti- unitary (based on how Hamiltonian

transforms )
- how other operators, expectation

values
,
wavefunctions transform

( matching intuition (
educated guess

of before)
- H is time - reversal invariant



MFedparticletrajectotryalsomakessense-ftlt-o.IT> • Flt -
- o-ED

HI-FI (t) solves m :{ = - IV (El,
- If ④ old

'

@nelwtk)then so does E (- t) : no dissipation

( so does not apply to object slowing
down due to friction)
- subtlety with B- : electron orbiting
anti- clockwise i reversed not allowed ? !

s
r . .
but B- due to y

- moving charges
-

-154 e- ( electric current) : ⑤ e-

reverse that
'

N
( hence E) , then valid !p

S

Maxwell 's and Lorentz force equations time
-

reversal invariant : t→ - t if F-→ E ;B→
- B;

•→ p ; j→ - j i E → - E &

ftp.BT/-yF=eE-e#zo-xB¥*E=-IIItexB-II=*nj_I



Onto Q M : wavefunction behavior

under time - reversal
"

easy
"

: if

it off la , H
-

- f-hzmeztvlxcx.tl,
then X ( Bee , e- t) is not solutionGf .

I C- t) is valid trajectory] due to

%t la, - t) =
-•@otYEitDlt-s.t.

( v real / H Hermitian crucial )

(of . DIE . . .
classically , so set- t) solution)

dt2

Remarkably , X
*
(I , - t) solves (just

complex conjugate above equation]

e.g. , (sanity check) stationary
state

,

XLI, H = Un (E) exp f- i Entlhy ⇒

if
*
( se
,
- t) = Unt (x) exp(- i Enttha)

(
"

right
' '

time - dependence]

⇒ Educated guess : time - reversal

involves c. cc . at te o) wavefunction of



time - reversed state is ( set a>
*

( us . original Gela> )
⇒ time - reversal

"

special
' (cf . translation,

rotation , even parity : Luca, t) → 4C- Eat),

but no C - C .

=

Detouronlgenerahzah.sn#mmetryoperations:anitat/
translation , rotation, parity

. . .),

II ) = Ula) ;
157=01 ,

where

U is unitary ⇒ a

-

(BII > = (Blu
-'
U (a) = ask>

⇒false ' uTµ*(x ; Tac# 01 --fda ' 4,3*1401141441
• However

,

enter time - reversal :

UT (x ', ol = #
* (x:o) ⇒ (¥129

a *
*

B B Eefdr ' 4ps (x :o) Xx (se:o)

=
da't

,
#be:o)Xue:o)]*= @Bla)]

*



- so
,

"

generalize
"

to 145124=143141
so that Lal ( B II) =L Bla) (unitary operator)

*

mainstream "

I:3::::

Anti - unitary operator (denoted by O)
?

II ) = O la) i IB>
= O IB) satisfies

*

Cl . ( B II) = ( BHA) as above and

El . O (ca la> take>I = Cst ok> +of Ole)
( 2nd condition by itself is anti

- linear)

claim: anti - unitary operator,O=⑦ ,

where U is unitary and K is
"
c. c.

"

*

operator : K c ( x) = c k la) , but
base kets an Chan ed : k la ') = la ') :

reasonable
,

since 1a 'D : I
II

I I



la) - Ez, Laila> Ray esta)
-

- Ela't ④la ')
= E (a' la>

*

la ')

Note : if Szzeigenkets (IID taken as

base kets
,
then Sy eigenkets do

change : Iggy ⇒ ± i l -S)
K
→ Lrz( It> zit -71 . . . but if

Sy eigenkets chosen
as base bets ,

then no change due
to HK ⇒ action

of K basis - dependent

Property of O E U K : what's

← ↳ ↳

basis independent each depends on basis

U also Basis dependent (return to it)

check O = UK is anti - linear (condition
④

1¥21 :TWC , lat Cz 1B> I



= U K c , la) t U K Cz ( B)

= U CY la ) t U CE KIB)

= pinny to:(ukleslftnita're)
= cg* old) t CE ol

Far checking condition #1 for
UK

being anti - unitary, property
act with

OE UK on Ket from left (enough

for computing inner product
: no

need to act with O on bra from

right) : IF> = Ea, Calles) Ula 's

⇒ ( Bl ⇐ Ea , cake> (a' tu

so that ~

( BIG - Ea,{" sa
" Bka

" 19 Ula '>Cala ')

(use (a' ' la '> = I = Ea, Lae aka't)-
=


