
Lecture 39M ,
Dec . 4 ( Fri .)
#

Outline for Demoing lectures
:

- symmetries (and their consequences;
constants of motion & degeneracies
in Q M ( ohhh . 4 of Sakurai)

- continuous ( e. g. , rotations ) : see
. 4.1

us .
- discrete ( e.g . parity / space

inversion : see . 4.2 & time-
reversal :

see . 4. 4)

0#tinemoan for continuous
symmetry
- In study of rotations , angular
momentum Kch . 3)

,
central potential

was a focus : H = III + V (r f- Txt)) :
2 m

frottage invariant : symmetry so (3)

[ H , I ] = O = LH , KID



Consequences :

(i ) .

constant of motion / conservation law

for expectation value of [ : in H-picture,

on Ivy
→

d1 ( al L la> = Call de la>
It in dt

arbitrary
= (a 1÷+LntD 127=0

) energy eigenkets are also eigenkets
of

angular momentum
: 12 , l m )
radial Tng ulcer

Energy eigenvalues
( E) from radial

equation :

EE.zdafdarltezumtr.hu#3reeH
= E RE e ( r)

⇒ E depends on e : no degeneracy

( in general, e. g- , a spherical
well)



. . . but not on Dm : m= -e . . .
tote

(for given e)IdegenerU-e.

(2et1)-fg€
#

. .÷ : symmetry
⇒ constant of motion &

degeneracy
- Back to Coulomb potential(t) :

more than 12 e ti ) - fold degeneracy

E depends only on n : for

fixed n g
l = O

,
. . . n - l

( NZ - fold degeneracy)f , larger
than

expected from
5013) ( rotational invariance)

. . . can't be accident : must be due to

larger symmetry : indeed so (4



Continuous symmetry :

- classically &Hamiltonian formulation)
: if

H ( q ; , bi) does not explicitly depend
on q ;

⇐ "generalized
"

] ( H has symmetry under

transformation 9. i → qitoqi ) , then

d Pi = OH log ,
= 0

Idt
→
Hamilton 's

(constant of motion )

Onto lQM : transformations ( e -g.,

translations ,
rotations) correspond to

unitary operator S :( 51=5
'

)

is transformed H ,

e.g.

DIRTTql" D (R)-✓ rotation operator
tensor

- Contiguous transformation
has

infinitesimal version : S =# - i# G),
where G (generator) is

Hermitian



- S isyifsvariant
si

' tis = it = ftieza.ie#fI-iezG/
⇒ EH , G ] = O ⇒ daff = ?q CHG]= 0

Only ( Heisenberg picture)
→

⇒⇒E dalal Gla) = ( * 1%+619
expectation value of G is constantofmotionT

( Ehrenfest theorem) Iconsequence (il]
q.gg#ainnuariance

under translation/rotation ⇒

jetation
value of nkinearl angular momentum

- Related ly, if system is in eigenket of G
at

to (given by Ig
'))

,
then it evolves

at time

t into U ( t.to/Ig ') which is also
(like 187$

esigenket of G with same eigenvalue (g
')

( "constant of motion
") : CG , Up (

t
,
toD= O

extsfi Htt - tola)
⇒ G Ult .to/lgD=Uthto1GlgY--Ug'lgY
-
time - evolved Igy

= g
'@ Ig '>)



( Equivalently , I g
') is also eigenket of H

Ig
') is energy eigenket

⇒ phase only upon
⇒ time - evolution]

Consequence (Ii ) : degeneracies
If CH , =o, then It In )

= En In ) ⇒ H (G In))
w

energy eigenket
= G H In)

= En @ In))

i⑨In)isalsoenergyeigenketwithsam#energy as In)⇒IfGln)Fln),mendegenera#
e. g. , S is rotation operator DCR) ,

with

H being rotationally
invariant :

D-
' (R ) H D (Rl = H (e.g, spherically symmetricpotential : no spin )

⇒ EI , H) = O = 12
,
H) ⇒ eigenkets

T' simultaneously

genegfytorffrothaetiroe.gs of H
, FB Jz



Degeneracy in M follows from

IG

( H , J±]=o ,
with Jt raising hoovering

m ( but same j ) ⇒ ( 2e -111
-
fold degeneracy

for only angular momentum being
orbital)

( saw it earlier using radial equation ,
but

here follows from general principles )

-
include spin - orbit interaction

:

✓ ( rd t Vis ( rt I. T
-

(also) rotationally
-
invariant

⇒ (2 j t 11 - fold degeneracy
e. g. ,

based on I. 5

T eigenvalues in

( I # 5 ⇒ I eigenvalue
Eg -
3.8.06(Sakurai)
x

( degeneracy
in l by itself broken)

Onto potential (special case

of spherically symmetric potential)



Why are different l
's for given n

degenerate ? Additional symmetry

of Hr potential ( not for
3D isotropic

$ HO ) ⇒ another constant of motion

. . . even classically : keplerproble.my
"

obvious
"

constants of motion :

E (unit vector ) : fixes plane of orbit
=

( t e )

(El , E
: fix size, shape

of orbit

. . .
what else ? orientation of ellipse

in plane

=

①
e



or direction of major axis of ellipse ,

given byTatar vector
:

µT=FxE_ze2rT#⇒ as:*:

( another ( new constant of motion)

Onto * M : define Hermitian operator

corresponding to NT : (rT,t
Summary ( details in Sakurai)

:

lat . obtain algebra (commutators)
of M & I

(b) .

above algebra
to that

of rotations in 4 d [50/41] , ice .

,

symmetry enhanced from
so (3)

(c) .

relate so 141 to larger degeneracy



#

O # to parity /space inversion as example

\of discrete symmetry (not continuously"

(connectedtohtdinoinfinitesimalversiorgprevi.eu
in SHO and linear potential ÷

energy eigenstates wavefunctions
classified

as even odd
under ne 't -24 : not accident,

due to H invariant under x
→ - K

[parity transformation , operator)) :

parity is symmetry of H

0e for parity discussion

- properties of Tl : { IT , K } = o . . .

X

anti - commutator

- behavior offteunder IT

⇒ e.g . of selection rule combining

parity transformation
( even if not symmetry)

and angular momentum
conservation

( rotational symmetry)



- Consequences of parity symmetry :(it, H]=o

GelHingtoknowT#
- often

, parity( space
inversion as

passive operation : R H → LH

coordinate system ( state unchanged)
NY n z

(

→ Dae
'

ze

L
u y

'

E

. .
. us -ahere : transform state

kets
,
with coordinate system fixed

^ they

> K
'

- Xo Xo

TI transforms wavepacket localized
at



No to f- Xo )

1a) → IT 1 a> (
new

,

~ parity -
(old ) transformed/

unitary
space inverted

state )
- classically , Jc (coordinates)→ - I ⇒

in QM , require expectation value of E

( Ehrenfest theorem) , e. g.,
above
wavepacket

( ti al KIT a) = -- ( x Ix la)-
-
new bra old . . .

-
new expectation value

= ( al ITT k ITI x) . . .

for all I a) ⇒

(as expected) TTxt=-€t⇒"g'IyIIy
- transformation of position eigenket.it
expect IT Ix ') = e

's
l - xD :

x (Tta ') ) = - IT x la
'> = - x' (Tila

'))

⇒ the ') has eigenvalue - see ,
must be l- xD
( upto phase)



e
is
= 2 ⇒ IT Ix '> = + I -xD

ED TIZ Ix ') = ITI- xD = # ( xD ⇒TI2in

base kets

⇒ IT eigenvalues = -11

but IT unitary : htt = # (on general grounds :

( Tt x / TI x) = (al
x)) . .

. & IT2=1

⇐ IT
+
IT)

=D IT also Hermitian ⇒ eigenvalues real

How does to transform under IT ?

I
" like

"

midget , so expect
odd under

parity , but check using F
is

generator of ( infinitesimal)
translation :

after I da '

nd step al after
k after -1

of LHS
f r

'
e ist step ,

I
,

LHS

& RHS H '
'

. + in tryst
I of RHS f × step

" t-Ho
'

i

i t i

¥ Ko
'

dose '



2 paths should give same result
:

IT T ( da ') = Tf-day IT

- - -
then translate followed parity
parity Ist by translation

Tst

in opposite
direction

⇒ IT ft - idf't ) TT = fetid't) TITI
I

⇒ tip th - p or { IT . P } = ° ( ' tparftyodd ")
- what else ? Transformation under parity

o# JJ : e -g .

. I = Ex 15 ,
with E

, 5

being odd under parity , so
L is even ⇒ Cpt, I] = O

Ttt Litt = IT
+

Eijkkjgpk 'T = Eijkfttrxj IT) (Ttp
= Eijkl- Kj l l- Pk) = + Eijkxjpk =L i[

. . .
but spin (51 camo t expressed in terms

of E
, E

B? ! Think of I as generator
of rotation ( not just as I = Ex F)

- start with rotation
,
parity transformation



of classical vector : both parametrized

by 3×3 orthogonal matrix

R Parity = f-f.jo?g/detRParity=
- I

° O ⇒ o (3) , not SOG)

clearly , parity commutes with
rotation :

R parity R
rotation

= R
rotation pg parity

Picture it :

1st Z

at (
clockwise

n

in *
rotate f

, seen from y n
front -5

'
c-

in
above)

of Ey -
2- y

- plane 1st I
,

parity :

.
yplane > Y still in

c- behind tf,
-

ane

bezhyinpdane
HI

L l, Ey - plane he *
- followed by

k¥-rotate&
followed

clockwise

by parity
so

,
in QM

,
same for corresponding rotation operators

D ( R) : like R
, Rz=Rz⇒ D ( Ril D (Rd

= 01123)

D (R) IT = IT DCR)
,
with Dr -_ 2 - i ¥5.45

⇒ [ IT , F) =o ,
but I = Its



and CT, I ) = o ⇒ ET, 5) = o

-Under rotations ⑤(3)) , I , I , I are vectors

(spherical tensor rank 1) , but I, I odd
under

parity (pseudo- vectors) vs .
I ( even parity : vector)

- scalars under rotations :
5 . I or 5 . 15

odd
. . . butfunder parity, TT

'

(5. E) IT = TT
'
Siri TI

⇐ IT'sit their = +Sit-ki)= -55cL similarly, 5. F)

(called Pseudo - scalar ) vs . Ti' (E . 5) it = E - 5

or TT
'LI . 5) IT = E. E are even (called

scalars)

Wavefunctions under parity : if

Ya ') = (n' la) , then wavefunction of

-
wavefunction space - inverted Ket is

of It) A

( x 't Tila) = f- a' la)
-

parity - = Xa f- R ')
transformed

e. g . wavepacket localized at Koo→ . . . at - Ko



Eigen Ket of parity operator :

IT II ) = I 2 It )
- -

not spin - only allowed eigenvalues
Ubldown !

←

⇒ filth) = that⇒ = they

-
in general ,

C- sell⇒ = 4¥ ta
')

⇒ state even load under parity

operator if its expansion
in Ix')

basis
, X (ne

')
,
is even I odd in K '

( earlier, e.g. , SHO , linear potential ,
discussed 4k (x

') being odd(even . . .
vs .

×

here Ket under parity operator]
-Not all wavefunctions are odd(even,
e. g. , wavepacket localized

at ro ( too)



or I pl ) * e- ittf
'

: expected since

[ I , IT] F
O ( given Lettie 's

- o ) , so

no simultaneous eigenkets

or . better luck with Yemlo, since [ it. -1=0

and eigenkets of I are (d) a,e,m)=RlrlYem ,

so must be parity odd (even ( simultaneous)eigenkets
- Under panty ,

i

r → r ⇒ Rcr) invariant, so YEMYO,

event odd

O → (TI - O) since Z →
- z (2- = rcoso)

Rand want to keep of
Olnewlft)

& → ¢ + IT since x = rsinocoso→ - ace

(sino unchanged,
both Sino . → Y = r since sin →

- y
cos of flip)

- Determine parity of Yem ( f. 0)
:

start with m=⑨ : Yeo (0,01 a Pee
.

(cos 01
,

which are even(odd in cosO for eventodd

l
,
so is Yeo (0,0) then even (odd with

e) , thus Il , o> . . .



And Yem (0,01 ( m > 01 - (↳ Im "on " Yeo

or . but CT, 4+1
'm ) = o ⇒

* 4*17403=4+1
'm

te
C- yell , o)

⇒

ttfLtImle.oy-tile@tImleio71ll.mB
: also eigenket

Of IT with L- 1)
l

⇒ fYem(f,0)even1oddwithl#
--
-

wavefunction of ( again ,

Il , m)
independent
of m)


