
Lecture,N(Monn .) :

(continued from
lecture 36 notes )

Outline for today (& wed . ) : after

( s ) .

Vectors
, go to (21 .

Tensors : Cartesian
11 11

defined as generalization of (Cartesian) vector

lat : Cartesian tens r (obtained by
"

product
' '

of - Cartesian- vectors) decomposes into
irreducible

*spherical tensors , defined as

generalization of spherical
harmonics

(b) . Product of spherical tensors ( similar to

product of Cartesian vectors)

(3) .

Martin elements of tensor operators

( Wigner - Eckart
theorem) , e.g. , EM

transition amplitude (chapters : Phys 6233-07

AMO )
- X-

Lal
'

Product of Cartesian vectors

( Cartesian tensor) motivates

spherical tensor



Dyadic :

Tij ¥ U ; Vj ,
where

J
,
T are

,
vectors ( numbers for now :

i. j= to 43 , transforming as (based

on J
,

J properties) rank two tensor :

Tig → §. Ej, R ii. Rj y
' Ti 'ji ,

given Ui → §, Riis Ui
'

;Vj→Ej. Rjjlvj
'

- T has 9 components

-

"

disadvantage
""

: T.i j
is reducible :

it splits into multiple
"

objects
' '

transforming differently & independently

(
"

with rain themselves
"

) under rotations :

( check :

Uivj # Jj sij + finish), 3+775,
✓# adupdto
trace anti -symmetric ins)

+④ ivjtvjv.cl/z-EzISigjJJ, traceless, symmetric



-

"

Trace
"

component(2) under rotations

is invariant

- Anti - symmetric (number of components :
3
Cz : off- diagonal =3 ) Fran storms as

vector : Tiajti
-symmetric ,j¢(JxJ) k

- Traceless
, symmetric : number of

components =
3
Cz ( off- diagonal) -13 (diagonal

.

- 1 ( traceless)
= $.

,
i. e.
, sanity check : total g. to begin with

- 2 Grace)
- 3 ( antisymmetric)

- Note : dyadic breaks up into objects
angular

with d. o . f.
"

corresponding to
"

momenta

l=0, 2,2g
" like

"

spherical harmonics (
' '

tensors
"

):

e
- l

,
-et l . . . e - I

,
l f- 2e -11 values)

Y em (0,01
. . . this is decomposition of Cartesian tensor

into irreducible spherical tensors



We 'll ldefine.IS/-herialteunsorr operators
in terms of transformation under rotations,

or (equivalently) ⑧ ommutation relations
with

angular momentum operators

. . .. just like wit#hh vectors

← Just like with vector operators , start

classically , i.e .

,
with numbers §

here
,
with

spherical harmonics(motivated by
above)

- so
,
warm - up with example Home way to

-

build spherical tensor (numbers to

begin with → operators later) :

Yemen:* tyyeE
-

spherical tensor of Z T
( K)
q X

rank
rank ④ ,

with | "magnetic " ("like
"

e)
quantize.im'T



- . . still a bit abstract , so choose

k = 1
,
i. e.
,
l = 1 spherical harmonics,

with cos O = Er = @ Iz → Vz

and sin O et il = it → Vat Vyi
Ir

so that c- rank

Y: =2€ cos O → Tol"
"

Z
"

- comp eat

= FT Vo f- Vz)

YE '= -+§ si noetic
E-

→ TH
4Th I 1

He:::a:::c.se: sina.IE#.riII
"
re - written

"]
-

ITI" is 2 part V±zSimilarly
,

rank 2
of Tij ]

'E' =.EE t.EE#.HtiiizI,
r. . . again , one path to T 's (not yet
formal definition or operators)



Advantage of Tqlkl(spherical)Cover Tij
( Cartesian)) : irreducible (like Yen 'sf
r . . leads us to transformation under

rotations :

"

inspired
"

by how Yem (0,0)

transform
,

"

translating
" that to

Yem, LY (T) . . . finally , Tj
"
operator

( again , similar prescription
as for vectors

classical/ number → operator ]

- start with IT) → DCR) in)
= Irina ')
(rotated
eeigenket)

- Use :

quote
(nil Dlr

- 'Item)#Em.tn/e.mDonY!mlrY-
matrix element

of O(R
- t)



Cse ( rike ,
m) = Yem (Eino)

on

=

both sides and (rill = (int@(r Lon LHS)
= (Fl D(EH

,
since D is

unitary : Dlr
- ' I = @(RD

+ )
Yen ( ri ') - E

'*em .tn/Onl.mlr- 'l
T m

' A

rotated original
i.e
,
how Yem ( rt) transforms . . .

. . . with ri→ T
,
Yem ( t) rotate similarly . . .

⇒ promoting T , hence Yen(VT also, to

operator , it is reasonable to require

DTM *emtvlolrl = Em,YemYvToMm*miH
- T
transformation of use

operator (
"like

''T itself) OCR
-

y = @CRI]+



⇒ ingen ,
spherical tensor

-

-

operator in QM defined as (via

fundamental l rotational property)
-

µqrank q'=

HTT,q"
"
Mrl =§= 0%4*421 Tq

12kt ')
=

Eg, Otqklq (
R) T
'"

components q
'

-

. . .

"

forgetting
"

its (possible)
""

origin
"
as

Yemi % ( #T) ( in motivating example), e.g,
(Unt ivy) ( Vat ivy) (UF V) is T!

"

,

even if unlike dat ivy )
'

(of before) ,
its not of form YE ( t) Ragain ,Yem(It

is one option to get T . . .]
- Equivalently , Tq

'"
defined using its

commutation relations with angular momentum . . .



rn . follows from infinitesimal version of above :

µ¥i5 e) Tai"f- it; 4 ! Tgi'fkqYktiI÷4lkq)
- - q 's -K

DT D #

DIE! (Ike> are
angular momentum eigenkets)

⇒ ( I. ri , Tod"]=E①Tq4kkq' II. rilke)
In order to

"

collabse " Eg, , choose

(a) .

I = I so that on RHS , (kg
' I Jz 1kg)

= qorqiqh

giving [Tz , Tqlk
') = h-q-lq.lk)

Kl .

A = I ± iy and

( t.gl/J+lk.q)=8ql.qtzlkIq(KTtqtI/h
to get CJI.iq/4J-=h(kIEllkIEtTTt#qtl
-

special case ? K = 1
. . . reduces to vector

with (Vi , Jj ] = is ijkhvk



Product of spherical tensors (cf .

earlier
, product of Cartesian

vectors

gave scalar , vectors(
anti- symmetric tensor

& trace less symmetric tensor g
e -g -

i

"

multiply
"

two, spherical rank I tensors (
"

same
"

as Cartesian vectors ]

recalling
V
x
, y , z (

Cartesian)→
Vo ⇐ VZ) &

-

Viz fateful ]
( Vq ,

with q=O , -11

are components of

spherical tensor,

Toto ' e -Jj =dezv-atuz-N-z-UNI-ql-fxvlgkirz.AT
221 = U ±zV±z ; Tom =@+N- i

+U
-
Nti -12 Uovo)
To

Tefft = (U ± , Vo + UNti Bl IFL

¢heckJ compare £4 's (product of

✓ or TH 's with Yen (0,0) (and in→ T; Vix→ Vod, e.g.,
Tni (earlier way)



TEL (for u -- 6) = VE ,
= (VafgyD

'

*YETT) , since YE40,0) a@ inOe
# i 0/2

→ Vat ivy

similarly , above T(with-
-

u -- J ) =@+
V - I #E) yrs

=fdEtI- VE) Yrs
x Y:(Tl , since Yi (0,01p,

2)
a ⑧E-ft y'))
→ Izz Ivf they



More systematically , use theorem
:

if *
q !
" )
& 7%4 are irreducible

tensors of rank K " z ,
then

Tglkt-Eq.Eqlk.kz:9192/kikiskE)lgcoefcientM×Xq!kYEq
is spherical tensor

of rank K .

"

Intuition
" ( Proof in Sakurai)

:

"

like
"

adding two angular moment
• to

generate other
values ( hence same

ca coefficients appear) ⇒ it's
"

like
"

Il

talk ' has angular momentum K' 'faithI
i. even moughiniotsfh.ee#toeIz - component being q


