
Lectures,N(Fri.) ;
continued from lecture 34 notes

- Schwinger's oscillator
modell ( related

to angular momentum) : theory , applications
- Next topic : tensor operators (sec.3.IE)
- x-

Phyinterpretation of pair
of

uncoupled oscillators satisfying angular
momentum commutation relations :

( i 11 'of 'I
claim (proposal : identify one

' '

quantumfun ,

I ' l l
- Yof t type oscillator with one spin z

particle with spin - ut (along IZ)
down

⇒ IN
±

is of skin - up (down

Ose

check : actions of Jt
,
z on In+in -7 are like

those of
"

usual
"

J±,z :

J:
"

t.y-i.n-S-hah.at ,a-
In tin -7

,tint net 2 , n - - I



( creates one unit off + type oscillator,

and annihilates one unit of - type)
( corresponds to) creates one

spin - up and removes one spin -down

⇒ (usual) Tz increases by
th⑤ ⇒

e¥J¥hf . . .

#Indeed
, JE
"

TI
"

In tin -7.y,
= chinaz.n.FIe-
-

⇐Finite ④nett ) - Ln -- I D) In -it' , n - - ID
2

⇐ Ez tht - n - Ith) -4*0
"

In+ ,
n - ))

⇒ ⇐to" Int, n -3) is eigenKet of Jzosc
with eigenvalue C-12 (ht - n -I -1$] (

"
new

")

④Jzoscln-i.n-7-ID.ae?gtenIa7aeosc
i. e.
, Jzosc raised by tht due to acting Jt

similarly, JJ
" '

lowers Jzos? . .



JE'll nt.n-7-ha-a-ln-i.n-S-nn-ln.TTt Int- I , n - +2)

However J do not modify total
l
-

number of oscillators , N
= n+

+ n -
,
just

"shuffled
" between ±

,

thus 150
" 12

is same ⇒ usual J± not affecting
1512

Relatedly , Jzosc = -hk(N+
- N-) counts

(upto ht ) difference of ± tube
oscillators

→ (number of spin
- up ) - ( number of spin

-
down)

= usual Jz ( up to -42)

⇒ even physically Jose like angular

momentum ( upon identifying I
oscillator

with spin - up1 down)

=⇒ can map the 2 further ; use
oscillator

realization to deduce formula
for

angular momentum ,
e.g. , compare Jt

#
actions

on In +, n -) above
to usual J± of before :

J±lj, m) =-(jzmlfjtm-llhtlj.MIL)



⇒ y±⇒FKeats::97⑦4
Sanity check : eigenvalue

=

Mz NCE t 1) ⇐ HI lnttn -I fit
- tf)

→ Hz ljgtmtj - m ) f t ')
= tfj ( j t Y = eigenvalue of

usual 12

i. e.
, (n+ t n - I⇐ 28

Similarly f⇐eigenvalue =Iz @t
-n-)

→ htzfjtm - (j - mD=
m t

= eigenvalue of
usual Jz

i. e.
, @ + - n -Hz → m (htt n -I

same

Again , Jai
"

changes n±to#I2
→ j unchanged , m ut by 1, i. e ,

" like
" usual J

-



J-oscdoesntton-LIIfnnutntnna-g.ec/e
j unchanged , m down by 1 , i. e,

same as usual J-

( all expected based on
50"

satisfying angular
momentum

commutation relations ) oscillators
t t

Eigen Ket of Nt , Int,n7=@if
"

@It
" -

⇐ lj.mn#E
"

=

"

dean be thought of as) acting

+ spin
- Yz
y
on

@f) Itm ( affirm to
,
where to>

#
has zero angular

ljtm) ! (j - m ) ! momentum : nga !#In

⇒ any large angular momentumfj.mn
JI integer or half - integer)

"
made of

"

fundamental 2J spin - Yz particles :

j Im with spin *plodown , so

Jz = the t m) - (j - ml]= mat



e. g. , Dm=tjf largest Jz eigenvalue forgiven
j ) : tj , j ) =@E) zjlo) ! is all 2J spins - up

• ⇐ *
as far as rotations are concerned

Note :
cannot take it literally , e.g.•really

adding angular momenta of 2J spin - Yz

particles gives net angular momentum :

j ( totally symmetric Iggy
-I ,j -2 . - -* e.g.,

net spin 5=1,0 from
2 spin - Yz . . .

( s -- 1 , triplet
is symmetric , us . 5=0 , singlet

is anti - symmetric $
. ..
but combining 2 j oscillators

"

identified
"

as spin - 142 gives only angular
momentum j ( totally symmetric combination,

"

as if
"

constituent spin - Yz are
" bosons

.

"

. .

. . . as expected : they are oscillators )
- Relatedly ,

"

iso spin
"
in nuclear physics :

proton ( neutron
" like

"

spin up (down or

I type oscillator : Jose (or usual Jt)
+

→ isospin ladder operator + or It) :



create proton & destroy neutron ( i so spin 44down),
increases

"

Z
"

(or 3rd) component of
iso spin {3) by 1 . . . relatedly, -13 (or IB)
counts difference in number of protons

& neutrons ( " like
" Jzosc or usual Jz)

summary : oscillators do not really
11 11

have angular momenta ,
but its

( l l l

just that algebra like angular
momentum : In t.n-7-cslj.my

← t i

number
of + type

- type

with Intent j 24*21-1# m

. . .
so can

borrow results from

oscillators (easier to work
with)

for angular momentum



Application of Schwinger's model : calculating
-
-

rotation matrices
-

e- Rotation operators via Wigner's method,
e. g. , dlj

-_ '12121 earlier (lecture & HW

. . .
but quite involved for higher j
- Easier way using Schwinger

's model
,

since at
,
a (oscillator ladder operators)

simpler to manipulate

- Recall goal : D Ijm)
x w

I
rotation angular momentum

operator eigenket

-

- (arbitrary state
,

-mqlj.mkjin.IO Ijm) expressed as ⑤ um

-
want this : Dej ) (simple)

m 'm e-
im v

( simple) e- *%_# A

oil ⇐ (j.m.kap-izzfextfiJ.fi/extfiIIHsi.mY
m
'
m

since D= Dld D (B) Dtr) (Euler angles)



So
,
focus on middle (y ) , non - trivial ,

rotation : Dtm!m ( a = O , B. N
= o) denotedby

dhilm.mu/=-Lj.m'leapfiJzB)lj.m#-Er=oM
ire ..

,

"

restrict
"tow

Ola -- o . B. *al Ijm) - Em, Ijm
'>dff!MCB)

#
. . . ( l)(relevant)

rotation operators
( only about y

- axis)
ment

( Recall : matrix element is amplitude

to
"

find
" lj ,m ') in rotated Ijm))

no . this is angular momentum
"

language
"

Bigbicturelstrate.gg# for getting d film 'm-
Next

,

"

witch " to
"

oscillator- inspired
"

picture

on both sides of 91) : I j , m)
"

constituted
"

by 2J spin - Yz , with

HIM) spin - up/down



⇒ powers of eat (creation operators
of spin - up ¢down or I - type •Scilla torrs) on
each side :

"

match
" to obtain dltilm,m

(RHD of CI) becomes

Em, din!m (B ) (attljtmlatyhimllo
>

( easy ,
t.m.n.Fit.cz
-

Ijam .)
④ of CH in general , i. e., not

just rotation
about y

- axis :

Dlr) lj , m) = Dlr) (ailtitmlathi
-m Io)

±
sheaf"

a Tim>
l l - "t

from
aloTao"o . - o

- '

Eat
.
.to#iitmi

÷DYo'*'EI¥i•oi lol
"

__# I
from (at )

-m)



= (O at o
-ytdtm)@ atg-ycj

- m)
X •

X

Glo 'D . . . K )

But D lo) = Ilo) . .
. D , since vacuum

( no angular momentum ) is rotationally
invariant

[ Explicitly , D ( x -- o, B , 8=01 that we

care about = expf- i Jy Bth )
= I + fi Jy Bth ) t f- iJyBIh)% ! t . .

with Jy=FJ is made up of A. ±
2¥

( annihilation operators)
to the right,

which give null
Ket upon acting on

( o ) ⇒ eapfi TyBih) 103=1,07
from a part
of expfi Jy Bth))



We need to evaluate (specializing
to rotation about y - axis))

DIMAIO - 'CRI - eatfiIyBfaIeafJzI)
Use Bak#usdorfff lemma :

-

exbLiGX1AeapfiGX1-AtiXCGiAJlfYT1@iCG.aDt . . .

*

with G → - Ty 1¥ ; a → B; A → a± and

creates spin - up(
" inspired

"

by oscillator
model)

H

Ty = t
- J-Heil ⇐ HI

,

@I' a - - at a+)
independent spaces

+ →

so that fIy.aiJ-zhif@IaI.aIT
last commutator in - La?at , att))
series)
= t - at (at, att) = - ath etc . . .

×

-22I



Similarly, 2nd
"

nested
"commutator n

Gy
,
Ey.at#Ey.-aI.Iycurseesa'it;

a ( @E' a- , at] -Catalan.tl/--aiCa..a.t3=att . . .

. . . giving always att or at

Dlr1aIDYr)=aIcosPqtaIsinpyD(R1aIDt(r)=aIcosE-a*sinBzn"(
( as eape : single spina - up state

-

us . operator above - transforms
as

Dlr) att lo) = cos Bk at +sink at
- -

spin - up spin - down

using D (R) = d
'12 I cos Bk → inBk

,
with

A

matrix/ (s in Bk cos B12)
form

att lol I flop, and at 107=19)rt
Above OCR) att to> = Dirt at D-

'

lRlh )= @(Rl aiD-
'

(RD lo> . . . agreeing with earlier . . .



Plugging (31,141 into (2) and

using binomial expansion

fat y HN = E x
N- k

y
k N
Ck
-
N !Kk ! LN-H !]

gives schematically for LHS of (2B
-

D (R) (j ,m) = (multiple) sum over powers of

§mdetaipAIcosPk&a±tsinp#
=§iaIT:o)#mi

(jtm - K) ! k !
y

cos B12
sinB12 T

x Ee y - ml ! faispkjtm-4a.gs,de lo)
iFINljtml ! g-mi

from ( AID
-

1) ( j
- m)

- x
-

"

matching
"

powers of AIL an LHS , RHS of (2) . . .

(Wigner's formula)dlmjlmfpj-sumouer.la#fcosBk&sinP1ztfF$-



In more detail, .

dlnjh.mu/l=qL-4k+mtmcjtm1!Cj-ml!ljTmHj-m!
-

jtm -Kl ! k ! Cj - K-m
.) ! (K -mtm 'D?

* (cos 131242J
- 2ktm - m

')
@ in pyzylzk

-mtm
')

( K summed such that arguments of
factorials

in denominator are all non - negative]

- See Sakurai Egs . 3.9.31 onwards
-

for derivation

- In formal HW : check that

Wigner
's formula for general

dttlm ,
m
(B ) in Eq .

3.9.33

dlmtim "21 of Eq . 3.5.52

middle of Eq. 3.3.21) done in

lecture & dm!mj=
' l of Eq -

3.5.57

( problem 3.26 of Sakurai in HW 7.2 ,
done partly in lecture )


