
Lecture,wed .)

Outline for today & Fri . )
-
-

- so far
, angular momenta

"

added
"

using

angular momentum eigenkets
: how new

basis (eigenkets of net 5=5+52)
related

to old basis ( eigenkets of JT, z ) by
CG coefficients

- Next
,

addition of angular momenta
in

terms of rotation operators(matrices
:

relating these
matrix elements in new us

.

old basis by CG coefficients

- Onto Schwinger 's model :
"

realize
"

angular momentum algebra

(commutation
relations) using

(pair of) SH ⑧
- academic lmath interestfcuuriosity
- alternate easier way to obtain

rotation matrices



Rotation operatorsmatrices in new

basis related to old(original basis
- Notation : D (J2 if2)are rotation operators in

two independent spaces , with bases formed by

angular momentum eigenkets
with eigenvalues

of II.212being given by ji, z (old basis)
- Recall⇒ Is

,
z gives eigenvalues

of

net ⇐ 12 : j ( j ti ) hi, with j=fj , - jd
. . jctjz

' '
s

( new basis)

⇒ D (J2 ) ④ D (J2) [
' product

"of rotations]
^

in new basis
=

"

gum
" of rotations given by J

=D ( jet jet ④ D
Gitlin- 1)⑦ .

. . .
Dl5I

- j min
j max
"

"÷:÷÷÷÷÷÷÷:÷÷÷÷.



( Recall : in new basis
, arbitrary rotation -

not characterized by single j - can be
"

block - diagonalized
"

,
with each block

corresponding to one JJ
- Onto rotation matrix

elements : new

basis related to old by CG coefficients
( since CG coefficients relate old to new

base kets used
to represent rotation operator)j max

: Ohki 'm; IM obm.ym.ir/--gss# m m
'

rotation matrix elements in
= jmin

old/separate JT, 2 basis

( jijzim.ms/j.jzijm)Gijzimim.ilj.jz;jmDg coefficients

Dtmlm , ( R) } rotation
matrix element

in new (net F basis

Pr We have matrix element of
full rotation operator

in old basis :

( again , ma ) Dtd" ④ DG://jijzimi.me)✓drop . . .

- -
drop

for simplicity = (mil ④ (my
D8

'

" xD GY Imi)xlmi)
-



⇐ (m . 106111 mi > Small 0641 mi)

⇐ LHS of claim)
←
Dti Dfid

Lt 's ( m ,mzfO(Rllmimz)However
, also

=

#=EEEE (m.ms/ljm)(jm.OCR....jmjm1...1jimDfjlmtmimz)
-e

-

-

gemgsm.gmmd.im?;?g:eEi.use a mime y 'm ,
orients

G'm 't mime)
-

- Cmimilj 'm'T ( j ml Ocrllj 'm '>
= (real)
#

8.mimikji.my Sggiljmlhlrllgnm
.)

"cotiapses "g.
T

-jfnmfmimzljmkmimiljmgc.nu:78#jc-
x Dlt) mini E RHS of claim



-Application : integral of three

spherical harmonics ( useful for

multipole matrix elements in spectroscopy
:

spherical harmonics are ang
hear part of

energy wavefunctions ,
thus overlap involves integral

+ related to Wigner -Eckart
theorem )
specific

⇒ idea :'(em 's related to pi
.

So
,

D 's → Y 's in above claim gives

product * CG

f.dry
* of ~fdrY (single)# × coefficients

24 's

UseoraliRlS
togive

f y
3
~ product of 2 CG coefficients-

Details : Dffftp.r-o/=-fIet,Yem*(o=p,o- a)
In above claim , set ji,z→l ,,z & m 't,z→0 :

-
⇒



⇒ all 3 ⑤ '
s have

"

m
' '

- index

Yet'l90lYei4Q0l=HI¥ f. Em .FI#Ye'mt99*
( lilzimimzllilziemjf.l.dz ; O Ole , lice

'

O)
w t

Mi
,z

m
'

Then Jds Yen *(0,01 × . . .

on both sides
,

using ortho rnormality
of yen (0,01 to

collapse sums on Rts , gives

Sdryemtlo . Ye?' 10,01*44901=µ2ht×41T (21+1)

( e , ez; 001412140) x ( eilzimimzllilzilm)
- -
independent of CG coefficient for

me,z (orientations) adding luz
togive l



Schwinger 's oscillator
model for
-

angularmomentumm-fsec.fion
Motivation : ladder (raising flowering)
-

operators used in first in
SHO and

angular momentum ⇒ develop analogy

between them : another viewpoint(curiosity

+ easier way to get rotation
matrices

-Let 's then
"

connect
"

two independent/

uncoupled oscillators to angular momenta :

Put
' '

II
"
labels( subscripts on (single)SHO

( usual, relations : a 9:19am!!.", fat
- l l l

l l
-

l'

creates of t type ; a - annihilates
. . .)

(separate)Number operators : N
±
= AI at ;

[ a ±
,

AI) =L i [N±,a±]= -at ;(N , atta'I
Operators for different oscillators commute

( independent vector spaces) :



[ a + , at] = (a - ,AIT =
o

⇒@+ , N - ) = O ⇒ simultaneous eigenkets :

N
± In + , n -) = n

± Int, n -) , with
-

new notation

att Int
,

n -> =Ft Int -12 , n ->
(
"

-

"

type unchanged)

a. Int
,

n -7 = rn- Int .

n
.

-D
↳ unaffected

⇒

eigenketofNt.lnt.nD-faI1nt@I1nnnTFiJachngon1o.o) ,where

A ± I 0 , O ) = O

-

ground state of
both oscillators

( non - zero energy , even if
n
±
= O)

so far
,
2 o# ill atOrs separately considered



Next
,

"

combine
' ' them : use

"

J
"

notation in anticipation of connection
to

angular momentum :

just
,

to distinguish from actual angular
momentum

g-
0$ c
'

= f at q (
creates

"
t

' '

type ;
+ + -

yaninnini.at:
" " both)

⇐ so
= t at a+ thatat )

J = I 4N+ - N - I , which
2

satisfy angular
momentum commutation

relations ( see bottom of next slide)

⑤I
"

. JE]=±# Ji; 4=2*1
"

•Also
, #0541¥ ⇐zosekzpis.sk?Iij=*z2NfNzt2/,

where NE Ntt N-

= ai att at a -



⇒ Int , n ) is eigeaket of JI
'

& to

JE
" lnt.n-7-hznt-n-llnt.in -7

f-
"42 In# n-7=12@ ten-1475-+1)-

eigenvalue of N
x Int , n-7

(Equivalently , Ese, 1Foscff=o)
so
,

Osama thematically behave

like usualF ( angular
momentum,

Physical

- X-

Proof of Tosa commutation relations
:

e.g. ,⇐sc.IoscJati@Ia-ataIf-ih4aIa.aO.a.
- at.aat



(Use a; at = a?ai -11 from

y@ i , Ait) = I ,

with * = ± here

= *2{a:(at a.tl/a+aIlat+a+-4a-Rg--h2a+a+aa-aIa+-
( x - - +

- at a )at at a# a - -

-

--

at at a - a # ( independent)

⇐ 1st
,
3rd terms cancel)

= hid (at A+ - at af =ztJ
"

. . .

and so on . . .


