
Lecture 1337 , Nov . 16 (Mon .)
=

Outline for today (
& wed .)

-
Calculation of CG

coefficients for

l ④ s (= 'k) as example ofgeneral #trategy
- spin - angular part of wavefunction
- connecting CG coefficients to

rotation matrices

- Schwinger 's model
: connecting SHO to

angular momentum
- x
-

Example of bootstrap ing
to

calculate CG coefficients for

l ⑤ s (= 2K ) : my =me
= -l . .

.

to th

& Mz = Ms = -142 ,
with j =L I 42

- Only two rows in meme ,ME Ms

plane ⇒ modify general strategy
- specialize (to begin with) tofj=ltYz⇒

total
X

- steps :(II. choose some m and (MEI 44%91
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121 . my = m - maFm-4I
-

Parent$seed (starting point (A)
:

µ -
'Iz , -14/2)

Gl . As per (d) of general strategy, apply

J
-

recursion relation ( lower triangular) ,

with A on base , such that 2C
is forbidden :

B (Ms =tYz( same as A) gMe=m -142/1

higher than A ⇒ m -11 us . m for A ]

gets related (only )
to At ( move right

horizontally by 1)
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cm , ⇒ me¥Tt Ig total
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CG of B

⇒ f-E. Het's . mm)=eemM - n
.
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CG of A A- (et II

letntD
CG of B

Ell . Keep applying J• (relate
B to C . . . I sliding to right on

Ms = -142 line :

'm÷÷¥:ie*



unchanged

( m -13k,zin-124
-
CG of C

El . Hopping to right along
bases of J- ( lower) triangles

stops when we reach me -_ te

( maximum allowed) :: further I gives
0

⇒ (m - 42¥21 et'zm)µktmtIT× CG of

# (2e -11 ) endpoint
CG of A

yr +Lett) µ
( e. 'Klett .lt's)
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extreme
"

case : me -_ e &



Ms =
'

k (⇒ m =et Yz ) is not

allowed for # j = @ • 421 , since
maximum m - value for latter is (e - Yz)
⇒ I me = l , Ms = Yz) in old basis
must be
= let 42 , Mt in new basis

( up to phase : set to 1)

(For non - extreme me (in general ,

µ me , Mss = -142) in old basis =

sum of / j = l t Yz g
m ⇐ meet Yz)

←
absent for extreme . - -

& Ij = l - Yz g
m ⇒_ met ⇒

⇒ ( e , 42 let '

g ,

et 'KY 7

me
" MI F
F

=
-

( CG of extreme right
of Ms =L line )



So
,
we get for CG of A ,

cm-ziHethm)=dtzmeT
. . . but not done yet !

For gM M
,
there are three

other

CG coefficients :

Mme f on lower
Kmt 'k$6141 et 'k , m>fiyeguofeaboue)
& (MF '

k , I
'

k le - z.my/aY.g77e)-
other j

- Instead of using recursion
relations

again , consider base kets involved
:

I l I 'Iz , m ) in new basis &

µ m I
'

k ,
I 42 ) (m = metMs) in old basis
- -

me Ms (forgiven MH



The above base kets form
"
closed system "g

e.g. , let 'k , fbnaeswis ) cannot be expressed
in terms of any

other old base Ket,

since only above 2 ways
to get m ;

←

similarly 1M€12, -1k¥ (egeadsis ) must be
M I

contained in le I 'k
,

in new basis , since

old base Ket has m , tmz = m , matching new base
kets

⇒ 2×2 orthogonal matrix
to go

between above pairs of
base ketss ( its

elements are CG coefficients) :

le -
'

E.m) = - sina Im
- Yz . E) t

* cos a Imt 42 , -42)
⇐ t.tt/et4z.my=fm-tz.tEfalm--Yz.tYz)I(m-z.ttlsdm-z, -427
[ Full C @ - matrix is @jet 1)x (Zjztl) =

¢§z= 2K ; j, = l) 2 (2e t Y - dimensional ]

Use above CG coefficient (m- '

E. Yzletyz, m)
on LHS and ortho normality on RHS gives

¢a=←÷ sanity check :

-
(e +mt

' (2e -111



⇒ $
a
⇐ t(l-mtYz)/(ze# ¢convention +bitD

M mg
of work : see below

[In detail, sink = (m -142 .
- 421 et 'Kim) , but all j = et Yz

States
,

such as fetz ,m) , generated by
J
- acting on

let 'k f- jllm-pe.tt/zY , which is Hm , -_ me⇒ l,@Ems⇒
+E)

. . .
with J

-

matrix elements ( here in old m , ,mz basis)

> o by choice . . .
all together , we get

sin x>o !]

So
,

"

2nd
"

CG coefficient for l t
'

12 ,

i. e.
,

* m t 42 , -42 let 'z , m) = S a etc . . .

- x
-

Aside :
"

total
"

(non - radial) wavefunction

for above
States (Sbin -angular functions) .

if * orbital

yet = l 't
'

Kim
→me +ms (new basis)

cos a or -Sind (see above)
=-

if't Y MINH, X+f 'o )
- e
(2e -111 #LL

orbital part spin ④art

Ms = t Yz

¥ni⇒iiE yen + "yo. x .- -
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simultaneous eigenkets of

IIT, 18512,1512 & Tz , but not
of Lz
,
Sz

( separately)
Also of I. 5 =

'

z
f- FEET)

(hence,
relevant for spin - orbit coupling :

these are (new) energy wavefunctions
÷

again eigenstates of E. 5 (
interaction) in H

& Fl
-

contained in kinetic energy

I. Is eigenvalue = hizfjcjti) - ele
th -zig

=f
e kHz for j= et Yz

1- try @ ti) for j= e-
'Iz

µ⇒⇒ degeneracy in l & s lifted )


