
Lecture 32M , Nov . 13 ( Fri
--

it : part

Outline : continue properties of CG

coefficients with goal of computing
CG coefficients ( which determine

transition amplitudes between
initial

& final States which are
"

combinations
"

of angular momenta ( spins
and/or

orbital motion)
-⇐ 1. Recursion relation for

CG coefficients-1.

-

connects CG coefficients with different

indices [like with solving DE by
series ansatz : here

,

used to

compute CG coefficients (next topic)
- Recall definition of

CG coefficients :

ljifzzijmD-EEljijzim.my HCG coefficient)
basis ( B) m

, m2 basis (A) (old) #
( new) mmmzl)



- Consider fixed ja , jz , so for simplicity
"drop

"

jazz label : ( m * Mz Ijm)
brow ↳

-with jminlji-jycjejmaaditjzlindeaco.name 'd
- Schematically , recursion

relation :

( mimzlj MID - (Mz 't 'd mzljm) * (mzmzfdlj.my

Features

Lil . all 3 CG coefficients have same j
( part of

" column
"

index)

(ii) Rest of column index (m ) : same for

2 RHS terms , but LHS is different

by 1 (
"

net
"

column index different

for LHS us . full RHS )

(iii)
"

row
"

index :( Mz Mz) : same maze

for LHS & 1st RHS
,
but 2nd RHS

different ; Mz same
LHS * 2nd RHS

,

but different for 1st RHS



⇒ "

net
"

row index different for

all 3 terms

Derivation yjsyjz
41 . J± Ijm) = ( J#t Elm.im:) x

mime

( mimzljmgcocefficient
② Use:gresult :

(number)

⇒± Ijm> = cjmljmt 2) ,
where cj±m=y=mKy±mt2
( Just do J+ : J

-

is analogous)
f- jinxed

"

let. mima
, ,

cjimmlmimzlymtf-fm.ms/jm)x
E- ffcj.mil (minimalMitt mi) # f
mi mzhcjzmzlmg.ms/mimzt1 > $



(3) Use ortho normality f I m Md) 's :

( ma Mz Imi ME) = Sm
,
mismini

⇒ 1st term on above RHS :

( m , mzlmitl mi) sets
MI = Mae -

2 & ME mz

Similarly , in
2nd term : my = my

Box ME = Mz - 1

So
,
recursion relation

cqnlmimzflzm-7-cj.ms#m-mjm)1-cjtmefm.mn/jm#
I

similarly , using J• gives



-

cj-mfmimzljm-7-cjzmatzfh.TL mzljm)\+cjImz+z(msmzt2kjm#
Note : for CG coefficients

to

be non -vanishing , we need

as per property 421 :

±z%9¥i%g
but this is

not explicitly applied
above

- Display recursion
relation in

mi
,
m z

- plane : J• relates CG

at (m , ,M 2) to (mi , Mztl ) & (Mitt , my
[ all 3 are

"

points
"

in plane]
⇒ a triangle



2nd RHS ( m2 , Mz -12 ) m
FF 2

(apex)

M2

Too

•o a. 1st RHS
LHS (Mz ,m2) (Mz -12 , m2)

similarly , Ted.upper triangular
")

1st RHS • • LHS (m , m2)
(Mgk-2. M2) -Jt

2nd RHS
• ( me , MEI)
( bottom )



Finally , computing
CG coefficients

Basic strategy :

(a) .
choose sine fee @D CG coefficient

as
" parent /seed

" ( unknown at this

stage : to be fired in last step)

(b) . Use recursion relations
to express

other CG coefficients in terms
of

seed ( video : bootstrap )
El . Fix seed by normalization

condition (property (4)] , which
involves

sum over ( squares of) CG
coefficients

( now all written in terms of seed)

(d) .

However, recursion
relation ( in

general) involves 3 CG coefficients

( so
"

complicated
"

to express other CG(
coefficients in terms of one seed



No worries ! For seeding, choose a

special case where Jone CG coefficient
vanishes due to raising flowering

of

highest(lowest allowed m ⇒
GO.oo.EE#ratp
will Wor # I

Let 's do it ! Consider (m , mm plane

"

for fixed jz ,
,
and some choice

of j in range

First
,
(4. chart

"

playground
"

(allowed

m2
,
2) based on Lil . IM 1,21 E ji ,z&

Cii ) . Im ,tMz(=ml/€⑧fjma× mlitmztjsttizz)

higher .

mi-mzmz-tjzj.tjs.TK/f=jmax/m,tM2=j
•

µ (seed) :

. Allowed :( Mz,21112,2 (Ja , J - ja )
M¥-82 µ*tmzlEjkjit§m,=- ja.M ,

+ME- j t Mz
My -1 MzI

- Imax • i

1-jsijzl ME - jz i
m
,



Ball :

I III. Start at A (upper rightcorner),
will implement strategy (d) ÷

€
•

J
-

•• A sis , J - JstBD •

J
+

g
J
-

•

F- • •
2C

g-
B

*

J
-

F • • C

1114 .

Use J
-
flower triangular)

:

(mimzlj m -D
- (ma-12 mztjm) t
(Mz Mz -12 Ijm)



with A (js g - Iggy being 2nd RHS
Maat ( apex of D)

⇒ 1st RHS has Mzt 't =L ,
# Ig

forbidden (point xD
outside of playground ) ⇒
gnnreatior#dof#7
B (as LHS) connected to A only :

CGG of B expressed in terms

of CG of Al

Gul . To get to D , use
J#

( upper triangular) on * BD ⇒

CG of D in terms of CG 's A * B

( all3CGknon-vanishing~ibutokl.tl
⇒ given (III ) (

relates CG of A *B) ,
CG of D from CG of A . . . (continue)



CG of Ee from D DBE . . .

µ ) . Similarly , go up in Mz :

D GAD gives CG of G in terms

of CG of A Iia CG of D from LIV))
o . . every CG of playground gotten
in terms of CG of At (only② unknown )

- n . fix CG of At ( hence rest) from

normalization condition ( sum of

squares
of CG 's )

Example : add T and 5 of single

spin - 1/2 particle ( fine
structure of

one - electron atom ) so that y ,
=L ;

Mz = Me E- - l , -ett . . - O . . . l - I
, e) &

jz=s= 242 ;mz= mas f- I Yz] ⇒

allowed j =@IYzIfores0fj-eI2ofor1e.g
,
e -- 2 ( D -wave) gives Pj = 312,42


