
Lecture 370, Nov .

9 ( Mon .)
-
-

Outline for today ( &*
nett few lectures)

-Add of angular
momenta

- warm - ups : adding E &
5 for

same particle & 5- for 2 particles

- key ideas : eigenvalues (states of

net angular momentum
and (21

change
⑤f basis from eigenkets of

separate angular momenta
to those

of net : celebsch - Gordon (CG)

coefficients
- generale method for

addition

of angular momenta
- Ann otivation : lat .

illustrates basis change

1- (b) . applications : atomic spectroscopy

( spin - orbit interaction ) ;
selection rules

( angular momentum conservation) in collision. ?



Tenants② : adding spin , 5 ( intrinsic

angular momentum ) to orbital angulate
momentum

,
I of same particle , s in

spin - orbit coupling for one - electron atom

[ recall : started course with spin - Yzz

system ( only those two d. o - f . ) . . .
later

,

orbital angular momentum from. spatial
motion

,
but without including spin]

⇒ base Ket for spin - 42 :

"

direct product
"

space of D - dimensional space of

position eigenkets {LED } and - d

spin space ( II ) base kets ) :

II '
,
I > = lie '> ④ At)

operator in face
,
e.g. ,
I commutes

,with operator acting on RI) , e.g.,

( mutually independent vector spaces)

so Total angular momentum :



I = E ④ I + I ④
5 =

"

I +5
"

=

µ ↳
in III> spacein spin -space

- check : ④ i , Jj ) = i Eiji # Jk i

dJz7eo (⇒ eig.eukets of 1512 & Tz )
⇒ F is also angular momentum

-Rotation operator for entire system
:

olrt-expfit.FI/==exbfiia.nI/xOexpfi5fI0/
= D orbital (Rt ④ D spin (Rl

↳ same
#

- wavefunction for particle with

spin - Yz : ( E
'

,
± I a) =4± (EY

arrange in column : @+ Cat 4- (a-
'DT

µ4I (x 'll
'

is probability for particle

to be located at Je
' with spin up/down)

- Use In , l , m ) as base kets
us . II ') :

1512 eigenvalue e (etllh
'
and M t for Lz



( II ) are already eigexxkets of 1512 & Sz with

eigenvalues
'

G ( Nz -11) ht
= 3442 & I the

obvious lold
So
,,fb (Al :[ eigenkets of El3Lz,sEt) :

µe,$;me,m#
-I- 1¥ to +s
- e to +l Lac

, y
k t

- check : # $2 = I -42+1512+2 kzSztL+$- + ↳$ +

⇒Est, # =

; 4- SI#of ⇒)
due to 12

,
Jz⇐LztSz)]=0

⇒ ( les ; me , Ms) is not eigenket of

42 , but is eigenket of Jef
Lztsz)

¢ since it is of Sz & Lz separately)
New

fBa(Bl : ( IF 12, IEIZJ = o ⇐⇐ 12,151J
⇒ eigenkets of FBJz.IE/3l5#i
but not off Lz , Sz separately

µe,$;j.mI1- I - t- µ-¥Iz⇐ Lztsz) eigenvalue
give} IF 12 eigenvalue
eigenvalue



Example ② : add spin - Kz of two different

particles : e.g . hydrogen atom : spins of

proton & electron ( hyperfine splitting
:

H X (B due to proton spin) .
spin of electron ox 5p . Se . . .

5=5, ④ It I ④ 52=5, * 52

( (s za , 5-
2g )

⇐ 0 i @zaeiSzyJeihSzz.g

a , Sy ] = it Sz ; 4512, Sz]
= o ; 13151J⇐ o ;

⑤ 12
,
S
zz] ¥0 , since 1512

⇒ Szxlysz .. . .

Basis ( A1 :[eigenkets of 15,1 ? Size ,
1521352#

" add 1512 : 4512, Izz ) t
o ] :

Tno.ysi=SE#/I 8 z , 82 ;
M 1

,
M 2) Mz = I Yz ; ME II[

I- I- (here)

15%12eigenvalue ⇒z eigenvalue
. . .
denoted simply by :

Itt)
,
It -7,1-+7,1--7 (4 BE

Basis (B) Feigenkets of 1513 Sz , EH, 15212
-

,
Szz : 13 Saz] # o):

cannot ① ,I or simply Is , m)



S
,
m are eigenvalues of 1512 & Sz

Note : two bases have same
number of States

(
"simply

"

re - writing
" to go from

one to other)

4) .

aUo=# values of s (

mj-s-s.to/HMg,Mz)ofbasislAeige#J4cfSzf=SzztSzz)wilheigae
|meF⇒ m is integer (only)

⇒ S is integer( only ) = O , I , 2 . . -

Maximum (minimum) m = -12/-2=7
(based on Mi, z in

old basis
,
but

"

independent
"

of basis)
maximum (and achieved/must) s = 1

( S Iff 2 , since no m = 2 state in old basis

. . . gives 3 States : Is = 1 , m = to . )

E)
"

remaining
"
I base Ket of (B)

"must
"
be s = 00

specific example of general
" rule

"
:

Aj = If , -12221
"

to
"

I j , - ja I in
"

steps
"

of 1

↳ 12=16,12+152122 eigenvalue



Here
, ji, a = Ss , 2=42 ⇒ I + '

k 'll
,Yz - Yz

IH .

Find Is ⇐ 0,21 , m) in
terms of lmzmz)

( change of basis / unitary transformation)

14.18=2
,
m = #2) = It t )
- -
basis (B) old basis (A)

using m = M ,
t Mz

←

Sz eigenvalue
↳ St

,
2 2- eigenvalues

See Griffiths see .
4 . 4.3 for explicit

& roof of It t) having S =3 eigenvalue ,
Cf

.

above was
"

by elimination
"

. . . ]

⑦ . Use lowering operator :

S
•

on LHS = (Sz - t Sze) on RHS ,
with J±lj,m)=§zm)(gt) h-lg.mil)



18=2 , m = O) = ( It -7+1-t) ,
not eigenket of 52,2 z

④ 135,22-31=0 )

(3) . More lowering (or elimination )
:

18=2 , m = - 2) = I - -Y

44 . Is = O gm= o) = tgq( It -7 - I - ⇒)

by elimination(orthogonality to above 3

RHS 's : H W 9. l for S = o f under

rotation
,

it is unchanged )

- In general , change of basis
:

Ibm ) = U laced
↳- w
new : old : Im ,

m2)
IS , m) here

with matrix element of
U in la") basis :



( al" l U l all)) = falk) I $61)

⇒ coefficients on RHS of

above 4 relations are unitary
operator matrix elements

: Clebsch -

Gordon (CG) coefficients

- Equivalently : 1512 matrix in (old)

{ Ma ,
M2 } basis is not diagonal,

since 1512=15,12+15212+25*5,2

--*='

t 152*+2 S , zszz #52*52-+52- SH
-X

.

diagonal
not diagonal

( in old basis) Sze takes I - ⇒

to Htt>

⇒ unitary matrix diagonalizing
above 1512 in {mi , m2 } basis changes



basis to { is, m } ( E 12diagonal) :
its elements are④ coefficients

. . . generalize to addition of 2

arbitrary angular momenta :

I = JI ④ A + I ④ Ez = It 52;

⑤i. Jj ] -- i Eijk Jk if⇒ BJz]=0) ;

o¥fFB Izz ] =- 13 Izz] (sinceKFizD)O Je

⇐ 1315,12] ⇐ o = 1315212)
(generator of infinitesimal

rotations fore

entire system )
D ( rt = Odd ④ DIR)

-

- expfi-z.IO/*OexpfiJzI0)
( rotation operator for entire system)

Tale of 2 based
(A) . eigenkets of ( Iz l ? 212, Jzz,Jzz

¢ not of ⑦ 12 : 13 Jzz) to feel I? Jzz))



Yj , j z ; ma, m2) = jzljztlhljzjzim.my

Jzz I je ja ; m, ma) = Mz t lj , je ; me MD

(Bl . eigenkets of IT IF Tz , , 1315212

( since 13Ez 14=01 ,
but not of

Jazz , since
I } Tizz) #

O

Fz 14g; Iz ; I m) = jzljzthh-4j.IE: m)

LIT ljizjz ; j m) = j (j t ith l j . jz ; j m)

Tz l je j z; j m) = mint Ij , Iz; j MD



CG matrix for { ⑦ I = 0,1

'E E T

from : I @ ⇒ 1 , @ =/ -11) = I
m2

12,039 - felt -4Mt !.IT?fz=tE
It , -17=1--7

y⇒ - I -⇒) is
& 10,0> = ¥2

i -→
* to

row, nephew =
I O O O

column nold

* a .m⇒¥%¥÷:)
Again ,

"

Is , m> =④m , my
"

- -
new

old

basis (B) basis (A)



for computingCDG :

give amplitude
for transition

behttwween initial &
final state

,

where one ( both sides involve

combination of angular momenta,

e.g. , spin
-
O → two spin - Yz

( decay : particles

see Phys 624)
-

"

neglect
" orbital

what ( precise)

angular momentum
combination gives

(for simplicity ) Sb in - O (to
' 'match

"

f¥
angular momentum

ofinitial state)

or EM transition ( Phys 623) :

( different spin
- 421 EM field lstsin - Yz)

. . . (quantize EM) spin
- Yz→ spin

- Yz t
-

photon (spin - 2)

(again , combine spin
- Yz & spin - 1 to givespin-Iz)WE initiate


