
Lecture 2ms, Nov .

4 ( wed! & part
-

of Lecture, Nove (Fri .)

out for today ( & Fri .)
- finish general features

of

-

radial solutions

- Onto specific examples :

fir ⑦ M
- 3 d free particle T

.
.

( also a spherical we
hierarchies,
angular

- 3 d isotropic SH ⑥ momentum

( seiner:L:;isotopic fives:': stian
earlier)

- One - electron atom (Coulomb potential)
- *-

General features of UE e (r)

-
studied earlier : u

⇐earth



Other asymptotes : r→①
AssumeN(r)→oasr→aJ
⇒ Neff ( rt→ o also , since

lddtHh4(zmrz) → 0 as r→ A

⇒ need for bound States

( E Z O will
"

escape
" potential )

⇒ d 'll E = KZUE
,
K¥-22ME > O

-

- -

d r2
*

no
"
e
" H2

( as r→ o)
(K > 01

- H r +Kr

i. e.
, UE e e

t e

←

cansthiz : volume element also
→A
,
so drop

- Use p = Kr ( dimensionless)
:

combining Ir→ o and r→ A
limits

UEE (p)
= Pet

'
x with × e-

P

" well (dong -( short- distance) - behaved
"

distance)



so that w (o) satisfies

d÷. -124¥ - 1) Fete
- hefty

= O

solution for w defends on

✓(r = 01*1 , e.g .

.,fo%m95potential
-upwithfree3dparh.de
and A spherical well
-
-

(done earlier using
Cartesian)

since V = , just use original

radial equation
←an we use

for ⑧

u = Are
-11
+ Br

-l ince I=⑧?No due toU ll
"

E
"*erm in DE

,
A - B solution still valid only

"

for r→o

II. tear tea
.

-
et;r=o

p = Her , E
tik#my]C-

Solutions are spherical Bessel :



jebel -- tell# Helsing)
→ pl as p→ o (

" sensible
")

& held = - C-Help Cosmo )

→
p
- e - 2

as p → ofproblematic)
j keep only je (

artel : matches
Earlier general discussion : Je - IA . . -

of Agne - B . . .

qjolol-sinplpijslol-sipt-c.o.ge]
Onto A spherical well :

O for re a
✓ ( r ) = {• for r > a

⇒ wavefunction- jell] = o
(atr=a#



i.e.
,
for given l , jekka

⇒ ka = zeroes of je

Ce .g. ,
l = O ⇒ Ka = IT

,
2T

,
3h ]

- t

Jo (pl = sine Ska=o
"

absent
' '

,

P siuceJo(ol→②✓
⇒ E e=o =zh÷az( IT ?⇐I@tilt
(Numerically for

l > O)

In general , different
e 's

not degenerate ( unless

different order spherical

Bessel functions
-
coincidentally-

have same
Zero), of . 3D isotropic

SHO or one
-
electron atom below



IiSHO in 3d :

H = 11514@ my + zmw2rZ
spectrum already obtained

in HW 6.3 using
Cartesian

,
in

fact for anisotropic
case :

H = H
x
t Hy t Hz

( sum of independent
SHO in

each

dimension ,
that too different

w in general . . . but
here same

w :

Hi ( i = x. y, z)
= at ai t Yz - r .

. .. eigenstate labeled by Ina , Ny , Nz)
with energy eigenvalues :

E = na t Yz t ng t Yz aft
Nz -1 Yz

- - -
-

t w
Ss h ① - z

. . . y
r - r Z

-



= ( N t 312 ) Tw , Nd =

natnytNzisegeineracyitl.NonIygsIanELEonFJ@l.N
= 2 : ③ States ( one n = I

,

others 0 )
2T

(3) . N = 2 : one n = 22
,
other go ⇒ 3 States

or I in =
o
, others 2 = 1 ⇒ 3 states :/to7

-

"

check
"

using spherical
coordinates

( angular momentum eigenstates)

- dimensionless variables
:

E = Itw X
and r=£w p

B" similar "" to 2 d SHO : why
not use p = Hr of general
strategy ? ! No because

V # O ]
for r → A

⇒ ignition :÷i-eu¥utH¥%I
-



Factor out short & long distance
:

U (o) = f-(p ) × p@et2.e
- 042

- - -
well - behaved shortt long -

- -

(as r→ O or A) distance ( like I d)

Kike & why not

general case

( r - v oaf u
! I ?

as]
r→ A

⇒ DE (differential equation) for Ho) (
fired e ) :

Oddi. -12 xD - pifdafpfx - ke -13Def
= O

1GoalJ : For given l ,what values
of X

are
"

needed
"

to get
' 'reasonable

" solution force ?

A

-Try series solution for f = Ean P
"

n=o

- (you know the drill ! ) plug into DE ;



set coefficient of each power ofp
⇐ 0

Lol . p° gives 2 (et Yaz = o

④ ly middle term : 2%+11 ④It
. .

of D E 2 a

I 30 ⇒ ( et l) #2(tat
Az =

0 (from 3rd
term)

( from 1st, middle
terms)

g TKI - ca treated to do by pboefficient -0
ZI -

p
'
B Az

-126+1/042922/+4 -Get3D

(set a o by
normakzatioy-0.pt#

. .
.
in general , coefficient of

pm
+ '
= o

( n = 0 above)
= ( n + 2) (ntl ) Antz t 2 (et 1) (n -12 ) Antz
# - 2 in an

from 1st DE termy
fr rn 2nd. . .

1- (X - (2e +3)) an } froom 3rd . . .

⇒ recursion relation :



An +z
= an (2nt2lt3

(ht2) (nt2lt3)

Az = O ⇒ A
3333g , 5 ,

. . .

= O (AodD= O)

so
, only even powers

of s in f- (p)

- More importantly, Antz →2=1
- n q

(as n → a ) an

(q is integer ( event odd) , since n
even]

Fuegian
ante

-

- In⇐In-4--7 ¥zznE÷z
⇒ a

q
→ as⑨→T

so that f-(p) a E (p2/9 24×
q !

q

~ eat @ p2)→ afor
B.•
,
require series to end

P→ A

for normalizable solution



⇒ for given 7 , l ,
"must

"

have n = 2 q such that

Fant *) -42 n -121+3 - X ) =
0

( arntz & subsequent a 's

vanish ii.e;f is polynomial)

⇒ flipping , I must
be

f. 2n +2 l -13 ) for
some (even) n

= 2q

energy eigenvalues , Eq,e=tw
=(N t 3121 Aw

where N =@qtl) , since l = O
, 1,2 . -

& (294=0,2*4 . . .

⇒ N = 0,42
- - -

(N is principal. quantum
number : nodes

( in radial function )



↳ . . agreed with Cartesian way :

check degeneracies also agree
:

41 . INU = O : q= o = e (⑦ state)

(2) . N ⇐ I e: q ⇐ 0 , l
= 2 (③ states)

(31 N = z : 9=0 ,

l = 2 ( 5 stated
or q = 2 ,

l = 0 ( I state) : total

( different e 's give same
E
,

uh like a well , like
one -electron atom)

- Also
,
for odd(even N•,

⑧only odd/even values
of l

-

-

( since N = 2 q t
e )

~
(sign flip trot

E) parity of wavefunction 1
A



for T → - F D is oddeven as

per e oddleven ,
thus N . . . here

-Energy eigenstate
labeled

I q e m) or INein)
angular

vs . Many nz) in

cartesi.ae?partLa-fAhoreinHW8.4(3d:iirelating#
Ina , y ,⇒

to II. m) ) & Hw 8.2 (2nd )
-
→ U Bd isotropic SHO as

approximation to potential
well of finite depth (Ulm
becomes large

"

gradually,
Cf . A well ) , e.g , nuclear

shell model : protons & neutrons

motion in
"

collective " potential

due to all nucleons


