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Outline for today (& next weeks)
-

or orbital angular momentum(spherical
harmonics from potations viewpoint

( re - deriving old
" results) :

see . 3 . 6 of Sakurai

- solving Schrodinger
's wave equation

for spherically symmetric potential :

(back to) 3D free particle & (
isotropic)

SHO ( angular momentum viewpoint
;

Coulomb ;D well (see . 3.7 of Sakurai)

- Addition of angular momenta
:

Sec .
3.8 of Sakurai

-x-

what has I = I xp ( operator) to

do with rotations ?

it commutation relations
of E :

use ( sci , Pj ]= it sij ; ( ai , aj ] -
- [ Pic Pj] -0



to get : (ki , Lj ] = ieijk.LK
i. e-
,
those of angular momentum (TT

keg . @ x. Ly] ⇐④ Pe - Z Py) ,
I ← ftp.c-apzl]Ex the
=@ Pz , Z Pse) + f- By , 2e Pz]
t try

I

do not commute

whereas Cy Pz , KPIX O =# Py ,zPa]
=

y p . z ,
z] t Pyke, Pz]
- Fit

'

- it

= it @ Py - y pal = it Lz

. .
. similarly, [Lz , Lsd & Ely,⇒



Lii ) L (
"

made of " x
, F) acts

on position eigenket , rotating
it infinitesimally ( using
action of p on position eigenkets)

(s - ifzllzlxsyiz'>
-f - *i¥)@ Py -ypaiflxiyiz'Trun

switch spy
'

=fE - if Key . - ray Bla :ys⇒✓ 2C '

=q - i *
' It if Roly 'Dkxiy⇒

quail :# - i¥*HDlx's -- viii.¥,
=/ x '- y '80 g y 't x' 80 ,



⇒ infinitesimal rotation about

z - axis if I generatestranslation
,
then I =Text)

generates rotations]

⇒ o
,
I is indeed

"

J
' 'f' aging

"

as)
• Use

"
new

" property of I (
' '

forget
"

its origin as (Je x t) ) to reproduce
" old *' results :

- HowdoesI"act"onwauefunction##
Casgrain, from I = ( I xp) , we already
know Lz

' '

=

"

- ihh%¢ &

III
' is angular par# of I

' Z )
-want

"

analog
"of La ' Ipl D= - ihgezcx.la)-

Hala ')



← infinitesimal rotation about Z - axis

of a Ket : c- rotated

44g :# Ifk - if¥/↳] lay
Ket

← fuse action
of L

[use Xxix ,
#"*¥jneiges)

unchanged
¢

= ( x ' t y 's ¢ , y
'
- x'80

,
z
' Ix)

- switch to spherical : (x ', yfz ' I →4,0 ,# l

Er, 0,414 - if¥1Lz]K)=fr, 0,0- Ha)
= ( r, 0,4k)- 80%440,41×7
⇒ Lxtllzlx> = - it # Laila>

⇐ ↳ "

E
"
- ith %¢ ]

"

acting on
" wavefunctions



* Similarly , 80a rotation
about x - axis :

LuigiEff - if Kfk)
-

-Gi y
'
#
'

oof
,

Z
'
- y

'80 la);

express x: y
'

,
z
' in terms of r,0,9

( including derivatives) to give

( I ' I Lela) = - it f- sin 0oz -cotocosoo)
(x 'k)

and tell Lyla) = - ihfeeosodgo-cotos.no#
( se ' ID

- As usual ,
-raisingflowering operators :

L ± = Lac t i kyy so that

( still↳ la> = - ite
't If if - coto#He

- Finally IE 12 = Lt t Yz (L + L - + L -
Lt) :

Gillette) = - t2⇐zo%¢2ts÷oIIsin0%oBeek)



I 12 (
' '

up to
"

@*Zr 2)
' '

⇐
" angular part
of D- ' 2

⇐ Note : above only ceased I generates
rotation (and not E = * x F per say]
.
. .
can get I , LIKEaction on

wavefunction

also from I = (Je x E), with f-
"
=

' '
-
it '

-Actually, more
"

physicallyIelegantly
'

,

'

II 12

action on wavefunction via
"old

"

picture :

III
'
= 154211512- E . F l 't it I. E

fusing I = (Ext )] . . .

→
"

=
' '

e-ht # 12

RE
' LETH) = r2 Cat 'll FRID

+ ht r y Lac' l x)
dr 2

patagia
'
a tf
"

tzrerca.is/
( upto r2)

⇒ ( E'll I 14 a)
= angular part of IT

. . . as before
"

upto
"
- th 're



Similarly, new viewpoint

onphericdharmonicsiyemfo.gl
-

"Old
"

way : Yem appear when

solving wave equation (
e.g. Schrodinger

's)

or Laplace 's equation ( e.g. , electrostatic

potential in charge free region 1 , with

(l , m ) as separation
constants

¢ no rotations( angular momentum
connection per say) . . .

. . .
whereas now see (angular1 functions

parametrized by Le, m ) as angular
momentum eigenvalues must be

present due to rotational invariance

⇒ "define
" Yem (8*0) in terms of fl,m)

( angular momentum eigenkets) ,



"

recovering
"

usual I known properties
of Yem based on those of l l , m)

• Also
,
rotation matrices , Dum!mk.BA)

" related to
'" Yem (O, ol) . . .

# X
-

Earlier exposure to Yen (0,0) ; e.g ,

solving Schrodinger 's wave equation

for potential which is spherically symmetric

by
in

coordinates :

enyergy
eigenstates look like

(I ' n , l , my = Rne (r) x
r
,
0,4 # K

" radial(principal
'I Yem(

quantum number

(e.g .
one electron atom)

④ : separation constants . . .



. . . but also angular momentum
eigenvalues as per new viewpoint
. . .

what 's connection ?

RotationallinvarianceJ.it#VLrony)
-

+* Them)
"

⇐

"

V ( r ) -I fyragefial party µ
crucial 2M D-

' Z •hIp
*(EEE.FR#4fIEMgElYHzmmrr4

⇒ LH , IIT) = O = It, LZI

⇒ energy eigenstates
are also

eigenkets of (II } Lz (
but not Lay)

& Lk 's commute
" like " Jk 's

EF, eigenvalues of III ? Lz
are

@ till tf & Mmr t (m -- - lintel : l , m
"

label
"

energy eigenstates . . .

( e net yet restricted to be integer)



⇒ angular dependence of-
-

energy eigenstates ( for any
heroically symmetric potential)
characterized by l, m : define

Hem (f , using angular
momentum eigenkets (cf .

originally from separating variables)
( rite , m) E Yem (0,0 )
- -
"

direction
"

eigen bra polar, azimuthal angles
of Tn (unit vector)

(Iem(0,0) : amplitude for Il ,
"

to be found
"inn]

CheProperties of above
" version

"

of Yem (O , /
( differential equations satisfied,



actual functional for m)
" inherited

"
from l l

,
m ) . . -

same as before ( separation of
variables

,
not quite related to

rotations angular momentum), e.g,
facto on →DI's for Yem :

Gil Lzle, m) = in # fi le, m)
use tail ↳ la> = - it If" E'IF

,
m)

(again , "ub*ased on
"

rotations) ⇒
- it I ( rill , m) = mt (rite , m)
24

%¢ Yem (0,01 - im Yen(90)
⇒ Yen lo , a e

im 0

Similarly ET le , m) = ele tilt
' le

,
m>⇒



FolinoT.lt#oEztcetDDYem
Ta

= O

' '

using rotations
"

- orthogonality : (e!m 'll, m) -- Siem'm

= Jdenn le ', m 't rip le , m)

⇒ 1%0 ftp.icoso/Yeim*Lo,01Yemlo.0l= 8 e'es m 'm

* . . same as known from separation
of variables

what do Yem (0,01 look like

( know already e
im part) ?

Again , use
"

new
" insight(from Il, m)) :

start with Yel⇐①=eit&feCd= ( rile, e >
Use L

+ ( e, e ) = o
↳ toe determined



and CI 'll + la)= - iheti4i%o-coto¥)
with "•IFeim

ist . .am#sE'ts?
to get a 2nd above

- iheioieo-cotooqjcnle.TO-
⇒ & Yello,

dIeloI=@t9lfeH=ef)
do
⇒

dft.LY/=ifssiinngqe;denfeI--edensinolilnfe=(lnsinO-constant)⇒f¥T. - na

Yello, = Cecil (singe, with
Ce ( normalization)

-

= @Illlczee ! ,]C2et¥ke#



How to get Yemce(0,0/7.9
UST

-2 ( f l l
,
mm c l) " action of

file, m - a) = hill - le,m€q
,

efannction
←letm) (e -melte-

⇐ e- i4f%o+icot0%¢) Crile , m)

Used repeatedly . . .

to give

yem
= l - l n - i 0

( fixed l , l > m 30)

=tze÷l2mei④s÷mo x

#t (e- m) !
d Ce - m )

dFe.mCinOl2l.e-imofec@IwilhYe-m-C-ipmCYeMnCo.oD)
*



-Note I recall : fe (O) is (sin 011Mtx

polynomial in cos 0 of degree (e
- Iml) :

associated Legendre functions f.PL/cosOTf
- Form, Yeo lo,0t=2a÷fPekoT

-Another way to get Legendre polynomials
is Remarkably simpler way to obtain
Yem (0,0) using rotations ( Ket

"

language
"

,

solving 2nd order PDE postulating
series solution , requiring termination . . .

in old approach (separation of
variables )
⇒ Can l , m be half- integers
( allowed so far ) ? No

-
wavefunction or Yem (0,0)
X e

im 0



⇒ If m = half - integer ,
then 2T rotation (&→Itza)
flips sign of wavefunction . . .

. . . but that's same physical
point ! ⇒mlhenceel.isinteger
[More formally, L generates
rotation of 1¥> , with

"

2h - rotated
"

II ' > = txt> ⇒
wavefunction of 2h rotated#Ioannis) state =

(I ' textsIi¥¥.:¥¥¥::E¥¥
act on eigenbra =

= (⇐ 2ND- rotated x.yay (KB
IK es XtIB))

wavefunction is

= Lse ' la), i. e., d unchanged n . .

ymore
"mathematical

"

arguments in Sakurai


