
Lecture 1274 , Oct .

26 (Mon .)
-

0¥e#r today ( & wed .)

⇐ continue obtaining eigenvalues
& eigenstates ofangularmomentumJ

Soma atria elements of angular
-
-

magenta operators (generators
of rotations )
•
Matrix representations of

-rrootation operators

( done already #or spin -242
: lowest

dimensional realization of

angular momentum )
( More systematicmathematical
treatment . . . I



Why are J± = Tati Jy Raising
lowering operators ? b

→

Jz (Ji la, b)) = (Ez,J±]tIla , b)
--

[use HD th Jt
= Lb # t ) ( Je la, b> ) . . .

( Jz eigenvalue increased (reduced by 21

[ a bit like SHO : at
,
a increase

reduce energy by 2 unit ]

- Eigenvalue of#12 unchanged
:

⇐ T(J± la , by = Jt 151219 b)
=aJ± lab

using [J± , 17=0 FREE .4D . .
. @ )

- J± la , b) simultaneous eigenkets
of

Jzzz 21512 : Jt la , b) = Et la ,b±
¢ FE 12 cinch ang ed) normalization raise ( lower Jz



Matinga (eigenvalue of#2)

& b (eigenvalue of Jz)
: CI)

• applying J* repeatedly
to increase Jz eigenvalue
(for fixed oasis) indefinitely ?

Intuition : JI " c
" HEE Ji

$0

"

expect
"

i' 443
'

proof ' Use ¥12- JE) = JI+ Jj =I +J-TITI-

i

= Yz Jt + Jt Ttt)
and Kal x# Ha)) = ( pl p) > ofB) Ex lay

←

choose It or Jet
→ 1,2

⇒ La, b I I
'
- JE) ( a. b) 30

⇒ a > ab * bmaxl
-

( a bit Kike lowering . . . for SHO)



Relating a to b : ( II)

5. (Jt la , b man)) = o
-

0

Use IIe =#12- JI- f Jz :

⇐ f- JE - A Jz ) la, bmax> = O
T T T -
a b'

maze

b
ma se t O

⇒ a - bkmaa-h-bmaa.to
b&m an th b

ma ×
- a =

0

solved by
,zµ±Fta) . . . Et)b maze =

g. Similarly, b min : J
- la , b min)=o

(b > b min)
cant lowerIraise more than b min⇒ max



- Use Jt (J- la, b min)) ⇐ o

and J
+
J
-

= IF I 2- If# 4-Jz :

a - b 'm in th bmin = O

b'
min
- I b min - a = 0

solved by
b min =L 4th ± Fta) n - (8)
- Comparing Egs . HI , 181 and

requiring b man > bmin :

Edick
"

t
"

in Eq . (7) and
"
-

"

in Eq . (8)] :bmaze=-bm
E- hit Etatµ



⇒ - b
man E b f b

max
- - - 191

-

N¥in ←n30.in/egerJ
n

-d Ia , b max) x (It) Ha , b min)
( can " reach

"

b maze from
b min using

successive 5*1

⇒lbmnasi-bmintnh-r.co/=22bmnafb@aa=nhz:Dg=bzax'⑦
integerd J
or half

maximum value

(n = eventof Jz eigenvalue odd)

-mh⇒m= -jijtl . . . j - i. +j

getneral #
eigenvalue of Jz go thru

' m = 0 for

in Tn units integer ¥8 ( not for half. . .)

•Using (with
''t ' ') and b man =jh gives

aT=jjth (eigenvalue of 1514
- Use Ij , m> for la , BD :

IFI
'

Ij, m ) = jlj-ilhlj.in) j
= integer or half

Jzlj , m ) = mt Lj , m> m=
-j , -jtl . - - j - I , j



Matrix elements of angular momentum
operators
-

-so far
,
( j ', m

' Ijm) = sjj ' 8mm '
- j Lj-11172
normalized

and ( y
'

,
m
' I Jz Hj , m> = Sjji 8mm

'
MT

( I ' im'D , ljcm) orthogonal due
to I} Jz Hermitian)

• Onto Jt : Sj , m fJIMJ-ilj.my/ctjmlj,mtD=cjtml2=Lj,mN.fl2-Tz2-h-Jzljm)
--

= t
'

# Cj-111 - m2-mJE.IT#:seebefIreEqf7D
⇒ Jil j , m) = h-Emlcjtm-TI.mx)
- similarly , J- lj.mD-hljtmkj-m-FI.in-D
⇒ ( j ', m

' I J±Ij,m) -⇐j=mlj±mt
Sjji s m

'MIC



Onto Matrix elements of

rotation operators ( using those of
their generators , I gotten above)
-Wigner function sfingenfygyt.se/0airniY#

. --

onk.lmlrt-lj.milexpfiJ.hn#pl8cm7
(meiaetmrei:#

↳
parametrized by r

- again , for spin
- Yz , these are = eapf ÷i§

a- Can D (R)
"

connect
" Ket & bra with

different j values ?N④
12
, any function

of Jk ] = O
←

e. g. , DER)

⇒ 1512 @ (rllj.my-DCrlfJl2ljcmX-jLjtilhh2@lr7lj.m>I
D (R) lj, .mB still eigeuket of 1512
with same eigenvalue ( Ig

"t#It
orthogonal)

Lf Rotation cannot change j
value

,

but will change m ( in general )]


