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outlineforfodaylneatweek-rotationmm.atrices @⇒for spin - 42 form

Sv (21 group
- relate SOG) to so (3) of R 's

- Eulex angles parametrization
of

rotations ( from classical mechanics :

rigid body) : apply to spin - Yz in QAM

- Ontko eigenstates of
-

tem(higher than

dimension 2 of spin - Yz done so far) :

FFKlj.m3-jljttthlj.in#y-Jzlj,m7--mhlj,m7where j = integer or half
- integer

( so)(
qm-e-ji-j-2.r.j-1.iq



Rotation matrices for spin - 42
-

I = eats f- iF÷4) is 2×2 comblek
de÷er

unitary matrix series
¥

[check : I = eat fiori
= eats find) , using Git- ri
Use exp Ci G Xp A eapfi GX ) = A t

(Baker -
Hausdorff)

i XCG ' A] + ÷¥4,@ ,@A]]t . . .

with A = I and GX =
F. rt 0/2 - r -

to give Et E = I ]
* det (E) = I ⇒ s u (2)

K t ↳
dimension

special unitary
[check :detE-deteEEt@aepfio.iioKzD-eexfsfiiracDeoffE.n01211=1 (F'sacekss)
-

"

independent
"

of rotations
, general



SU (2) matrix ? U (a , b) = a b

la 12+1*12=1
f- b* a*) .

with

[ check both ways : above U is unitary,

with determinant + HE . . .

and any su (2)

matrix can be recast in above form]

-Connect . . . I can be written as Ula ,
b) :

-

Re a = cos% ; Ima =
- Nz sin 012 ;

Re b = - my sin 012 & Im b = - na sing
-

- (flipped) most general $42)
matrix can be rotation : given
a
,
b
,

"

invert
"

above to get0⑦
- (sanity ) check : match number

of independent ( real) parameters

E has 3 ( F, 0 )

U has 4 ( a. b) - 2 condition =-3
- -

comfier ( al 2+11312=2



- check U 's Form group :

U
- '
Ee
Ut ( 0+0=1)

(U , UzI(U , Uz) ⇐ Vat uz
I

= Uj uz = I

- Is there I - to -2 correspondence

between R 's of so (3) &

( both
have 3

E 's of SUCH real parameters
2T : # for R

,

us * & t1 for E

ees -TIM correspondence :

[ U l- a ,
- b) & Ula , b) map to same R]

- locally so (3) isomorphic
to SVG) :

if E.→ R
,

then Et SE → R t FR

(unique



Entangles tears: ay
-

-
another way to parametrize rotations

kin 3 steps , each being rotation ( 278¥98))
- (Rigid) body (fixed relatively
body axes coincide with

space (
" absolutely

"

fixed) axes

initially .
. .
but not Rater ( i.e .

.

body axes moving relative
to

( different than) space
axes

⇒ :(Goldstein : see 4.4. Also . .)

Rla , Bih = Rz, tr ) Ry . (Bl Rda)
- xx(nett rotation f axis angle(3*3 •f. ✓
orthogonal matrix) about sea in Goldstein



az (space 1st at
& body) rotation

lol a
a about ) B F

'

>
Y E Epa

⇒ ¥¥÷÷:$
c. HE
* rotation aux

' 2nd
Y

B about

E
' LIII) v y

'd

re z
' II)

* k¥8
*¥ LyTd

grd '

ya
< r

↳ → V about x
" out,

•
→ r z ' to:c:3;i:ne↳p 'ye 'll d

→µpc
"

( y
" also out of B
x - y plane) Iz ' polar, azimuthal angles :p,a)



Euler angles : modified ( Onna) version
a-
Problem

"

: Ry ' , zi about body
axes :g but simpler formulae for

5 E) about space axes * . .

so convert :Claim ( buckle up for proof!d)
TRla, B, = Rz ( dry (B) Rztr )*n9rotationTn#
steps : Rye(B ) canbewriHenaTA

Rzla) Ry (BI RICH . . - Lbl

- -
-

rotate rotate
"

undo
" Ist

about about y : rotation :

space Z : body Z Y'→ y
body Z

polar
- B

,

azimutho⇒a azimuth
o

& body y → ya



PROOFS ⇐ I→ EH

see figure
LHS of (b)

(on nee page) RHS of (b)

121 body y axis as in GI) :ya
121 body #axis has polar
13 , azimuth

a
,
as in LII) : z '

⇒ I body x - axis as in CIII
- so

,
RHS of (b) takes (Il to #It

-Similarly , re - express 3rdrotation
in (a) :

R# ( rt
= Rye (B) RIN RI! !??

Combing Cal , I & yea)

R ( x , B, 2) = (Rz ' th]RyHBlRzH)



Z

( Il Spacey 't
U

(
body)A lot

L > y
'

^
a
> y

car, pst rotation € $

se La ,
"
ooo

' 'd aboutf p y
2nd

net
'
K B

Z B about az
about

' A •
n Q x Y

Z
n, Y Z

p
* A

1-
→ p t^# > y '
( II) Ta s

y

| (
3rd →

¥3 a about B. I
+
x
"

E



m.

=CRzlHryT c- KI
x RMT RzC*)

= ( Rz ( al Ry (B) R#aDt4
Rotations

xrztrl R#&:÷E÷:
= Rz ( al Ry ( B) Rzfr)
( as promised/ : use above
form in Onna below

Tofte : in
"

new
" R la

, B. V),

K , B, V ) appear in
opposite

order to old R ( 913,2) . .
- &

and rotations about space axes



Euler angles : applied to spi in QM
highar momentum later
-R ( classical)→ D (Q Moderator in Ket space)
-For spin - 422 in ⇐component :

Din , 4) EE = eats-4821)
so that Dla , BiH =DzHlDy(BLAH
E expfioz.ae/expfiozB)eapfiEI)
-✓

¥#⇒ diagonal,diamond ' comfier

=

"

Exit::".is::S":D "

e :D
= e-
ik -18112

cos 1312 - e-
ill - Hk

sin 1312

(e- ik - Hksin plz et il
" ""

costs)



Most general SUCH matrix
in Euler angle form
- Note : only off- diagonal
matrix ( in middle ) is real,

Cf
.

if middle 12 nd rotation

in Lal is about x
'
- axis

(a la Goldstein) , then
middle would bec &

Doff diagonal (
" inconvenient

' '

)

so
this is f = 42 irreducible

representation of DH, BiH
:

D
'

kt-jl-fj-yz.myerpfifzxleapfifdf.in'
m

YE Tz expfi'¥I1lj= 'k
,
m)



Eigenvalues & Eigenstates of F-
- spin - 42 is smallest realization

( N = I ) of i
,
Jk ) = i Eijk Jk

- Onto higher ( orbital or spin) . . .

. . . goal is ( butt long road
to it) :

where ti
'
= ÷ ,,z÷j ; j = integer

or

half- integer
and m = f-j ), fjtll . . . § - I ) , j )(degeneracy)
-
Also

, raising1 lowering operators
:

give

=d-± Ij , m ) -_idImmNj±m#tlj , MID-
* * . seen for spin - Yz → E) already

proofflbuckleubtf.FI?FjJ=iEijkJkh
r r i ( f)



(based on Jj generates
infinitesimal rotations -1

properties of rotations (
not

using E ⇐ Ex $5 ( orbital angular

momentum) . . .
so applies to

spin ( intrinsic angular
momentum) also]

- check 12
, Jk )=0 (E- 443) - r -(2)

where 12=5*2t Ty2tT¥
easy choose Jz to be simultaneously

diagonalized with ⑦ 72

⇐ I
'

la , b) = a la , b)
↳ FIZ eigenvalue

& Tz la , b) = b la, b) . . . (3)
↳ Tz eigenvalue

la , b) eigenkets of Joc , y ? No



- Next
, lowering / raising

( ladder) or annihilation(
creation

operators :

J±=TeIiJyT
-

ftp.J-J-2hJ#;CJz.Jtf=thJ+
and 12

, JED ⇐ O
. . .


