
,

wed .) & lecture, Oct .to

Outline for today : ( Fri .) part①
-

- (magnetic) monopole : beautiful
"

combination
"

of non -
trivial A- (gauge

transformation)

and QM . .
. giving observable

effect

- At due to monopole (classical)

-
enter QM : (if monopole exists ,

then)

magnetic charge is quantized

- start discussion
ofangularmomentun€

relation to rotations (aka translations

& momentum
,
E)

- x
-

¥151 equations :[B- due
to electric

# x

current or magnetic dipole]
with monopole

I . E = 4h p ⇐ ¥.B=T4⇒-
-E=⇒BGt)IxB=tIq t JE#m c

elastically) . Cera )
_PToit

'

magnetic charge, at originsgivesi¥*÷±g:.net.in#EI::irI:*,



- Above B- derivable from E = B- = EXE ?

- Recall : B- = Ix A based on TT . B = O
.
. . but

now I. B- = 4T Slr ) em to

- Expect no non - singular A- valid
at

all points . . .
but do

" patchwork
"

,

exploiting gauge transformation
(two

different A 's can give same BT
at

M so
A r E r
q s

7 f common/
overlap

¥E¥
region

L
H

-1 µ 7 LX e

E- # &
E



'

Aigives above1-
B-

. . . but on z co axis (O = IT), it's

singularfatty);f[on 2- 70 axis (0=01, its

smooth 2 - cos O ⇐ 2 sing ~O(021,
¥0 - 02 . . . ]
-Ambiguity in A- (gauge
transformation) helps

:

"

patchwork
"

A = em ki- cos 07$ OCHI
Tsin

ALI't)=-ems0) OT 107J
v sin

overlap region : both A's give
s same B- ⇒ related by gauge transformation

:

(AHL NAH'/= -resize ⇐ Ian ,A=-2em④



0ntoQNAI.2.VE's of charged
particle related:gN
ya't't =yttlexpf-2ie.fm#-ea-hDXsinqe-ualued-forhxedr

,
-0

esame point

(eftaihfietnude ' .) #"'(4--0)=4%4--217 &

*
HH ( 4=01 = #HH (0=251)
-
-

*Alcohol 4440=24eatfzihecera'T
xexbfzifqoflf.tt #

t

-
⇒(combining), eat ie em 2h# 4)⇒ ⇒
- 2e em 2M Kfc ) =2T N

jM=hq⇐NlN=④,h2.#
⇒ magnetic charge is quantized



kotationsfAngalarmomentumlfchapter.rs)
-

-1
- so far , QM in 1 dad K'

'

kinematics
"

: chapter I &

ydynamicsi.chabter21.is/satialtranslation-of state Ket generated by
momentum operator
--

meeuoIuHoitiaera%
- Onto 3 d : (trivial extension / translation(& B)

in

each dimension ,
e.g. , 3d free particle

just
" product

"

of three 2 d . . -

--- Next : more complicated
"

operation
"

in 3d :

-aRotdbyangrnoperator
( return to free

3d particle with this
idea )

- develop (initially) angular momentum theory in

" analogy
" with translations . . .

but

crucialdifferenc.ee# : translations along different

directions commute , while
rotations do not

-
Two kinds of angular momentum (

F) :

- orbital ( I ) :

"

integer - valued
"

us .

- intrinsic (spin 151 : half whole integer
( spin - 42 done before , but did not "connect

" to angular
momentum)



Amentum(operator)
commutation relations frond
properties of rotations ( like

those of P from translations, #(d xD
-

Godel : (Ji , Jj]=Eijkp*h Jk
I , 2,3

imaginary

How to represent rotations#n3I
by matrices :

Va '
= ( R ) 3×3 µjtz)µy§ mtatrioc
↳vector

-
components of rotated

vector



④ondition : length of V is
";d±⇒ R is orthogonal :

[ coordinate axes fixed . . .]
- Example rotation about

z - axis by 10 :

cos of -Sino o
Rz (4) = find cos of O )⑧ 0 I
-

infinitesimally ( like translationletuiomuetion )
z - ez - ET=f¥. . .* E

⑤ 0 I



similarly I
z o O

Ra = Go I - EY - E)O E z - EZ
E

ry % ! :
"

)- E I
• EYZ

⇒ rotation about y -
axis

,
followed

by x - axis given by tracery
z
nd
T K 1st

us .
other order :RyR①

- do commute at O (E ' ) , but
not at O (E 2) (w.it/determineCJi,Jj#RnCelRyCel-RyklRael4=fgz-g"

!)# O



= Rz ( EY - It
rang (o)

rxlel.my/el-Rykll.Rxkt-RIpkan4ye
- x-

OntoQMJ : just like translations
:

I a) → T ( dx ' ) Ix)
-
new ( shifted by

doc ')

'

new¥e÷÷÷÷:::¥I
- DD acts on (state ) vectors in kIe
( s . R on B - column classical

vectors

in Ied space]



- matrix representation of DDD :

depends on dimensionality N of Ket space

( N =3 for angular momentum
5=1 ;

N = 2 for spin
- Yz : D is 2×2 matrix)

- x-

Like for translations/ time -

evolution ,
"

-build
" D infinitesimally :

D
e
( unitary) = I - i Ge

↳
Hermitian

translation : G = Pal i E⇒=dx•
x ti

time - evocation : G = tyh ; E = It
'

- Classically , generator of

(infinitesimal) canonical rotation

( transformation) is angular
momentum ( orbital : Fxx F)
( Goldstein : Eq . 9 . 114 on b. 404)



⇒ define ( angular momentum

operator ) : gµ= J* th
( k€42.3 )

E -- dot ⇒ D ( ri , doll idol ¥n⇒←
axis of rotation

- J is not defined as
"

six E
"

. . . So
,
covers case of spin N

-finite rotation : 0£01 =nlimI¥f)
- **- =ecpfi¥q
Having defined Ji as above\
get commutation relations

using properties of
rotations :

- every R (3×3 orthogonal matrix)
→ D (R) ( operator)

⇒ properties of R inherited by D
( C K

- set of R 's constitute group



Detour outgrowth theory
-

Set of elements (x, y - - r ) which

can be
"

multiplied
"
: x I y ,

satisfying
(1) . identity element

: x o I = e

- ( = Ico K)

(21 inverse : x
- to x = xo x

- I

= I

131 . ctosure : x o y = 2- (ad:mother
(4) . associativity
-

: x o ly o Z)

= (x o y $ o Z E Ko y
oZ

e - g. Call 1 integers under addition (
'' 'A'ko)

,
but

not multitask cation ; real numbers (except o)
under multiplication
- x-

- R % form group , e.g , dostie
:

(Rl Rd 'TR*Rzl=RzTRE¥Rz=RERz=I
⇒ Ri'sR2

orthogonal



. . . R
- I = Rat etc .

⇒ D (RI 's also form grout
- so

,
Roc (e) Ry (El - Ry (e) Race) x

= Rz ( EY
- Randol

gives , with R→ D and D=f - i doll
Dz
4- III. e - J÷eh . -If - Eze -JIE;)

2 #
⇒ other WAY DYCE)
DE# Iiss cancel

'

⇐ H - i e 't -14cg!
e'III.i'Ia. - '¥EH⇐÷¥i'¥:D
= e'fifth) ⇒ ftp.Jyf-tihJI

In general EiTjg]=iEijkh


