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Outline for today I next week
=
-

- : energy eigeaketsfvalues , wavefunctions and
expectation at fixed time via opimethod
values

- time evolution : S & H - pictures

← Finally C!) , waved equation for

UH I wavefunction) :
time - dependent & independent

-interpretation of 4 (including
phase);

limit

- Solutions to Schrodinger's wave equation
:

free particle in 3D ; SHO (again : analytic method):

linear potential ( useful for wKB approximation)
-x-

SHOD motivation to study it : pedagogical ;

approximates realistic potentials ( in
molecules

,
nuclei):

technique used in quantum field theory
also

T- fired time first : H = P
'

Tm
t { M W2×2

w = jksringconstant is€¥ofdassical
4 Tn version

Ew) :at=r¥e-i±I
*ermitianc annihilation

( lowering & creation/ raising:)& see below why I



Use foe , p ) = it

-@ca+ , see below why
-Ntaa(Hermitian)

⇒ HI to @+ 'E)
- common eigenkets : Nl / Ir ) =,µ ( r)

H Ir ) = (rt
'E) tw Ir) real (will
-

show later
Er

needs to

- [N,a]=-a;[N,at]= be integer,
-

-

←⇒ N (airs ) = (r - 1) (airs) &
N@try
= @til try

aianteidgencrae.gs/jjngreaseeuergybyh-w#
⇒ a Ir ) = ④ I r - l ) ( assume normalized)

( rl Nkr) =Hlr) = r ⇒ air> )=xr*¥¥;÷i:i
-

⇒ ⇒ lowest allowed RER is 'z⑤
. . . but is this realized "?

cessie application of⑨ :



AZ Ir ) = fr⇒ Ir - 27 . . . ⇒②Casey
④ (fin ger) : after n steps ,

an In > = Fn a-F . . . n-_cn-T In - n)
-

ant ' Ln) or a lo) = To lo - D lo > "

lowest state

- . . terminates }
° fnkuetfyisobtai.ae#
-

④ & nyt integer : after M steps
,

am Ir ) = Rr r-CmT Ir - m)
--
never

0 never ( o)
whats ( does 1¥ stop)(cantgetto
- of : choosem= ,

where is

greatest integer c r

⇒ att ' ' Ir ) or I r - Cr] - 1) .

i. er
.

--
< x -

state win..eT÷¥⇒I"÷÷
-x-

Eeo = 42 tr w ground state ,
Lo) - r .

lns-fatlhlr.TL#En=CntYzHI
- matrix elements : ( n ' I ② In> = rn Sn ; n - c
-

& Sn ' lat la) = Rtl Sn ; nil
( n ' I@ In ) = hT@Tnw1Crn5nin-itTnIsni.n -i)



( nil pin) = imho f- rn Sn ; n - it# Sn:n+f
-x-

lion in Posspace :

"" a " ' -
- Fr" '÷ !!?:*

⇒ order DED for = - it % lb

Xo ( x ') = La ' lo) :

( x ' t a o2 didoes ) Xo (a') = o xoEhI①
⇒ uol.y-y.io/exeftzfE.#euenl
--

ya
.

# ( x'll ) = ( n't at 107=1.4 '
- ridge .)Lx

( odd) Yo Cay

-expectational f n ( (x or D ) ( n) = O
*imply based on above matriexemeats !)

( - f d' ' (x' or % .. ) Yuk 't
a bit more even /odd 1¥
involved !

= o]
o o f h.es?ntit.nmwadOnto ( n I ¥2 or 1021 In ) . . .

Cesar, my
'

- In fact
,

for lo) = 544 (Gaussian )
④ 242> = (K2) - 0=62) n . . La2)Cp2)=h-%#



2 ←

G) x' = ztmw ( a toast ata +
aat ) ( o)

↳ ↳ o

( verify using o

a. at us .
= h- / ( 2mW ? = KEK i ( D2) = ttmwlz

wavefunction) ⇒ Lazy copy =h-44fagre.es/virialtheorem(Hw4.#:yz2mj98=744
m w 2×2 = (HH( -2 ) = truly = CHIK 2

↳ote energy
Ceq@

-x-

ITMeevolutr.sn#s-pictureJIn > → eatInt) Inn)
x
, D . . . fixed

( n I @ or P1 In ) at ⑤ = Cnl @ or Hln
) ate,

= 0

(general :(B ) in stationary
state is constant )

4 result

⇒ nod oscillations
in Lx>

,
(B) for single

←
stationary state ± classical oscillator

←

must do a superposition ( ( se) , (4) should

of stash'fan¥e§ (Hw s . I )
oscillate)

For stationary state check Ehrenfest theorem
-

i -

d 4) feet =
- @Hdac) or ( K) = O (agrees)

~=ofasa%7e ) at time t



H-bictu state fixed ; x, p, a ,

at change

d Pldt = -
0 You ( H 's IOM) = - mw 2x

←mat
-

- Hm - E::¥a?
⇒ att' LH = att ' (o) exp⇐ iwt) . . .

÷÷i÷÷÷÷÷÷÷÷÷i'= O

contains 2487 & Plo) - - ( ul x color POND
=

= o

- x-

ssswaveequat.ir# for ya (x'at)
H = 104am, + Way

= ( x' la, to ; t)
-

→ fixed

(x' lihdlotld, to it> = ( x' IH la, toit)
←

use ( x' Ibn la) - fihlnoyo.in ( K' la)

& ( Kil Vla) It , to it) time - dependent*vlad)

Trith %t ( x' la , to ; t)
LEE,

' -II " 'Kaila.to#--uCxYLx'lx.toig



Classic limit ( t → o ) iaplroach
- Altena ( to Schiro edinger

's equation)j to

Qaa : Feynman 's path integral (
PI) (will

- -
-

do it
"

soon
"

! ) .⇒ phase of wavefunction (when

only classical path contributes) is indefinite

action :
. . .

. . .
but Jthdt is Hamilton 's principal function-

( classically) ,
which satisfy.es/eamitton#bi

& Phys 601 or Goldstein . - . )

. . .
indeed , starting from Schrodinger

's

equation (CIM ) ,
we can show that phase

of wavefunction satisfies Hamilton-Jacobi

equation in Tn -30 knit ( consistency check)



Summary of
"

various
"

Sdingyequations
( all related)

4) . fogultimeevolutionoperatorf.it#Utto=HUtto) ⇒
( t, to) = eatE-

i Htt - to)th↳aed
G)

.

for la) , using 10 , to ; t) = U la, to)
in

above : ihdlotlx.toits-HH.to
El . for Ya (n ',H= ( x

' l -a , to ; t) by (x 't . . . above :

ot⇒=Cx'lHlatoy= -II r ':X. -1*674
- *

i-

(4) . (time - independent) for energy eigenstate
:

-I12ueLay+v(x')uE=E0l÷



tmeindependent# : [ A , H) = 0 ; system
initially in eigenstate

( a' la ' , to : 't) oft*&#
= ( x' la) exp f- i Ea , tlh)

⇒ - HI * 'Kaila ') t Vla 'Kailas
Zm
- = Ea, Laila)Xa ' (R')

choose its If : ( x ' la '> = UE cry ⇒

-tYzmgD"UECn4-VLx')UECaY=EUECr
Boundarycondit.sn# : if Es ¥7, ,

then

u e ( x
') → o as x'→ A ⇒boundstateJ

⇒ non - trivial solutions only for discrete
E

←g. , SHO : finite E e v(x' ) → oo

, (glawread
Y-asx'→#←¥

bpotential or - Yr : bound States, discrete

spectrum for E C O
,
since u ( xD -30

# ×
asx'→#

Probability density,pG = ffa (x : t)42

µ . g.Feralidea : rob ability given by
=L (a

, ya , to ; -4/2
expansion coefficient in relevantbasis

→wkataboutph.ae# ? is

equation ,⑥P6t-Ij=#
④prty =

-

i

'ImX¥¥y*µ]
Suds# ④ It raising

tot:{gewgaw'm



"ssueftace
= qq.gg?oe.IFa+e.fufiow "

'

/ per unit area

-
related to tUM : i . b. f. :boundary

¢ ter

, yagd3xjlx.tl = -iId%%y*y]€
= -item fd3x (4*04)

Helm =
'ate:c' ⇒ - it:*.'
Yak't

-

-

- . . ⇒ fd3xjc.cat/=lP7t/mJ phase
K

- Re -write : 4 ( se, t) = Platt eats@safety
. . . to find : j=pIRS (spatial variation
of phase gives probability flux)
- Also

,
connection to classical mechanics

-

( see next slide / offline discussion)


