
Theoretical Dynamics November 05, 2010

Homework 8

Instructor: Dr. Thomas Cohen Submitted by: Vivek Saxena

Problem 1

The effective potential1 is

Veff(r) = V (r) +
l2

2µr2
(1)

= − a

rk
+

l2

2µr2
(2)

So,
∂Veff

∂r
=

ak

rk+1
− l2

µr3
(3)

∂2Veff

∂r2
= −ak(k + 1)

rk+2
+

3l2

µr4
(4)

Therefore,

∂Veff

∂r

∣∣∣∣
r=r0

= 0 =⇒ r0 =

(
akµ

l2

) 1
k−2

(5)

Also, for k < 2, using Mathematica, one can verify that ∂2Veff
∂r2

∣∣∣
r=r0

> 0, so r = r0 is a

minima of Veff(r) for k < 2.

Part (a)

The condition for a circular orbit is that E = Veff(r) has only one solution, r = r0 (defined
by Eq. (5)), that is,

E = Veff(r0) (6)

where E denotes the total energy. This gives

E = a

[
k

2

(
akµ

l2

) k
k−2

−
(
akµ

l2

)− k
k−2

]
(7)

for k 6= 2. So, a circular orbit exists for all k 6= 2 (k > 0). The relation between r0 and l is

r0 =

(
akµ

l2

) 1
k−2

(8)

which is meaningful for k 6= 2.

1In this document, the effective potential is the sum of the actual potential and the centrifugal barrier,

i.e. Veff(r) = V (r) + Vcfb(r) = V (r) + l2

2µr2
. In Goldstein’s notation, V ′(r) = Veff(r).
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Part (b)

The equation of motion is

µr̈ − l2

µr3
= − ak

rk+1
(9)

Let r = r0 + ζ. So,

µζ̈ − l2

µr3
0

(
1 +

ζ

r0

)−3

= − ak

rk+1
0

(
1 +

ζ

r0

)−(k+1)

=⇒ µζ̈ − l2

µr3
0

(
1− 3

ζ

r0

)
= − ak

rk+1
0

(
1− (k + 1)

ζ

r0

)
(to first order in ζ)

=⇒ µζ̈ +

(
3l2

µr4
0

− k(k + 1)a

rk+2
0

)
ζ =

l2

µr3
0

− ak

rk+1
0

= 0 (using Eq. (8))

=⇒ ζ̈ + ω2
0ζ = 0 (10)

where the angular frequency ω0 is given by

ω0 =

√
3l2

µ2r4
0

− k(k + 1)a

µrk+2
0

(11)

Note that this linearization of the equation of motion, about the minima of Veff(r) is equiv-
alent to a harmonic approximation of Veff(r) itself. Using Mathematica, we can verify that
the second derivative of Veff(r) (which is directly proportional to ω2

0) at r = r0, is positive
for k < 2. Therefore, ω0 so determined is real, for k < 2.

The orbits are stable if ∂2Veff(r)/∂r2 > 0 at r = r0, which is true for k < 2.

The force corresponding to the given potential is f(r) = −∂V/∂r = ar−k−1. From
Bertrand’s Theorem, for the orbits to be closed, we require −k− 1 = −2 or −k− 1 = 1, i.e.
k = 1 or k = −2. As k > 0, closed orbits are possible only if k = 1.

Problem 2

The effective potential is

Veff(r) = V (r) +
l2

2µr2
(12)

= ark +
l2

2µr2
(13)

So,

∂Veff

∂r
= akrk−1 − l2

µr3
(14)

∂2Veff

∂r2
= ak(k − 1)rk−2 +

3l2

µr4
(15)
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Therefore,

∂Veff

∂r

∣∣∣∣
r=r0

= 0 =⇒ r0 =

(
akµ

l2

)− 1
k+2

(16)

Part (a)

The condition for circular orbits to exist is E = Veff(r0) where E denotes the total energy,
i.e.

E = a

(
akµ

l2

)− k
k+2

+
l2

2µ

(
akµ

l2

) 2
k+2

(17)

This equation can be satisfied for all k, and hence circular orbits are possible for all values
of k (k > 0).

Part (b)

The equation of motion is

µr̈ − l2

µr3
= −akrk−1 (18)

Let r = r0 + ζ. So,

µζ̈ − l2

µr3
0

(
1 +

ζ

r0

)−3

= −akrk−1
0

(
1 +

ζ

r0

)k−1

=⇒ µζ̈ − l2

µr3
0

(
1− 3

ζ

r0

)
= −akrk−1

0

(
1 + (k − 1)

ζ

r0

)
(to first order in ζ)

=⇒ µζ̈ +

(
3l2

µr4
0

+ ak(k − 1)rk−2
0

)
ζ =

l2

µr3
0

− akrk−1
0 = 0 (from Eq. (16))

=⇒ ζ̈ + ω2
0ζ = 0 (19)

where the oscillation frequency ω0 is given by

ω0 =

√
3l2

µr4
0

+ ak(k − 1)rk−2
0 (20)

The force corresponding to the given potential is f(r) = −akrk−1. From Bertrand’s Theo-
rem, closed orbits exist for k − 1 = −2 and k − 1 = 1, i.e. for k = −1 and k = 2. As k > 0,
closed orbits are possible only for k = 2 (which corresponds to Hooke’s law). These orbits
are necessarily stable, as ∂2Veff/∂r

2 > 0 for these orbits, at r = r0.
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Problem 3

Part (a)

{A, H} =

{
p×L− kµr̂, p

2

2µ
− k

r

}
=

{
p×L,

p2

2µ

}
−
{
p×L,

k

r

}
−
{
kµr̂,

p2

2µ

}
+

{
kµr̂,

k

r

}
(21)

We can consider each term separately.{
(p×L)i,

p2

2µ

}
=

1

2µ
{εijkpjLk, pmpm}

=
εijk
µ
{pjLk, pm} pm

=
εijk
µ

[pj {Lk, pm}+ {pj , pm}Lk] pm

=
εijk
µ
{εkrsµxrps, pm} pjpm

= εijkεkrs [{xr, pm} ps + xr {ps, pm}] pjpm
= εijkεkrsδrmpspjpm

= εkijδkmspspjpm

= (δimδjs − δisδjm)pspjpm

= pipsps − pipmpm
= 0 (22){

(p×L)i,
k

r

}
=

{
εijkpjLk,

k

r

}
= kεijk

{
pjLk,

1

r

}
= kεijk

[{
pj ,

1

r

}
Lk + pj

{
Lk,

1

r

}]
= kεijk

[
xj
r3
Lk + pj

{
εkmnxmpn,

1

r

}]
(using

{
pn,

1
r

}
= xn

r3 )

= kεijk

[
xj
r3
Lk + εkmnpjxm

{
pn,

1

r

}]
= kεijk

[xj
r3
Lk + εkmnpjxm

xn
r

]
= kεijk

[xj
r3
εkmnxmpn

]
(due to antisymmetry of εijk)

=
k

r3
(δimδjn − δinδjm)xjxmpn

=
k

r3
(xixnpn − xmxmpi)

= k
xixmpm
r3

− kpi
r

(23)
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k

{
r̂i,

p2

2

}
= k

{xi
r
, pm

}
pm

= k
1

r
{xi, pm} pm + xi

{
1

r
, pm

}
pm

= k
1

r
δimpm − xi

xm
r3
pm (using

{
1
r , pn

}
= −xn

r3 )

= k
pi
r
− kxixmpm

r3
(24)

{
r̂i,

1

r2

}
=

{
xi
r
,

1

r2

}
= 0 (25)

So, from Eqs. (21) through (25) we get

{Ai, H} = 0 (26)

for each i = 1, 2, 3, which implies

{A, H} = 0 (27)

Part (b)

The angular momentum vector L is perpendicular to the plane of the orbit:

L · r = Lixi

= εijkxixjpk

= 0 (due to antisymmetry of εijk)

and

L · p = Lipi

= εijkxipjpk

= 0 (due to antisymmetry of εijk)

So,

L ·A = L · (p×L− kµr̂)

= L · (p×L)

= L · (p× (r × p))

= L · ((p · p)r − (r · p)p)

= (p · p)(L · r)− (r · p)(L · p)

= 0 (28)

As A is perpendicular to L (which is orthogonal to the plane of the orbit), it must lie in
the plane of the orbit.
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Problem 4

{Ai, Lj} =

{
(p×L)i −

kµxi
r

, Lj

}
= {(p×L)i, Lj} − kµ

{xi
r
, Lj

}
(29)

The first term is,

{(p×L)i, Lj} = {εimnpmLn, Lj}
= εimn[pm{Ln, Lj}+ {pm, Lj}Ln] (30)

Now,

{Ln, Lj} = εnrsεjpq{xrps, xppq}
= εnrsεjpq(δrqxpps − δpsxrpq)
= εnqsεjpqxpps − εnrsεjsqxrpq
= εsnrεsjqxrpq − εqnsεqjpxpps
= (δnjδrq − δnqδrj)xrpq − (δnjδsp − δnpδsj)xpps
= xnpj − xjpn
= εnjkLk (31)

and

{pm, Ln} = εnrs{pm, xrps}
= −εnrsδrmps
= εmnsps (32)

Also, {xi
r
, Lj

}
= εjmn

{xi
r
, xmpn

}
= εjmn

{xi
r
, pn

}
xm

= εjmn

[
1

r
{xi, pn}+ xi

{
1

r
, pn

}]
xm

= εjmn

[
δin
r
− xixn

r3

]
xm (using

{
1
r , pn

}
= −xn

r3 )

=
εijmxm
r

(33)

So, from Eqs. (30), (31) and (32) we have

{(p×L)i, Lj} = εimn(εnjkpmLk + εmjkpkLn)

= εnimεnjkpmLk − εminεmjkpkLn
= (δijδmk − δikδmj)pmLk − (δijδnk − δikδnj)pkLn
= piLj − pjLi (34)
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And from Eqs. (30), (33) and (34) we get

{Ai, Lj} = piLj − pjLi −
kµεijmxm

r
(35)

But

Ak = εkmnpmLn − kµ
xk
r

=⇒ εijkAk = εijkεkmnpmLn −
kµεijkxk

r

=⇒ εijkAk = (δimδjn − δinδjm)pmLn −
kµεijmxm

r

=⇒ εijkAk = piLj − pjLi −
kµεijmxm

r
(36)

So, from Eqs. (35) and (36), we have

{Ai, Lj} = εijkAk (37)

In particular, this implies
{Ax, Ly} = Az (38)

Next, we compute {Ai, Aj}:

{Ai, Aj} = {(p×L)i, (p×L)j} − µk{(p×L)i, r̂j} − µk{r̂i, (p×L)j}+ µ2k2{r̂i, r̂j}
= {(p×L)i, (p×L)j} − µk{(p×L)i, r̂j} − µk{r̂i, (p×L)j} (39)

Now,

{(p×L)i, (p×L)j} = εjlm{(p×L)i, plLm}
= εjlm [{(p×L)i, pl}Lm + pl{(p×L)i, Lm}]
= εjlm [εijkpj{Lk, pl}Lm + pl(piLm − pmLi)] (using Eq. (34))

= εjlm [εijkpjεklspsLm + pl(piLm − pmLi)] (using Eq. (32))

= εjlm [(δilδjs − δisδjl)] pjps + εjlmpl(piLm − pmLi)
= εjimp

2Lm − piεjlmplLm + piεjlmplLm − εjlmplpmLi
= −εijmp2Lm (40)
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and

{(p×L)i, r̂j} =
{

(p×L)i,
xj
r

}
=

{
(p×L)i,

1

r

}
xj + {(p×L)i, xj}

1

r

=
(xixmpm

r3
− pi
r

)
xj + {(p×L)i, xj}

1

r
(from Eq. (23))

=
(xixmpm

r3
− pi
r

)
xj + εilm [{pl, xj}Lm + pl{Lm, xj}]

1

r

=
(xixmpm

r3
− pi
r

)
xj + εilm [−δjlLm + plεmnsxn{ps, xj}]

1

r

=
(xixmpm

r3
− pi
r

)
xj +

1

r
(−εijmLm − εilmεmnsplxnδjs)

=
(xixmpm

r3
− pi
r

)
xj +

1

r
(−εijmLm − (δinδlj − δijδln)plxn)

=
(xixmpm

r3
− pi
r

)
xj +

δijplxl − xipj − εijmLm
r

(41)

From Eqs. (39) through (41), we have

{Ai, Aj} = {(p×L)i, (p×L)j} − µk{(p×L)i, r̂j} − µk{r̂i, (p×L)j}

= −εijmp2Lm + µk

[(pi
r
− xixmpm

r3

)
xj +

xipj + εijmLm − δijplxl
r

]
+µk

[(xjxmpm
r3

− pj
r

)
xi +

δijplxl − xjpi + εijmLm
r

]
= −p2εijmLm +

2µkεijmLm
r

= −2µεijm

(
p2

2µ
− k

r

)
Lm

= −2µHεijmLm (42)

= −2µEεijmLm (as E = H) (43)

So,

{Ai, Aj} = −2µEεijkAk (44)

In particular,
{Ax, Ay} = −2µEAz (45)

Problem 5

Let T and V denote the potential and kinetic energies, i.e.

T =
1

2
µṙ2 +

1

2
µrθ̇2 (46)

=
1

2
µṙ2 +

1

2

l2

µr2
(47)

V = −k
r

(48)
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From the virial theorem, we have

T = −1

2
V (49)

Also, E = T + V , where E is the total energy (E < 0 for an elliptic orbit). So, E = E =
T + V = V /2 = −T . So,

1

2

(
−k
r

)
= E (50)

−
[

1

2
µṙ2 +

l2

2µ

1

r2

]
= E (51)

The first equation gives

r−1 = −2E

k
(52)

Now,

r−2 =
1

2T

∫ T

−T

1

r2
dt

=
1

T

∫ T

0

1

r2
dt (taking T to be one period)

=
1

T

∫ 2π

0

1

r2

dt

dθ
dθ

=
1

T

∫ 2π

0

1

r2

µr2

l
dθ (using l = µr2θ̇)

=
2πµ

lT

=
2πµ

2πla3/2
√

µ
k

(using T = 2πa3/2
√

µ
k )

=
1

l

√
µk

a3
(where a is the semimajor axis) (53)

So,

r−2 =
1

l

√
µk

a3
(54)

From Eq. (51),

ṙ2 =
2

µ

[
−E − l2

2µ
r−2

]
= −2E

µ
− l2

µ2

(
1

l

√
µk

a3

)

= −2E

µ
− l

√
k

µ3a3
(55)
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So,

ṙ2 = −2E

µ
− l

√
k

µ3a3
(56)

Problem 6

Let I denote the intensity of the beam of incident particles. So, the number of particles
scattered into a solid angle dΩ is I × 2πbdb where b denotes the impact parameter. From
the geometry of the figure,

Impact parameter = b = R sin θ (57)

Scattering angle = 2θ (58)

So,

dΩ = 2π sin(2θ)d(2θ) (59)

The differential scattering cross-section is given by

dσ

dΩ
dΩ =

no of particles scattered into a solid angle dΩ

intensity of incident particles
(60)

=
I × 2πbdb

I

that is

dσ

dΩ
× (4π sin(2θ)dθ) = 2π(R sin θ)(R cos θ)dθ (61)

So, the differential scattering cross-section is

dσ

dΩ
=
R2

4
(62)
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Problem 7

From the orbit equation,

dr

dθ
=

µr2

l

√
2

µ

(
E − α

r2
− l2

2µr2

)

=
µr2

b
√

2µE

√
2

µ

(
E − α

r2
− 2µEb2

2µr2

)
=

r2

b

√
1−

(α
E

+ b2
) 1

r2

So, dr
dθ = 0 for r = 0,

√
α
E + b2. Thus, the distance of closest approach is

rmin =

√
α

E
+ b2 (63)

The scattering angle is given by

Θ(b) = π − 2

∫ ∞
rmin

bdr

r

√
r2
(

1− V (r)
E

)
− b2

= π − 2

∫ ∞
√

α
E

+b2

b dr

r2
(
1−

(
α
E + b2

)
1
r2

)1/2 (64)

Let r =
√

α
E + b2 cscϕ. Then, dr = −

√
α
E + b2 cscϕ cotϕ. Substituting into the integral in

Eq. (64), this gives

Θ(b) = π − 2

∫ 0

π/2

b(−
√

α
E + b2 cscϕ cotϕ)(
α
E + b2

)
cosϕ

dϕ

= π − 2b√
α
E + b2

π

2

= π − bπ√
α
E + b2

(65)

Rearranging this equation and squaring both sides, we get

b2π2

α
E + b2

= (π −Θ)2

=⇒ b2(π2 − (π − θ)2) = (π −Θ)2 α

E

=⇒ b =

√
α

E

π −Θ√
2πΘ−Θ2

(66)

Therefore,

db

dΘ
=

√
α

E

[
−(2π − 2Θ)(π −Θ)

2(2πΘ−Θ2)3/2
− 1√

2πΘ−Θ2

]
= −

√
α

E

π2

(2πΘ−Θ2)3/2
(67)
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The differential scattering cross-section is given by

dσ

dΩ
=

b

sin Θ

∣∣∣∣ dbdΘ

∣∣∣∣ (68)

=

√
α

E

π −Θ√
2πΘ−Θ2

∣∣∣∣−√α

E

π2

(2πΘ−Θ2)3/2

∣∣∣∣
which simplifies to

dσ

dΩ
=
απ2

E

[
|π −Θ|

Θ2(2π −Θ)2| sin Θ|

]
(69)

A plot of the scaled differential scattering cross-section is shown below.
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In[8]:= DDVeffr, r, r

Out[8]= a -k - 1 k r-k-2 +
3 l2
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1
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In[12]:= Assuminga  0 &&   0 && l  0, secondderivative1.999  FullSimplify
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a m

l2

3999.
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So, the second derivative of the effective potential is positive at r0only if k < 2. Therefore, stable orbits are possible only for

k < 2.
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