Theoretical Dynamics November 05, 2010

Homework 8

Instructor: Dr. Thomas Cohen Submitted by: Vivek Sazrena
Problem 1
The effective potential® is
l2
Vaalr) = V) +5 1)
a 2
= -4 2
rk " 2ur? 2)
So,
AV, k 12
or rktl 3
Ve ak(k+1) 312
orz — pkt2 W (4)
Therefore,
1
OVes akp\ -2
or r—ro "o ( 2 (5)
Also, for k < 2, using Mathematica, one can verify that 8;‘,/%3 >0,s0r =r1rpis a
r=ro

minima of Veg(r) for k < 2.

Part (a)

The condition for a circular orbit is that F = Vg(r) has only one solution, r = r¢ (defined
by Eq. (5)), that is,
E = Ves(ro) (6)

where E denotes the total energy. This gives

=) ]

for k # 2. So, a circular orbit exists for all k # 2 (k > 0). The relation between rg and [ is
fep\ 72
akp\ *=
ro = <l2> (8)

'In this document, the effective potential is the sum of the actual potential and the centrifugal barrier,
ie. Veg(r) =V (r)+ Vego(r) = V(r) + 2;% In Goldstein’s notation, V'(r) = Veg(r).

which is meaningful for k # 2.

8-1



Part (b)

The equation of motion is

12 ak
S R 9)
Let r =179+ (. So,
) )
- 14 = - 1+
¢ 3 - e o
2
¢ ak ¢ .
— ul-—(1-3>) = 1—(k+1)=> to first ord
e i3 ( - weT (k+ )7“0 (to first order in ()
32 k(k+1)a 12 ak
- + = =0 using Eq. (8
78 <w"é 2 ¢ prd (using Eq. (8))
— (+wp¢ = 0 (10)
where the angular frequency wyq is given by
32 k(k+1)a
wo = - (11)
\/“2’”3 pr

Note that this linearization of the equation of motion, about the minima of Vig(r) is equiv-
alent to a harmonic approximation of Veg(r) itself. Using Mathematica, we can verify that
the second derivative of Veg(r) (which is directly proportional to wg) at r = rg, is positive
for k < 2. Therefore, wy so determined is real, for k < 2.

The orbits are stable if 9*Vog(r)/0r? > 0 at r = rg, which is true for k < 2.

The force corresponding to the given potential is f(r) = —9V/dr = ar "', From
Bertrand’s Theorem, for the orbits to be closed, we require —k—1=—-2or —k—1=1, i.e.
k=1or k=-2. As k > 0, closed orbits are possible only if k = 1.
Problem 2
The effective potential is
l2
Ve(r) = V(r)+ 22 (12)
k I?
= ar + 2/,““2 (13)
So,
oV, 12
Tt gkl (14)
or urs
0*Vegr p_o 312
—— = ak(k—1)r"*+ — 15
o = k(- (15)



Therefore,

1

l2

Part (a)

The condition for circular orbits to exist is E = Vog(rg) where E denotes the total energy,

- akp ~Fie 2 (akp ==
b= — — | —— 17
(%) " m () an
This equation can be satisfied for all k£, and hence circular orbits are possible for all values
of k (k> 0).
Part (b)
The equation of motion is

pi — — = —akr®1 (18)

Let r =179+ (. So,

-3 k—1
¢ — :23 (1 + C) = —akrf! (1 + C)

o To To
s P ¢\ _ k—1 ¢ :
= p{——5|1-3=>=) = —akrg 1+ (k—-1)= (to first order in ()
HTg To T0
. 312 k—2 5 k-1
= uC+ | —5 +ak(k —1)rg ¢ = —3—akrg =0 (from Eq. (16))
ury Hrg
— (+wi¢ = 0 (19)
where the oscillation frequency wy is given by
312 k—2
wo = ([ — +ak(k —1)rg (20)
KTy
The force corresponding to the given potential is f(r) = —akr¥~!. From Bertrand’s Theo-

rem, closed orbits exist for k—1=—-2and k—1=1,ie. fork=—-1and k=2. Ask >0,
closed orbits are possible only for k£ = 2 (which corresponds to Hooke’s law). These orbits
are necessarily stable, as 9?Vg/0r? > 0 for these orbits, at r = r.



Problem 3

Part (a)

{A7H} =

{(pr)

{(P X L)z‘,f} =

2k
{pr—km’,p—}

2u r

2 k 2 k
{pr,];M}—{pr,r}—{kuﬁgﬁ}—l—{kuﬁr} (21)

We can consider each term separately.

N
1/)2/1/

1
= o {€ijkpjLis, PmpPm}

i
= Z {PjLksDm} Pm

ik
= Z [0j {LksPm} +{pj» Pm} Li] Pm

€iike
= Z {fkrsﬂxrpsapm}pjpm

= €ijkChrs {Tr, Pm} Ps + T {Ds; Pm }] PjPm
€ijkEkrsOrmPsDjPm

€kijOkmsPsPiPm

(0imbjs — 0isOjm)PsPjPm

PiPsPs — PiPmPm

-0 (22)

k
{Eijkijk:a r}
1
ke;ji; {ijk, T}

]{ZQJ‘k

keijk

[ 1 1
{Pj, r} Ly + pj {Lk7 -

-
2Lk + Pj { €kmnTmPn;
L7

b wing {p b =)

e T e T B
| I

o
ke;ji, T%Lk + €kmnPiTm {Pm H

[z x
keijk ’I“%Lk + €kmnpjxm7n]

o
keiji T%Ekmnxmpn] (due to antisymmetry of €;;1)
k

ﬁ(ézméjn - 5in5jm)xjxmpn

k
ﬁ(xixnpn — T TmpPi)
TiTmPm Di
pommbn B (23)



k{ﬁfﬁ} = k{%ﬂ%&pm

1 1
= k; {fiapm}pm + x; {Tapm}pm

1 T, . i
= k;(simpm ~ i3 Pm (using {1,pn} = —22)
Di ZiLmPm
= Ak 24
r 73 (24)
PN R
© /’n2 - r 9y T2
=0 (25)
SO, from EqS (21) through (25) we get

for each ¢ = 1,2, 3, which implies

{A,H} =0 (27)
Part (b)
The angular momentum vector L is perpendicular to the plane of the orbit:
L-r = szz

= €ijkTiT;Pk

=0 (due to antisymmetry of €;;1)
and
L-p = Lip

€ijkTiPjPk
=0 (due to antisymmetry of €;;1)

So,

p X L — kut)

px L)

p X (r xp))
(p-p)r—(r-p)p)
p-p)(L-r)—(r-p)(L-p)

L-(
L-(
L-(
L-(

[l
o/—\

(28)

As A is perpendicular to L (which is orthogonal to the plane of the orbit), it must lie in
the plane of the orbit.



Problem 4

{A;, L} = {(p x L); — k'L:xi,Lj}

= {(px D)in Ly} — k{1, Ly }
The first term is,

{(pXL)Z',Lj} = {EimnmenaLj}

= Eimn[pm{an LJ} + {pm, L]}Ln]

Now,

{Lm Lj} = Enrsequ{xrps, xppq}

€nrs€jipq (5rq$pps — 5ps l‘rpq)

€ngs€ipqgTpPs — €nrs€jsqLrPq

€snr€sjqlrPq — €qns€qipTpPs

TpPj — T5Pn

= enjrly

and

{pmaLn} = enrs{pmvxrps}
= _Enrsérmps

=  €mnsPs

T
{71’[/]'} = €imn mpn}

{5

o {Zn )
|
-

Also,

ﬁ\}ﬁﬁ\}ﬁ

1 1
= €imn ;{l’z,pn}‘F% rvpn Tm

= €imn

€iimIm
T

So, from Egs. (30), (31) and (32) we have

{(px L)i,L;} = €imn(enjkpmLi + €mjupeln)
€nim€njkPmLk — €min€mjkPkLn
= (04j0mk — 0ikOmj)PmLr — (0ij0nk —
piLj —piLi

8-6

(5n] 67”‘1 - 5nq57“j)xrpq - (5'”] 5313 - 5”P55j )ﬂfpps

xx .
R

0it0nj )Pk Ln

(29)

(33)

(34)



And from Egs. (30), (33) and (34) we get

But
Ay
= €k Ak
= €Ak

— EijkAk

So, from Egs. (35) and (36), we have

In particular, this implies

K€ imT
{Ai, Lj}y = pilj —pjLi — ~RCmTm (35)
X
€kmnPmLn — kMTk
kue;px
eijkek’mnmen - w
k ..
(5im5jn - 6in6jm)men - M
ke s
pil; — pyLi -~ (36)
‘ {Al, LJ} = eijkAk ‘ (37)
{Ag, Ly} = A, (38)

Next, we compute {A4;, A;}:

{4i,A;} = {(pxL)i,(pxL);} — pk{(px L)i,7;} — pk{#s, (p x L);} + p*k*{#s, 75}
= {(pxL)i,(px L)} —pk{(p x L)i, 7} — pk{#i, (p x L);} (39)

Now,

{(lpxL)i,(px L)j} = €m{(p*xL)i,piLm}
= €jim [{(p X L)ispi} Lim + pi{(p X L)i; L }]
= €jim [€ijkPi{ Lis i} Ln + pr(piLim — pmLi)) (using Eq. (34))
= €jim [€ijxPjer1sPs Lm + P1(PiLim — PmLi)] (using Eq. (32))
= €im [(00js — 0is01)] PiDs + €jimP1(PiLm — PmLs)
= €jimP”Lim — pi€jimPiLim + Di€jimPiLim — €jimpipmLi
= —€ijmp°Lm (40)



and

LiTmPm Di
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(from Eq. (23))

1
r

1
r

- 6ilmEmnsplmn(sjs)

)
)
)
) 1
)
)

From Egs. (39) through (41), we have
{(px L)i, (p x L);} — pk{(p x L)i, 75} — pk{#s, (p x L);}

{Ai7Aj} -

So,

In particular,

Problem 5

Di TiTmPm

—Q'jmeLm + ,LLk‘ [<T — 7“3 ) Zj +

r

Tipj + 6iijm

T+ ; (—ﬁiijm — (5in5lj — 5ij(sln)pl-rn)
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r

T
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h

2
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r

k
)i,
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(as E=H)

{AZ‘, A]} = —Q[LEﬁz'jkAk

{As, A} = —2uEA,

Let T and V denote the potential and kinetic energies, i.e.

1 1 .
T = §,u7'“2+§,u7“92
_ Ll 1B
Bl 2 pr?
k
V = ——
r
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From the virial theorem, we have

_ 1
T=-—-V
2

(49)

Also, E =T + V, where E is the total energy (E < 0 for an elliptic orbit). So, E = E =

T+V=V/2=-T. So,

The first equation gives

Now,

So,

From Eq. (51),

1 — 271
_ *,U/I'“Q = = E
2 241 12
— 2K
-1 - _ 7
" k

1 (T
1 / L
2T T 7'2

1 (71 : :
— —dt (taking T to be one period)
0

2
/2“ Ldt,
r2 d9
2w
1 .
/ 2M; (using [ = pr?0)
r
2
T
2
_ AT (usingT:27ra3/2\/%)
27rla3/2\/%
1 k
7 'l% (where a is the semimajor axis)
a
1 [uk
-2 I Lt
" IV a?
2
2 = 2 o V=
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_ 28 B (1 juk
oo w2 \IVa
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So,

— 2F
]k

Problem 6

==

/3

Let I denote the intensity of the beam of incident particles. So, the number of particles
scattered into a solid angle df2 is I x 2mwbdb where b denotes the impact parameter. From

the geometry of the figure,

Impact parameter = b= Rsinf

Scattering angle = 26
So,
dQ = 27sin(20)d(20)

The differential scattering cross-section is given by

do Jq - Mo of particles scattered into a solid angle df2
dQ) N intensity of incident particles
I x 2mbdb
B I
that is
Z—g X (4msin(20)dd) = 2m(Rsinf)(Rcosb)dd
So, the differential scattering cross-section is
i1
dQ 4
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Problem 7

From the orbit equation,

dr o 200 a1
a1\ nu r2  2ur?
o pr? 2 o 2uBb?
 b/2uE r2  2ur?

- SV G

So, & =0 for r =0,/ % + b2, Thus, the distance of closest approach is

» df
(0%
Pmin = 1/ 35 + V2 (63)

o) = -2
Tmin \/ b2
bdr
7T—2/ 7
VET (1 (54 07) &)

Let r = /% + b?cscp. Then, dr = —\/% + b? cscp cot ¢. Substituting into the integral in
Eq. (64), this gives

The scattering angle is given by

(64)

0 p(—./2 12 t
o) = 7r—2/ (=% +b%cscpco @)d(p

/2 (% 4 b2) cos p
_ % 7
V& +D0?2
b
VETD
Rearranging this equation and squaring both sides, we get
b2
= —0)?
a2 (r=6)
— B (r—0?%) = (7— @)2%
a w—0
= b = (|5 66
E 270 — 62 (66)
Therefore,
db al (@2r-20)(r—-0) 1
e  VE 2(270 — ©2)3/2 /270 — ©2
2
[ 7T

N __ 67
E (270 — ©2)3/2 (67)
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The differential scattering cross-section is given by

do b |
dQY  sin®© |[dO

o fa
E (270 — 62)3/2

do an? |m — O]
dQ E |02%2(27r —©)2|sin 0|

A plot of the scaled differential scattering cross-section is shown below.

B /g T—0
B E /276 — 62

which simplifies to

do [dn

far | E)

&
L

[

‘\
\
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e
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en el
P

(69)



probleml.nb | 1

1= Clear["Global+~"];

a 1 172

, -
rrk 2 ur”n2

2= Vere[r_] = -

|2
—ar™*

Out[2]=
2r2p

in@3l= D[Verr[r], r]1 // FullSimplify
outz)= akr

ini4p= D%, r] // FullSimplify

312
oua. — —ak(k+1)r*2
r* u

)= Solve[D[Vese[r], r] =0, r]

Solve:ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information. >

o =5 D

nel= rolk 1= (@xkKxpu/ 172y~ (17 (k-2))

ak u\iz
Ooutf6l= | —

7= D[Verr[r1, r] /. {r » ro[k1} // FullSimplify

1 k-1 kel

ak u\iz ak p)x
Out[7]= ak [—2] —ak[—]
|

ingl:= D[D[Vese[Fr1, r], r]
312
oufgl= a(-k—1Dkr*?+ —
ru
)= secondderivative[K_] = D[D[Vere[r], ¥1, r]1 /. {r > ro[k]} // FullSimplify

1 \—k-2 k+2

akpu\iz akp)=
outol= a(-k-1)k [—2] +3ak[—]
|

in[101:= Assuming[a > 0&&u > 0&& 1 > 0, secondderivative[1.5] // FullSimplify]

au\
oui0)= 12.8145a -~
|

n[11:= Assuming[a > 0&&u > 0&& 1 > 0, secondderivative[1.9] // FullSimplify]

au 39.
our1]= 1.41301x 10 a [—2]
I



2 | probleml.nb

in[12]:= Assuming[a > 0&&u > 0&& 1 > 0, secondderivative[1.999] // FullSimplify]

aﬂ 3999.
ou12]= 1.78310317207 x 10120 4 [—]

|2
in[13):= Assuming[a > 0&&u > 0&& 1 > 0, secondderivative[2.00001] // FullSimplify]

1.3587776791 x 107120418 5

out[13]= —
400001,
(%)

in[14]:= Assuming[a > 0&&u > 0&& 1 > 0, secondderivative[2.2] // FullSimplify]
2.83515x107% a
a2l
(%)

So, the second derivative of the effective potential is positive at roonly if k < 2. Therefore, stable orbits are possible only for
k<2

Out[14]= —

Linearization
Inf15]= Y =g +X
ouf[15]= Fg + X

172 ak
In[16)= eq=pur""[t] -

+ =
ur™"3 rn(k+1)
2
ouriel= akr*t - — 4+ ur’t)=0
ru

7= Seriesf[eq /. {r »a+2z}, {z, 0, 1}]

|2

312
—] + [—a ka2 _aka™*?+ —] Z+ O(zz)] =0
o 4

outi7]= Mz +a)’(t) + [[a ka1 -
na
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