Homework 12 - Solutions

Problem 1
a)
The Lagrangian is given by L = %]92 + % cos (A/26). Since 6 is small, we can

expand the cosine,
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Apart from the first term on the RHS which has no effect to the equation of
motion, we can see that the Lagrangian now is the summation of leading order,
perturbation and smaller perturbation term.

b)

The equation of motion can be obtained from
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Expand the sine function because 6 is small,
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We can write 0 as 6 = 0y + M0, + \205 + - - -, hence 6 = é0+)\é1+)\2é2+"', such
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that we will have
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Equating the coefficient of A\, we will have
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And the last computation can be done using Mathematica to get
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where Q = V5/1.



Problem 2

We write 6 as
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where
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The zeroth order of A can be obtained by settng n = ¢ = 0, with the relevant
term in the bracket comes only from the zeroth order in A\. The first order can be
obtained by setting n = ¢ = 0 with the relevant term in the bracket is the first

order, and n = 0,7 = 1 and n = 1,7 = 0 with the relevant term in the bracket is



the zeroth order. And so on. Therefore, we will get
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By comparing these equations with what we got in problem 1, we will get
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where we set A = 1.



Problem 3

a)
The velocities can be computed as
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b)

The Hamiltonian is given by
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Since H = «, then we can write
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The area of the ellipse, which is determined by equation above, in the phase space

(x,ps) is J, so
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We can find W first to know what w is. Indeed, we have
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So, integrate equation above (using Mathematica), we will get
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Since w = OW /0J, then by using Mathematica, we have
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c)
The adiabatic invariance theorem tells us that under slow variation of magnetic

field, J is adiabatic invariant. So,
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is also adiabatic invariant.
d)
When the particle moves in a circular orbit of radius r, then
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Since the LHS is adiabatic invariant, then we conclude that the magnetic flux
® = Brr? is also adiabatic invariant.
e)

We have Bom’g = 2Bymr?, so we get r = 7’0/\/5.



