
An introductory lecture on 
quantum computation 

 
Zohreh Davoudi 

May 2019



PHYS 402 may 8,2019

Tn this lecture , we'll learn about -
. D Qubit La

a Single and multi

qubit gates
D Quantum algorithms

( Deutsch 's and

Deutsch - 2oz sa 's)
D Qubit : A qubit is one unit of storage in quantum

computing . Despite a classical bit that can take the

values of either o  or I , a qubit can in principle Stone

infinite amount of information : A qubit is a

quantum

State : a superposition of two States , say to , and as :

ly ) = a to ) t pl D

where a and p are any complex number . since the wane .

function is normalized, the number of

independent

real parameters to parametrize ly ) is 3 .
Also Shu

the phase of the state does it matter , two real numbers



do the job . A nice parameterization Is =

in > = cos Bzlo > +
eiclsin Ill >

z

which gives the state a geometric by

representations. all vectors with unit

P, ,÷M >

,
- =.

.

.x.: → y
length ending up on the sphere in '  '  '  -

.ng-
t

'

the night can correspond to one of nl
F

" >

the possible values of M ) . This is called the Block

sphere representation of a qwbit. Later we 'll see how

a gate operates on qukit and can visualize It in

terms of an operation an the Bloch vector .

Infiniti number of points on Bloch sphere

→ Infinite amount of information in a qwbit

Can we access this infinite information? unfortunately
not . Measuring

the qukit leaves as In either to )

or M . so the outcome looks like if qukit was

a classical hit . need a lot of measurements



to determine a ,p ,
which are probabilities to be

in state lo ) or 11 ) , respectively . The power of

quantum computing Is to keep the huge amount of
information In state , manipulate it strongly in

parallel with other qukits , and only read

off
informationwhen massive parallel

computation

Is done

and stoned In the final state .

There are two possibilities :

. in
- - , = = . . .

* ÷t¥ .

" two,÷±0÷±0÷b ./ read 1 Flank
operations multiple '

b
times , construct '

the amplitudes
!
,

Read Kpaunidedue
'

, Ky) given correlations ,
Done with 147 . Have

dug
It ,

should Stant over !
'
.

more on operating
on py> without"

i
, destroying it!
1



• multiple qwhits : The state vector Is a direct product

of the state of each qwbit . for twoqukits : n

147=2100 ) + Plo 1) +71107+8111 ) ⇐Llo ) tplhtrl 2)+813¥
with # + IBI 41812+1812=1 If we make a measurement

on the second

qwhiti
we are going to get Io)

with a probability of 1×12+1 rp and 11 ) with probability
b

of lptt 1812
. Ending up

in # a Hoo ) +HIDb

Ending up In ly
"

)L plant81117D Gates : operations on state are done through gates.

A gate Is a unitary transformation - any unitary tram !

-

Single - qwbitgates : In classical computing ,
Not

Is the only nontrivial single - bit gate :

o → I , I → a

In quantum computing , there an infinite
nontrivial

gates since there are infinite 2×2 unitary



transformation.
To write down Its most generalform

,

we take a- real parameters and find unvz , give

such that : ital ,
with u=(Y

,

"

g) .

utu + Ut U =\

utu +utu-o@z2u.33y3tI.g⇒ upua - as % , nursingUz+Vz
+

VatVa
-

1

Then besides an  

overall
phase ,

eid
,

there remains two

more independent phase for each to fin , subject to

conditions above .
These could be taken as Pktsk :

add film
" " "as% in "%'

singzitfkt8/21 sinyz , eilpktsk )
as

%)

adf.ir
"

ein.mg#YsnmEY2eiid=eidRzlp)RyMRzlH

So
any unitary transformation on one qubit can be built

out of rotations about y and 2 axis generated by



the corresponding pauli matrices , y and 2 , and an

overall phase - so the elementary I - qubit gates

are -
- x =L 9! ) ( x thx Idiot RHA plot HID

Ati .is

An

additionalftp.rtanti-qabitgateis
the Hadamard

gate , acting as :
Hk ) = tf ( 107+117 )

, so has the{
HI , > = tho ) - I " )

i

gate
Also home .

.

( IE) phase

maths form : It - tf , I ) . * → Yakima) : Foo

gate
Exercise : what does It do to the Bloch sphere ?

Answer : totaling itby go
' around the y am 's

[ and then by 188 around the anis:)
- multiple qubit gates : It can be shown that

with a few single qubit gates and only I

two - qubit gate , every unitary transform acting
on n - qubit can be constructed . This cinportant



two - qubit gate is a castrated - Not or c Not

gate , acting as : CNT-11007=1007

{ GET to , , = to , ,

-
In matrix

C NIT I I 07 = I 117

CNJT 1117=1107

torn : air . l !!;;) ; :{t.ij.tn
.innit

IA to B)
is

Forget qubit sumzmodti
The most important three - qubit gate is called

IA ) IA )

Toff air gate , acting with : in
%§

1137 I , ,

.!IC ) Ic ① AB )

Exercise. Try to implement a Toff- oh
.

action by using

only 1,2- qubit gates. This is an example of how

n - qubit gates
with m2 Can be constructed using

the universal set of gates .

{ neruise :  Is there a universal cloning operation that

can copy the State of any

qubit
?



Vcopy ( It ) ④Is ) ) = IN ④ H ) for all HI ?
b b b

unitary Target Aunilhiany
transformation State state

{The answer is no unless ily 's are orthogonal .
This

is
.

called no - cloning theorem . )
one last point to keep in mind is that all quantum

operations via gates are reversible as i
'

is also a

unitarytransformation , so the effect of U can be reversed

by applying v
'

subsequently . This is not true for some

of the classical logical gates .

Quantum

algorithms
:

let's look at a few simple algorithms thatdemonstratethe potential power of quantum computation

through quantum parallelism .

• first an example to demonstrate where parallelism

come from in a quantum camp
utiani

Consider a simple function feat that maps { on )
to foil ) . Consider a circuit made of z qubits that



implements f through a unitary operation upset

as shown :

a

,④q
sum modulus 2

Uf L

Now with the following initial State:Xto > ④ to > and

operations shown -

-

toy,
NT

where guin the property of up
: if , =l9HMfzMHe

so by only one evaluation of up
, bath values of f- ca ,

are incoded in the final wavefunction ! However ,
this

does'nt mean we can access fool and fell at the

Same time ! Once we make a measurement on the

second qubit , are either get to ) or 117 !

Such parallelism can be still useful to gain global
information about the function with only I

,evaluationand I measurement . This is Deutch 's algorithm .

- Deutch's algorithm .
.

and the simplest quantum circuit that evaluates



fcatfln by only 1
,

evaluation of the corresponding

unitary transformation of function f , where f is

a simple function mapping {on } total} .

The circuit that implements this task Is the following :

YhIdigHand # when
up

is some

- unitary implement .

T atian that implements

# fly ,
Yya The

my → my # An

Example : find the unitary transformation

correspondingto my

.my#fimwithfm=u
, { on }→{ on } .

since the transformation makes :

that.think .tt:dtM:D

b
b b b

too )
101 ) 110 ) 111 )

The corresponding if Is : ¥lfg9g:{g)
which Is a carat gate !



now
let's see what this circuit actually does

'

.

1%7=101 )

ly,
> =H" '

in H "n=fmkDtHnfd)

Huztuly,
>=f±

tmall.it#ifai=fc

"

t.fm#i.sfyifalFH
"

note that Up
INK ) = be > lfcn)> = In > Io ) or IMH >

:|
up in > 117=141 iofcnhln > 11 > or Imo >

so the action of up
on in > H

' "
11 ) Is :

up imposed . f # "

inflated
And therefore if fcotfui , up acting on iy , >

does not change the relative sign between Io )

and 11> in the first qwbit ,
and It does so if

fioltful , hence relation above for uylt, > -

* at "y# EY.li#ItitfIIYkn
Now

'

it is obvious that by measuring only
once the first qnbit, we read off the value



of fool ⑦ fell as if = fell , f lol to fell =
 o

! Note

f-Colf- fell , f Lol ④ felt I

that classically , we needed two operations that

evaluate the value of f at each a , i separately,

but quantum
mechanically, only one operation of

gate up
was required I well could argue that the

State prep .
and meas . IHadamard gates ) should

be considered as the cost of the operation ,

but the whole piano of this simple example is that if
f- in was trudy complicated such that the cast

of its evaluationsurpassesthat of state prep
.

and meas . ,
then the quantum algorithm would 've

given some speed up - Still in that case , it might

be that a complicated f require many simple

unitary operations and in the end one doesn't



gain anything . These one all legitimate concerns -

In fact , it is known that quantum
number factoring

algorithm by p . share is the only quantum algorithm in

market with true exponential speed up compared

with classical algorithms .

- The Deutsch - zozsa algorithm
This is another algorithm related to Deutsch 's

algorithmthat we talk about last time that

signifiesthe

quantumparallelism

.

Consider Alice in London and Bob in DC - Alice mails

in a letter a number from o to 2h - I . Bob take the

number hereceivesfrom Alice , evaluates the function

Hm , { o , . . . , in
-

1) → { oil ) at that a value and mails

back the result to Alice . Bob only uses one of these

functions: fuel = Const .

¥77uztuaranhuadt,

of a uahesifiati for other



find a quantum circuit
. that allows Alice to infer

whether f is const . or balanced with only one

communication with Bob !!

let's see what is possible classically - Here , Alice

needs
to send at least 2%+1 distinct a to Bob to say

with certainty if f is constant at balance . for

exampleshe can get 2% zeros before getting I , proving

that f- was hat constant after all (the worst case Scenario ) .

Quntum mechanically such information can be inferred

by only one operation through the following circuit :

nYgiIgkion_ifIny@q.I
i

In -4 -

I
Babs qubit Iq

,
Iq

,
Iq

,
Ip

,



let's see what these gates do an the initialState :

1%1=14+0 "
117

in . ,

Hp=H0
"

# HH. > = s leaf

.to#)N=o
Nate that : Hla ) = KITS

Hlo ) Hla ) = 101107+19117-11719-1=1
.

( ✓z ) 2

?

So HO "

makes an equal superposition of all the

basis vector of an n qakit system when acted

an state non :H*nioF=£nKg÷.

her ¥ xp . Entangled
neo

1%7=1+0 "

1yd = q (g)
n' ztfln )

an

2=12
> ( k¥4

This comes from the following relation :

HQ "

|x)= It
@

In , nz . . . nn > = gt ,,2Mt
' - than

b z @ 12122 . . zn>

Binary notation :  neo or 1



which Is
easy to verify by induction

. note that the

notation we have used a. r means the innerproduct
of the two vector In their binary representation .

lyp is a really Interesting state . At this point Alice

performs a measurement to find out what the

state of her n - qwbit system Is . The cool thing Is

that If she find her qwbits to be In no . . a) ⇒ a >

state , she'll know Bob has used a constant function

and if she measures anything but loon . on she'll

know Bob has used a balanced function !! The reason

Is that according to ha form, the probability

amplitudefor Alice 's qwbits to be in state too - ⇒

2h -1 fall
Is :

EHI
. so with maximum probability a.),

a - o zn

Alice's qwbits end
up

in state too . .o ) if fin



always
return o or 1. Since this probability isexhaustedfor state too .

.  - a , if Alice measures anything

but too - - - o ) , the knows the function could 've not

been aconstant as there would have remained

to possibility for her qubits to end up anything

else . so this is another ensample that the qubit
correlations can keep information about theglobal

properties of a function as all the function values

are evaluated at once and Enparallel!
If you are intrigued enough to learn more about

quantum computation , here are a few possibilities

offered by a quantum computer :

1) Cryptography : The key idea is inexponentialspeed up in
quantum

FT ,

and subsequent application in

Shore's algorithm for factoring



numbers .

2) Quantum teleportation : Again the key
'

idea is in

the possibility of teleporting

information in a parallel manner

using quantum entanglement -

3) Quantum simulation

of Physical systems :
Quantum many - body problem is

a comp talion ally complex problem
as the Hilbert space growsexponentiallyC or faster , wait the

number of particles . Since there are

2
"

amplitudes to Stone info about

the wavefunction with only n qubits
,

certain quantum many - body problems

can be sped up with

Gcs
.

4) Quantum optimization
: Theme are adiabatic and

non - adiabatic algorithms
that allows minimum of a

Cast function (
"

energy
"

) to

be found mane efficiently.



And many more topics, including theoretical aspects of

quantum

information
theory .

Finally , if you are truly intrigued , and

want
to get

yourhandsdirty ,don'twait!Them are quantumdaredservices

you can log into , write your own quantum circuitsandhave it run on an actual quantum Computer!

check ant for example
"

IBM Quantum Eupesience
"

.


