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Infinite square well ℋ0 =
𝑝2

2𝑚
+ 𝑉(𝑥) 𝑉(𝑥) = {

0 for 0 < 𝑥 < 𝑎
∞ for x<0 and x>a

    𝐸𝑛
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𝑎
sin (

𝑛𝜋𝑥

𝑎
)  for 0 < 𝑥 < 𝑎

0 for x<0 and x>a

  with 𝑛 = 1, 2, 3, … 

Harmonic Oscillator 𝐻0 =
𝑝𝑥
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2𝑚
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𝑥2, 𝜓𝑛(𝑥) = (

𝑚𝜔

𝜋ℏ
)

1

4 1

√2𝑛𝑛!
𝐻𝑛(𝜉)𝑒−𝜉2/2, 𝜉 ≡ √

𝑚𝜔

ℏ
𝑥,  

𝐸𝑛 = (𝑛 +
1

2
)ℏ𝜔; 𝑛 = 0, 1, 2, …; 

𝑥 = √
ℏ

2𝑚𝜔
(𝑎+ + 𝑎−); 𝑝 = 𝑖√

ℏ𝑚𝜔

2
(𝑎+ − 𝑎−); 𝑎+𝜓𝑛 = √𝑛 + 1𝜓𝑛+1; 𝑎−𝜓𝑛 = √𝑛𝜓𝑛−1 
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 , 𝑛 = 1, 2, 3, …, ℓ = 0, 1, … , 𝑛 − 1,  

−ℓ ≤ 𝑚 ≤ ℓ,   𝜓
𝑛,ℓ,𝑚
0 (𝑟, 𝜃, 𝜑) = 𝐶𝑜𝑛𝑠𝑡𝑛,ℓ𝑒

−
𝑟
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2𝑟

𝑛𝑎
)

ℓ

𝐿𝑛−ℓ−1
2ℓ+1 (

2𝑟

𝑛𝑎
) 𝑌ℓ

𝑚(𝜃, 𝜙);  

𝐿2|ℓ 𝑚ℓ⟩ = ℓ(ℓ + 1)ℏ2|ℓ 𝑚ℓ⟩, 𝐿𝑧|ℓ 𝑚ℓ⟩ = 𝑚ℓℏ|ℓ 𝑚ℓ⟩; 𝑆2|𝑠 𝑚𝑠⟩ = 𝑠(𝑠 + 1)ℏ2|𝑠 𝑚𝑠⟩, 

𝑆𝑧|𝑠 𝑚𝑠⟩ = 𝑚𝑠ℏ|𝑠 𝑚𝑠⟩; 𝐽2|𝑗 𝑚𝑗⟩ = 𝑗(𝑗 + 1)ℏ2|𝑗 𝑚𝑗⟩, 𝐽𝑧|𝑗 𝑚𝑗⟩ = 𝑚𝑗ℏ|𝑗 𝑚𝑗⟩ 

Spin-1/2 𝑆𝑥 =
ℏ

2
(

0 1
1 0

), 𝑆𝑦 =
ℏ

2
(

0 −𝑖
𝑖 0

), 𝑆𝑧 =
ℏ

2
(

1 0
0 −1

) 

Perturbation theory 0000
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  ; 

 �⃗�𝑇𝑜𝑡𝑎𝑙 = �⃗�ℓ + �⃗�𝑆 = −
𝑒

2𝑚
(�⃗⃗� + 2𝑆)  

ℋ𝑍
1 = −�⃗�𝑇𝑜𝑡𝑎𝑙 ∙ �⃗⃗�𝑒𝑥𝑡    𝐸𝑍

1 =
𝑒

2𝑚
�⃗⃗�𝑒𝑥𝑡 ∙ 〈𝐽 + 𝑆〉     𝐸𝑍

1 = 𝜇𝐵𝑔𝐽𝐵𝑒𝑥𝑡𝑚𝐽     

  𝜇𝐵 =
𝑒ℏ

2𝑚
 𝑔𝐽 = 1 +

𝑗(𝑗+1)−ℓ(ℓ+1)+𝑠(𝑠+1)

2𝑗(𝑗+1)
      



 

 

  𝐸𝑍,𝑠𝑡𝑟𝑜𝑛𝑔
1 =

𝑒

2𝑚
�⃗⃗�𝑒𝑥𝑡 ∙ 〈�⃗⃗� + 2𝑆〉 = 𝜇𝐵𝐵𝑒𝑥𝑡(𝑚ℓ + 2𝑚𝑠)  ; 








SINGLET         4/3
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Identical particles 
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babaA       )1()2()2()1(
2

1
)2,1(

0

babaS    

〈(𝑥1 − 𝑥2)2〉± = 〈𝑥2〉𝑎 + 〈𝑥2〉𝑏 − 2〈𝑥2〉𝑎〈𝑥2〉𝑏 ∓ 2|〈𝑥〉𝑎𝑏|2 with 〈𝑥〉𝑎𝑏 ≡ ∫ 𝑥 𝜓𝑎
∗(𝑥) 𝜓𝑏(𝑥)𝑑𝑥 
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Time-dependent Perturbation theory 

ℋΨ = 𝑖ℏ
∂Ψ

𝜕𝑡
 Ψ(r⃗, t) = ψ(r⃗)𝑒−𝑖𝐸𝑡/ℏ     �̇�𝑎 = −

𝑖

ℏ
ℋ𝑎𝑏

′ 𝑒−𝑖𝜔0𝑡𝑐𝑏,     �̇�𝑏 = −
𝑖

ℏ
ℋ𝑏𝑎

′ 𝑒+𝑖𝜔0𝑡𝑐𝑎, 

ℋ𝑎𝑏
′ ≡ ⟨ψ𝑎|ℋ′|ψ𝑏⟩, 𝜔0 = (E𝑏 − E𝑎)/ℏ  

Sinusoidal perturbation: ℋ′(𝑟, 𝑡) = 𝑉(𝑟) cos 𝜔𝑡.   

Two-level system: 𝑐𝑎(0) = 1, 𝑐𝑏(0) = 0, 𝑐𝑏(𝑡) = −
𝑖

ℏ
∫ ℋ𝑏𝑎

′ (𝑡′)
𝑡

0
𝑒𝑖𝜔0𝑡′

𝑑𝑡′     

𝑃𝑎→𝑏(𝑡) = |𝑐𝑏(𝑡)|2 ≅
|𝑉𝑎𝑏|2

ℏ2

𝑠𝑖𝑛2[(𝜔0−𝜔)𝑡/2]

(𝜔0−𝜔)2  with 𝑉𝑎𝑏 ≡ ⟨ψ𝑎|𝑉(𝑟)|ψ𝑏⟩ 

Fermi gas 

Fermi radius: 𝑘𝐹 = (3𝜌𝜋2)1 3⁄ ;  𝐸𝐹 =
ℏ2𝑘𝑓

2

2𝑚
 ;  𝜌 = free electron density  

 

 


