Lecture #13 Supplement on Laplace’s Equation
PHYS 313 Electricity and Magnetism I

Prof. Steven Anlage
Fall 2026

1 Solving Laplace’s equation using spreadsheets

a) Open a spreadsheet and start on Sheetl.
b) Create the boundaries and specify the potential there.
Vi,; = 100 for example {type = 100 in the appropriate cells}

One can also place conductors at fixed potential inside the region of interest.

¢) Calculate the potential at all interior points using the averaging property of solutions to Laplace’s equation:

. . 1
three dimensions: V() = R % VdA

sphere

1
two di ions: V(¥) = — Vdrl
wo dimensions (7) 5T

circle
In Excel, this can be done several different ways, such as:
Vijg = Vij—1 4+ Vijer + Vier; + Viga ) /4

{e.g. at the cell C3, type =(C4+C2+B3+D3)/4. Copy this cell and paste it everywhere inside the spreadsheet
that does not already have a potential specified }

W



d) Tterate the Sheet. The spreadsheet will iteratively solve Laplace’s equation by the “relaxation method” and
converge to the unique solution.

{Go to the “File” menu, click on “Options”, then click on the “Formulas” menu. Check the box marked “Enable
iterative calculation”. You can control the number of iterations performed, or the tolerance for the maximum
change in the spreadsheet before the calculation stops}

e) Watch the numbers “relax” to the correct potential!

f) Plot the results and see if it makes sense.

{Go to the “Insert” menu, click on “Chart”, and select “Surface”, then click “Next”. You may have to select the
area of the spreadsheet you wish to plot before doing this. If the chart looks good, just click “Finish”. You can
change the view of the surface by clicking on the chart with the right mouse button and then selecting “3-D
View”}
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An example of the resulting spreadsheet of relaxed potential values, with the surface chart inset, is shown
below.



1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1.019 1.038 1.055 1.07 1.083 1.09 1.101 1107 1.11 1.11 1.109 1.11 1.101 1.095 1.087 1.078 1.069 1.06 1.051 1.042 1.033 1.024 1.016 1.008
1.039 1.077 1.112 1.143 1.169 1.19 1.205 1.215 1.221 1223 1.22 1.21 1.204 1.19 1175 1,157 1139 1.12 1.102 1.083 1.066 1.048 1.032 1.016
1.061 1.118 1.174 1.221 126 1.29 1.313 1.329 1.338 1.34 1.336 1 098 1.072 1.047 1.024
1.084 1.166 1.242 1.307 1.359 1.4 1.428 1.449 1.461 1.463 1.457 1 129 1.095 1,062 1.031
1111 1.219  1.32 1.407 1.471 1.52 1553 1.578 1.592 1.596 1.587 1 158 1,116 1.076 1.037
1.139 1.278 1.413 1.53 1.509 1.65 1.687 1.717 1.736 1.74 1.729 B4-6 || 185 1.135 1.088 1.043
1.169 1.342 1524 1.7 1.748 1.79 1.83 1.867 1.893 1.901 1.887 1 02-4 ||208 1.15 1.098 1.048
1.193 1.397 1,63 1.905 1.93 1.977 2.03 2.068 2.083 2.067 2 Oo0-2 |[.225 1.162 1.104 1.061
1.205 1.416 1.636 1.855 1.947 2.03 2.124 2.206 2.268 2,294 2.277 4 B-2-0 ||-236 1.167 1.107 1.052
1.211 1.424 1,636 1.836 1.995 2.14 2,277 2.403 2.502 2.551 2,531 4 j 236 1.165 1.104 1.05

p .

P

1.216 1.432 1.648 1.858 2.056 2.25 2.443 2,628 2,785 2.875 2.854 223 1.152 1.094 1.045
1.22 1.441 1665 1.882 2,122 2.36 2.617 2.881 3.134 3.312 3.289
1.223 1.448 1.68 1.921 2.179 246 2.78 3.146 3.559 3.95 3.929
1.222 1.449 1,685 1.935 221 252 2,896 3.366 4.004
1218 1.441 1.674 1.925 2.203 2.52 2.916 3.416 4.091

194 1,127 1.075 1.035
143 1.085 1.046 1.02
S¥T I 100 Z00T 2229 T.o9T T2z TaTz Tzos TraT1.067 1.024 1.003 0.998
3.97 3.192 2.601 2.142 1,778 1.492 1.274 1.118 1.016 096 0.94 0.946 0.969
1.209 1.423 1.646 1.886 2.152 246 2.825 3.293 3.944 3.79 3.005 2.421 1.959 1.587 1.294 1.075 0.927 0.845 0.817 0.83 0.872 0,932
1.196 1.395 1.602 1.822 2,062 2.33 2.634 2.988 3.391 3.774 3.713 3.18 2.618 2.118 1.685 1.318 1.022 0.804 0.672 0.62 0.632 0.691 0.78 0.886
1.178 1.350 1.545 1.739 1944 216 2.395 2.634 2.856 2.992 2.904 2,58 2.174 1.75 1.345 0,978 0.671 0.449 0.336 0.33 0.402 0.523 0.671 0.833
1.158 1.318 1.479 1.644 1.812 1.98 2.148 2.298 2.408 2.435 2.326 2.08 1.744 1.363 0.967 0.579 0.234 -0.02 -0.11 -0.04 0.122 0.327 0.548 0.774
1.187 1.274 1.411 1.547 1679 1.81 1.917 2.003 2.043 2.012 1.887 1.66 1.358 0.992 0579 0.138 -0.3 -0.84 -0.71 -0.5 -0.2 0.115 0.421 0.714
1.116 1.231 1.344 1.452 1553 1.64 1.712 1.752 1.748 1.685 1.547 1.33 1.035 0.666 0.221 -0.31 -0.92 -1.53 -1.58 -1.06 -0.54 -0.09 0.307 0.662
1.096 1.19 1.281 1.365 1.4390 15 1.537 1.646 1.514 1.431 1.286 1.07 0.786 0.417 -0.05 -0.67 -1.55 -1.63 -0.81 -0.23 0.231 0.629
1.077 1.153 1.224 1.287 1.34 1.38 1.393 1.38 1.331 1.238 1.092 0.89 0.618 0.271 -0.18 -0.77 -1.62 -1.66 -0.84 -0.25 0.217 0.622
1.061 112 1.174 1.221 1.256 1.28 1.276 1.25 1.193 1.098 0.959 0.77 0.529 0.224 -0.15 -0.62 -1.16 -1.71 -1.71 -1.17 -0.63 -0.15 0.265 0.642
1.047 1.092 1.182 1.165 1.187 1.2 1.185 1.152 1.093 1.002 0.875 0.71 0.501 0.249 -0.05 -0.38 -0.71 -096 -0.96 -0.7 -0.35 0.008 0.352 0.68
1.036 1.069 1.098 1.12 1.132 1.13 1.116 1.081 1.024 0.941 0.829 0.6¢ 0517 0.318 0.097 -0.13 -0.34 -0.47 -0.46 -0.31 -0.08 0.181 0.454 0.728
1.026 1.05 1.071 1.085 1.09 1.09 1.067 1.033 0.98 0.908 0.814 0.7 0.562 0.409 0.247 0.09 -0.04 -0.11 -0.1 -0.01 0,151 0.345 0.557 0.777
1.019 1.036 1.049 1.058 1.059 1.05 1.033 1.002 0.957 0.897 0.82 0.73 0.623 0.508 0.392 0.285 0.201 0.159 0.17 0.236 0.348 0.49 0.652 0.824
1.013 1.024 1.033 1.038 1.037 1.03 1.012 0.986 0.949 0.901 0.842 0.77 0.693 0.61 0.528 0.456 0.402 0.377 0,387 0.434 0.514 0.617 0.737 0.866
1.008 1.016 1.021 1.024 1.022 1.01 1.001 0.981 0.953 0.917 0.874 0.82 0.768 0.71 0.655 0.607 0.573 0.559 0.568 0.6 0.655 0.727 0.812 0.904
1.005 1.009 1.012 1.013 1.012 1.01 0.997 0.983 0.965 0.941 0.912 0.88 0.845 0.809 0.774 0.746 0.726 0.718 0.724 0.745 0.779 0.825 0.879 0.938
1.002 1.004 1.006 1.006 1.005 10997 0.99 0.981 0.969 0.955 0.94 0.922 0.905 0.889 0.875 0.866 0.862 0.865 0.876 0.892 0.915 0.941 0.97

1 1 1 1 1 1 1 i 1 1 1 1 1 1 1 i 1 1 1 1 1 1 1 1
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g) Calculate the electric field by taking minus the gradient of the potential using finite differences:

oV V(z+ Az) —V(x)

="~ te.

Ee ox Az o
{Go to sheet2 and enter at cell C3: =Sheet1!D3-Sheet1!C3} to get E,
{Go to sheet3 and enter at cell C3: =Sheet1!C4-Sheet1!C3} to get E,

{Go to sheet4 and enter at cell C3: —SQRT((Sheet2!C3)"2+(Sheet3!C3)2)} to get |E|

h) Three-dimensional problems with cylindrical symmetry can also be solved by treating only the s-z plane and
using the Laplace’s equations in cylindrical coordinates.

* A

Many electrostatic problems come in this form:
a) Specify the charge on a series of conductors
b) Specify p(7) in the region in between the conductors

The potential is not known on these conductors, so Uniqueness Theorem #1 may not apply:
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Now solve for V: V2V = —p/go with these charged conductors. Is there a unique solution for E?
Yes.

Uniqueness Theorem #2

In a volume ¥ containing conductors and a specified charge density p, the electric field is uniquely determined if
the total charge on each conductor is given.

The volume ¥ can be bounded by another conductor, or be unbounded.
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