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Recent Research

Progress in the past year includes one paper published and another paper submitted for pub-
lication, a talk at the Lattice 2010 Conference that is published online, and two invited talks at
workshops held at Jefferson Laboratory. Progress also has been made in developing a Hamiltonian
analysis of lattice spectra.

A.  Nucleon, A and Q) Excited States in Ny =2+ 1 Lattice QCD

The analysis of excited state spectra of the N, A and §2 baryons was performed at Maryland
by Professor Wallace using lattices and matrices of correlation functions calculated by collaborators
in the Hadron Spectrum Collaboration. The results are now published in Physical Review. [1] An
anisotropic 163 x 128 lattice was used with spatial spacing a, = 0.12 fm and time spacing a; = 0.035
fm. Two light quarks and one strange quark were used. Baryon operators were constructed following
the methodology of Ref. [2] with spatial structure incorporated through displacements of the quark
fields relative to one another. Using sets of 10 to 12 operators in each irreducible representation (irrep)
of the octahedral group to make matrices of correlation functions, and solving for the eigenvalues
using the generalized eigenvalue problem, excited states were determined. Figure 1 shows the results
for the excited states of the nucleon at m, = 392, 438 and 521 MeV. Note that the patterns visible
in the lattice spectra resemble the patterns of experimental resonance masses. However, the large
number of lattice states with overlapping energies obscures the patterns for subductions of high-spin
states to the lattice irreps. An exception is a pair of states near 2000 MeV, one from H, and one
from Gy, that provides a match to the subduction pattern of a %_ state.

B. Nucleon, Delta and Omega Excited State Spectra at Three Pion Mass Values

Professor Wallace presented the results of the lattice QCD work described in Subsec. 0 A at the
Lattice 2010 Conference held at Villasimius, Sardinia. [4] The results of the work also were highlighted
in a plenary talk by Christian Hoelbling on light-hadron spectroscopy. [5]

An interesting result was the determination of the {2-baryon excited state spectra shown in Fig. 2.
The Q was included because its ground-state mass is used to set the scale. However, very little is
known about the spins of excited states from experiment.

The lattice results for € are expected to be close to realistic because it has only strange quarks
in its valence structure, and in our simulations the strange-quark mass is tuned to its physical value.
Although the pion mass is well above the physical value, the influence of the light sea quarks is not
expected to be large in the excited states of 2. Note that the negative-parity {2 spectra generally have
a gap near 2500 MeV with no lattice states. This is the energy region of the experimentally-known
excited states, which suggests that they are likely to be positive-parity states. However, multiparticle
states with S = -3, such as =K, should show up in the excited state spectra of €2 and their role needs
to be understood before excited states can be identified clearly. That will require an analysis with
multiparticle operators included.
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FIG. 1: Nucleon effective energies are shown for the six irreducible representations of the octahedral group:

Gig, Hy, Gag, G1y, Hy, and Ga,,, where subscript g is for positive parity and subscript u is for negative parity.
Experimental spectra [3] are shown in the columns labeled by J¥ = %i
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FIG. 2: Q-baryon effective energies are shown for the six irreducible representations of the octahedral group:
Gig, Hy, Gog, Giy, Hy, and Ga,,, where subscript g is for positive parity and subscript u is for negative parity.

Experimental spectra [3] are shown in the column labeled by J¥ = +, however the spins of the excited states
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C. Spin Identification for FExcited State Baryon Spectroscopy from Lattice QCD

Robust spin identification in baryon spectroscopy has been realized in a recent paper that has
been submitted for publication. [6] A remarkable finding of this work is that approximate rotational
invariance is realized in lattice calculations using an action and baryon operators that are smooth on
the scale of 1 fm. The work follows similar work for mesons that provided identification of integer
spin states. [7]

New baryon operators were developed that have known half-integer spins in the continuum limit.
Orbital angular momentum was included by use of covariant derivatives of the quark fields that
transform as the L = 1 spherical harmonics Yfrl, Ylo and Yfl as follows,

P — \%(ﬁx—i—if)y),

DO = —iD,,
5 — _ (Pt
D ﬂ(Dm sz), 1)

where subscripts x, y and z refer to the spatial directions of the lattice. Two such covariant derivatives
can be coupled to L = 2 using standard Clebsch-Gordan coefficients, allowing spins up to % to be
realized in the continuum.

The continuum operators were then subduced to the lattice irreps using subduction matrices.
Subduction matrices were developed for half-integer spins up to % using the complete set of Clebsch-
Gordan coefficients for the octahedral group that we developed in Ref. [8]. One can understand the
subduction matrices as the transformations of quantum-mechanical states from the SU(2) continuum
basis states, |.J, M), to octahedral basis states, |A,r;[J]), where A and r denote the octahedral irrep
and row, respectively, and [J] denotes the spin in the continuum limit. The transformation is

A, [y =3 [ M) S (2)
M

where the subduction matrix is defined by the overlap of states corresponding to the same J,
J,M .
SA’T = (J, M|\, r;[]]). (3)
Operators with good J in the continuum are subduced to the lattice irreps using the same matrices,
Ar[J JM oJ,M
Oir[}zzoi SA,r' (4)
M

In the continuum, correlation matrices based on such operators are block-diagonal with respect to J
because of rotational invariance, as follows,

10"y o (0)]0) o 65, (5)

Two tests of approximate rotational invariance have been performed. The first is a test of block-
diagonality of the matrix of correlations functions at time slice 5 as shown in Fig. 3. The plot is for
the nucleon H, irrep using 48 operators, 28 of them subduced from J = %, 16 subduced from J = %
and 4 subduced from J = % Qualitatively, one sees that the matrix is block diagonal to a good
approximation.

The second test is whether the couplings between different J values are sufficiently small that
they have little effect on spectra. This test uses spins identified by use of the spectral weights of the



FIG. 3: Block-diagonality test of matrix of correlation functions.

new operators in each state as in Ref. [7]. The left column of Fig. 4 that is labeled “all” shows the
energies of the lowest 12 states obtained using all 48 H,, operators. The spins of the resulting states
have been identified as J = 2 (red boxes), J = 3 (green boxes) or J = I (blue boxes). The other
columns show the energies based on the subset of operators subduced only from a single J value.
One sees that the states of each J have essentially the same energies whether determined from all
48 H, operators or from a subset that omits the J # J' couplings. This is striking because even
a small coupling is expected to cause highly-excited states in the H, irrep to decay to the ground

state, which is the lowest J = % state. That is not observed.

The approximate rotational invariance realized in our lattice calculations using the new operators
provides the underlying reason why spins can be identified in a robust manner. The first spin-
identified spectrum for the nucleon and A excited states is shown in Fig. 5 based on m, = 392 MeV.
A noteworthy feature of the lattice spectra is the absence up to rather high excitation energy of any
clear evidence for the parity-doubling that was suggested in Ref. [9].

D. Excited Hadronic States and the Deconfinement Transition Workshop, Jefferson Laboratory, Feb 23-
25, 2011

This meeting brought together physicists working on modeling relativistic heavy-ion collisions
using hadronic resonance gas models and physicists working on hadron spectroscopy. Professor
Wallace presented the recent lattice QCD results of the Hadron Spectrum Collaboration on baryon
spectroscopy.

With the spins identified, it has become possible to identify bands of excited baryon states that
correspond to SU(6) x O(3) multiplets. The reason is because low-lying states generally are dom-
inated by a few operators with well-defined SU(6) x O(3) quantum numbers. Figure 6 shows two
bands inside shaded boxes. The lowest band of 5 negative-parity nucleon excited states on the right
side of the plot includes two N %_ states, two N %_ states and one N %_ state. These states are
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FIG. 5: Spin-identified spectra of nucleon and A excited states.
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FIG. 6: Nucleon spectra showing bands of states.

in a one-to-one correspondence with those of the [70,17] multiplet of SU(6) x O(3), i.e., L =1
excitations of § = % and § = % The same pattern is seen in experimental spectra. The lowest band

of 13 positive-parity states on the left side of Fig. 6 includes four N %Jr levels, five N %+ levels, three

N %Jr levels and one IV %+ level, which are the same numbers of levels for each J¥ as in the [56,07],
[56,2%], [70,07], [70,27] and [20, 17| multiplets. Because the quark model of baryons is built on a
SU(6) x O(3) basis of states, the lattice results are similar to the quark-model results with respect
to the numbers of levels of each J¥. However, higher excited states generally have more complicated
structures in lattice QCD. For example, they can have substantial contributions from operators that
are constructed from lower-component Dirac spinors. Although there are many excited states, a
noteworthy subset corresponds to the [20,17] multiplet that is not present in quark-diquark models
of the baryon excited states. Thus, there is no evidence in the lattice spectra for “freezing” of degrees
of freedom.

E. 8th International Workshop on the Physics of Excited Nucleons - NSTAR2011, Jefferson Laboratory,
May 17-20, 2011

The Hadron Spectrum Collaboration results for baryon spectroscopy also were presented at the
NSTAR2011 International Workshop by Prof. Wallace. The talk will be written up for the workshop
proceedings.
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FIG. 7: Comparison of results for the Nucleon J = %Jr excited states. The results shown in grey are from
Ref. [10], while those in orange are from Ref. [11]. Results from our work are shown in red (ground state),
green (lowest group of excited states) and blue (next group of excited states). At the lightest pion mass, we
obtain a cluster of four states as indicated by [4] near 2 GeV, while there are three nearly degenerate states
indicated by [3] close to 2.7 GeV. Operators featuring the derivative constructions feature prominently in these
excited states.

One of the goals of the experimental program at Jefferson Laboratory is to explore the “missing”
resonances, i.e., resonances that are predicted by the quark model but have not been discovered. The
lattice results at the current values of pion mass provide support for a quark-model-like spectrum
of excited states, however, the multiparticle states that should be present have generally not been
found using three-quark baryon operators. That means that multiparticle operators will have to be
included explicitly and coupled-channels analyses will be required. There is much yet to be learned
from such lattice calculations.

One of the goals of lattice QCD has been to understand the lowest N %Jr (Roper) resonance, which
is anomalous in the quark model. Although multiparticle states are expected to be essential to a
proper description of the Roper, a number of lattice calculations based on three-quark operators
have explored the N %Jr excited states. Figure 7 shows a comparison of recent results of the Hadron
Spectrum Collaboration, the CSSM Collaboration [10] and the BGR Collaboration [11]. The CSSM
and BGR results have been obtained using small operator sets with no derivatives but with lower
pion masses. There is a qualitative difference from our results based on 28 operators, namely, one or
two excited states are found where we find a group of four nearly degenerate states. The operators
containing derivatives play an important role in our spectrum. The structure of the N %+ spectrum
evidently is more complex than has been appreciated and it requires operators with L # 0 in order
to be determined. These results suggest that the claims of others that the Roper resonance has been
obtained in lattice QCD are likely to be premature.

F.  Hamiltonian Method for Determination of Energies of Fxcited States in Lattice QCD

The standard method used to determine energies in lattice calculations is to fit the time de-
pendence of a correlation function by an exponential function, e #*. When a matrix of correlation



functions is used to get excited states, the generalized eigenvalue problem is solved to get the diag-
onal elements, from which energies can be extracted by such fits. In order to provide a more direct
and transparent method, a Hamiltonian method has been developed. A paper is in preparation.

Calculations of the spectrum of lattice QCD are based upon N x N matrices of correlation
functions that are obtained from a set of N operators O;,

Cij(t) = (0i()0;(0)). (6)

When the lattice formulation has a transfer matrix, there is in effect a Hamiltonian that governs the
Euclidean time dependence. Omitting matrix indices,

C(t) = peftp, (7)

where H is the effective Hamiltonian in lattice units, P is a projection operator to the N states
created by the operators and a line over a quantity here and in what follows denotes an average over
gauge-field configurations. Thus the effective Hamiltonian within the space of N states is defined in
terms of the average over gauge-field configurations of the matrix of correlation functions.

A time derivative gives

K(t) = —%é(t) = PHe 1P, (8)

The time derivative can be realized accurately by the following construction,

K@) = %[@(t— 1)~ Ot +1)] - %[@(t—z) _T+2)+
1 _
slC=3)=C(t+3)]
H7
= PHe 'py p— e Hip ..., (9)

140

Therefore the ratio of diagonal matrix elements calculated in eigenstates of H,

= FE,+ -2+ (1())

gives the energy eigenvalues of H with an error term that can be made small. As an example, for
E, = % in lattice units, the error term is 17520. On an anisotropic lattice, with a; L'~ 6 GeV, all
states up to 3 GeV in energy would have small errors. However, the cancellation of exponential

factors in Eq. (10) is subject to errors when the signal-to-noise deteriorates at large ¢.

In practice, one does not have the effective Hamiltonian nor its eigenvectors. Matrices C(t) and
K(t) can be calculated based on the projections to a finite number N of states and the issue is how
to extract approximately the energy eigenvalues of H from them.

The N eigenpairs of K (t) are obtained by solving the generalized eigenvalue problem as follows,
F(t)vn(t) = /\n<t)€(t)vn(t)a (11)
which gives eigenvalues at large t,

An(t) = E,, (12)

10



where E,, is the energy including the correction term of Eq. (10) and A, (t) depends on time because
of the contributions of states above the ones that can be obtained diagonalizing N operators.

There are contributions to matrices K (t) and C(t) from states that are outside the space that is
diagonalized using an N x N matrix of correlation functions. The omitted contributions are denoted
by K (t) and C' (t). They are suppressed by exponential factors e Ex+1! because Eyq is the lowest
outside energy. A perturbation analysis similar to that of Ref. [12] shows that the contributions from
the lowest omitted state give

M(t) = By +an[Eni1 — By)e (B Ba)t
N 2 )
T Z Tl [EN+1~_ ETL] 6_(2EN+1_En—Em)t

En_Em

m#n

_ a% [EN+1 _ En}e_(2EN+1_2E")t 4o (13)

where a, is constant. When there are nearly degenerate energies the second-order term with denom-
inator involving F,, — F,, can provide a significant correction.

The perturbation analysis shows that the eigenvalue A, () consists of the desired constant term,
FE,,, plus corrections that decrease exponentially with ¢. It can be fit as follows,

A(t) = E+6Be ", (14)

where E, §F and E’ are constants. The exponential term describes the corrections owing to higher
energy states.

We have solved for energies using 10 operators in the nucleon G4 irrep (N %+) states using the
Hamiltonian analysis outlined above and the standard analysis using the same lattices as in Ref. [1].
A comparison of the results is shown in Fig. 8 for the ground state and 5 excited states. The energies
agree well up to the third excited state. There are significant differences for the fourth excited state
and more substantial differences for the fifth excited state, indicating that a larger basis of operators
is needed for the determination of the highly-excited states. The Hamiltonian analysis is expected to
be useful as a complement to the standard analysis in that it provides a test of how well the energies
are determined.
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FIG. 8: Six lowest-energy nucleon G'14 effective energies are shown for the Hamiltonian analysis in the column
labeled H. The energies from the standard analysis are shown in the column labeled Cy,g, based on an average
of jackknife ensembles over ty = 6,7,8 and 9.
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