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ABSTRACT:

We review the e�ective �eld theories (EFTs) developed for few-nucleon systems. These EFTs
are controlled expansions in momenta, where certain (leading-order) interactions are summed
to all orders. At low energies, an EFT with only contact interactions allows a detailed analy-
sis of renormalization in a non-perturbative context and uncovers novel asymptotic behavior.
Manifestly model-independent calculations can be carried out to high orders, leading to high
precision. At higher energies, an EFT that includes pion �elds justi�es and extends the tradi-
tional framework of phenomenological potentials. The correct treatment of QCD symmetries
ensures a connection with lattice QCD. Several tests and prospects of these EFTs are discussed.
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1 INTRODUCTION

1.1 Why e�ective theories?

Nuclear systems have often been described as pathologically complicated. The
forces between the constituent nucleons are strong and non-central and the rel-
atively small binding found in nuclei results from detailed cancellations between
much larger contributions. Adding the fact that the basic interaction among nu-
cleons is not completely known, especially at short distances, and the problems
involved in the numerical solution of the Schr�odinger equation for systems with
many fermions, one can understand why nuclear structure remains an unsolved
problem after decades of intense e�ort. This seems even more frustrating when
one remembers that all nuclear processes are encoded in the QCD Lagrangian
and parameter-free predictions could, in principle, be obtained. Despite all these
di�culties enormous progress has been made throughout the years by the use of
models capturing di�erent aspects of nuclear phenomena. One dissatisfying as-
pect of these models however is their basically ad hoc nature and the presence of
uncontrolled approximations. These models are not derived from any basic prin-
ciple (and certainly not from QCD) and contain information coming from decades
of trial and error hidden behind apparently arbitrary choices of some contribu-
tions over others. Each new improvement involves the same process of educated
guesses and one is never sure of what a reasonable error estimate would be. Ef-
fective �eld theories (EFTs) are useful by providing a systematic expansion in
a small parameter that organizes and extends previous phenomenological knowl-
edge about nuclear processes and by providing a rigorous connection to QCD.
They also help with more technical but important issues that have plagued nu-
clear physics in the past, like gauge invariance, \o�-shell" e�ects and relativistic
corrections, by borrowing heavily from the arsenal of �eld theory.

1.2 What is an e�ective theory?

Most of the uncertainty in nuclear processes comes from the short-distance inter-
actions ( <� 1 fm) between two or more nucleons (and photons, leptons). Even
when one is interested only in low-energy phenomena, the short-distance con-
tributions can be important. In perturbation theory, for instance, the in
u-
ence of short-distance physics on low-energy observables appears in the existence
of ultraviolet-divergent integrals, that is, in the dominance of high-momentum
modes over the small-momentum ones. Sensitivity of large-distance observables
on short-distance physics is not an unusual situation in physics, it is in fact
pervasive in many �elds. One way of dealing with it is to model the short-
distance physics and solve the problem from a microscopic approach. In the case
of nuclear systems this would lead either to a calculation of nuclear processes
directly from QCD (which is currently impossible and would be, even if possible,
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E�ective Field Theory for Few-Nucleon Systems 3

a highly ine�cient way of approaching the problem) or to the use of meson-
exchange/quark/skyrmion/... models. Another approach is the use of e�ective
theories (1)1. Before introducing the particular case used in nuclear physics, let
us consider e�ective theories in general.

Suppose we want to study the low-energy behavior of a system described by
some theory that we will call the \fundamental" theory. In the path-integral
formalism, we can imagine integrating over the high-momentum modes k < �,
where the scale � is chosen to be much larger than the momentum scale we want
to study. The result of this partial integration over the high-momentum modes
will be a complicated Lagrangian containing an in�nite number of terms. This
Lagrangian, called the e�ective Lagrangian, will also be, in general, non-local,
but this non-locality, arising from the momenta k < � will be restricted to a
spatial scale <� 1=�. One can thus expand those interaction terms in a Taylor
series on @=�, where @ stands for a derivative of the �elds. The coe�cients of this
expansion do not depend on the soft momenta carried by the �eld of the e�ective
theory and describe the hard physics within the scale 1=�. They are, however,
functions of � (the coupling constants \run"). The soft (k < �) and hard (k > �)
physics are factorized in the e�ective Lagrangian. These e�ective-Lagrangian
coe�cients are usually called \low-energy constants" (LECs) since they encode
all we need to know about the fundamental theory in order to compute low-energy
observables. Notice that, up to this point, no approximation was made and the
e�ective Lagrangian contains exactly the same information as the fundamental
one. Calculations of observables done using the e�ective Lagrangian will contain
two sources of � dependence. One is the implicit dependence contained in LECs,
the other appears in the cuto� that should be used in those computations. These
two sources of � dependence, by construction, cancel each other.

One may wonder what the advantage is in separating the integration over
momentum modes in two steps. The answer to this question depends on the
particular situation in hand. In problems where the integration over the high-
momentum modes can be explicitly accomplished the e�ective Lagrangian is a
bookkeeping device that allows us to perform approximations in a very e�cient
way. That is the case, for instance, of non-relativistic QED (2), heavy-quark ef-
fective theory (3), and high-density QCD chiral perturbation theory (4). In other
cases, as the nuclear systems considered here, we will not be able to explicitly
integrate the high-momentum modes. We can however determine the e�ective
Lagrangian by a combination of self-consistency requirements and experimental
data. We start by considering the most general Lagrangian consistent with the
symmetries of the underlying theory. This Lagrangian contains an in�nite num-
ber of arbitrary constants. For a �xed �, di�erent values of the LECs describe
di�erent underlying theories. Just one set of these values will make our low-
energy theory reproduce the same observables as the fundamental theory. We
then resort to an approximation scheme: we expand the low-energy observables
in powers of the small parameter Q=�� 1, where Q is a low-energy scale like the
momenta of the external particles, light masses, etc. Now the factorization be-
tween high- and low-momentum contributions comes in handy. Instead of using

1 The term \e�ective theories" has also other meanings besides the speci�c one assumed
in this review. \E�ective Lagrangian" sometimes is meant as the one including all quantum
corrections. Other times the term \e�ective theory" is used to describe any model useful at low
energies, whether or not there is a separation of scales and a rigorous expansion in powers of
the momentum.
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the full e�ective Lagrangian with its in�nite number of terms we can argue that,
at a given order in the Q=� expansion, only a �nite number of them will con-
tribute, since the remaining terms will include many powers of @=� � Q=�. This
way we are left with a much simpler Lagrangian, with a �nite (and hopefully
small) number of coe�cients that can be determined from some experimental
data (or from the fundamental theory, if possible, or models) and used to predict
others. Increasing the order in Q=� of a calculation will increase its precision but
may also bring other LECs that will have to be determined by experiment. The
precise argument connecting the order of the expansion in powers of Q=� and the
terms in the e�ective Lagrangian that need to be included at that order (called
\power counting") varies case by case but always include two steps. The �rst one
is to estimate the size of diagrams, given the size of the LECs appearing on the
vertices, and it is simply done by dimensional-analysis arguments. The second
one is to estimate the size of the LECs themselves. For that we �rst determine
their running, that is, their dependence on �, by requiring physical observables
to be � independent (at the order in Q=� we are working). The information
about the evolution of the LECs is not by itself enough to determine them since
we do not know their initial conditions. Although for some particular value of �
one LEC might be passing through zero, this is very unlikely. We assume that a
typical size for a LEC C(�) is C(�) � C(2�) � C(�), that is, the LECs should
have the same order of magnitude as the size of their running. In perturbative
settings this principle amounts to little more than dimensional analysis, and is
known as \naive dimensional analysis" (5). Strictly, this provides only a reason-
able lower bound, so one should be aware of possible violations of this principle.
This estimate, of course, is used only in arguing that some terms in the e�ec-
tive Lagrangian will have a negligible e�ect and can be dropped. The values of
the LECs actually kept in the calculation are determined by experimental data.
Notice that, for a given set of symmetries and low-energy degrees of freedom,
there is no guarantee that the e�ective Lagrangian can be truncated at any order
in Q=�, that is, there is no guarantee that a consistent power counting can be
found.

The version of the EFT method sketched above is sometimes called the \Wilso-
nian" e�ective theory. Another version of the same basic idea, identical in spirit
but di�ering in detail is given by the \continuum" e�ective theory (3). There,
we construct the e�ective theory in such a way as to reproduce the same vertices
and propagators as the full theory at low energy. The two theories di�er in the
ultraviolet region but this di�erence can always be absorbed in the values of the
LECs. The technical advantage over the Wilsonian approach resides on being able
to integrate over all momenta (used in conjunction with dimensional regulariza-
tion), and not only over k < �, which makes it simpler to maintain gauge, chiral
and spacetime symmetries, and to avoid power-law divergences that sometimes
complicate power counting.

1.3 How?

EFTs can be used in a few di�erent ways in nuclear physics. Historically, the
�rst one was to set the separation scale � around the �-meson mass and keep
as low-energy degrees of freedom the pions and the nucleons2 (and maybe the �

2Since energies are measured from the ground state with a given baryon number, slow nucle-
ons, despite carrying large rest-mass energy, should be considered low-energy degrees of freedom.
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isobars), as well as photons and leptons (6,7,8,9,10,11). This approach builds on
and extends the success of Chiral Perturbation Theory (ChPT) in the mesonic
and one-baryon sectors. It shares with nuclear potential models the fact that
it describes non-relativistic nucleons interacting through a potential, but it also
brings a number of ingredients of its own, such as a small expansion parameter,
consistency with the chiral symmetry of QCD, and systematic and rigorous ways
of including relativistic corrections and meson-exchange currents.

Another way of applying EFT ideas in nuclear physics is made possible by
the existence of shallow bound states, that is, binding energies much below any
reasonable QCD scale (12,13,14,15). We can then set � around the pion mass and
keep as low-energy degrees of freedom only the nucleons (and photons, leptons).
At least in the case of two- and three-body systems the bound states will be within
the range of validity of this simpler theory. This \pionless" e�ective theory can
be considered as a formalization and extension of the old e�ective-range theory
(ERT) (16) and the work on \model-independent results" in three-body physics
(17). The new features, besides the existence of a small parameter on which
to expand, appear in a number of new short-distance contributions describing
exchange currents and three-body forces, as well as in relativistic corrections, that
are transparent in this approach. An extra bonus is the possibility of deriving
analytic, high-precision expressions for many observables that previously could
only be obtained after non-trivial numerical work.

In Sects. 2 and 3 we will review these two approaches in few-nucleon systems,
emphasizing qualitative aspects of recent developments. In Sect. 4 we present an
outlook, including other approaches that are being developed for larger nuclei.
Some reviews have already appeared covering applications of EFT ideas to nuclear
physics, with di�erent emphasis from the present one (18). Many developments
of the last couple of years are described in Ref. (19).

2 EFT WITHOUT EXPLICIT PIONS

2.1 The two-nucleon system and the non-trivial �xed point

2.1.1 Two-nucleon scattering

Let us now apply the ideas outlined in the previous section to the speci�c case of
two nucleons with momentum k below the pion scale k < m�. More details can
be found in Ref. (15). We start by writing the most general Lagrangian involving
only two nucleons (electroweak external currents will be included later). A system
with two nucleons with zero angular momentum L = 0 can exist in a spin singlet
(1S0) or spin triplet (3S1) state so there are two independent interactions with
no derivatives,

L = N y(i@0 +
~r2

2M
+ : : :)N � C0t(N

yPtN)2 � C0s(N yPsN)2 + : : : ; (1)

where

P i
t =

1p
8
�2�

i�2;

PA
s =

1p
8
�2�

A�2 (2)
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+ + + ...

Figure 1: Graphs contributing to the LO NN scattering amplitude.

are the projectors in the triplet and singlet spin-isospin states (�’s act on spin
space, � ’s on isospin space), M is the nucleon mass and N the nucleon �eld. The
dots in Eq. (1) stand for terms with more derivatives that, as we will argue later,
will be subdominant.

The nucleon-nucleon (NN) scattering amplitude can be written in terms of the
phase shift � as

T =
4�

M

1

k cot � � ik
=

4�

M

1

� 1
as

+ r0s

2 k
2 + : : :� ik (3)

It can be shown that for potentials of range � R (R � 1=m� in our case), k cot � is
an analytic function around k = 0 and that it has a cut starting at k2 � 1=R2, so
it is well approximated by a power series as shown in the last line of Eq. (3). The
parameter as (r0s) is called the singlet scattering length (singlet e�ective range).
For notational simplicity we specialize for now on the spin singlet channel.

The graphs contributing to NN scattering generated by the Lagrangian in
Eq. (1) are shown in Fig. (1). The L-loop graph factorizes into a power,

L�loop graph � (c�� ik)L; (4)

each one containing a linearly divergent piece and the unitarity cut ik (in the
center-of-mass system with total energy k2=M). The loop integral is linearly
divergent and the coe�cient c is dependent on the particular form of the regulator
used, that is, the particular form the high-momentum modes are separated from
the low-momentum ones. Using a sharp momentum cuto�, for instance, we have
c = 2=�, using dimensional regularization (DR), c = 0. The sum of all graphs in
Fig. (1) is a geometrical sum giving

T =
4�

M

1

� 4�
MC0s

+ c�� ik : (5)

We see then that terms shown explicitly in Eq. (1) reproduce the �rst term of
the e�ective range expansion. The addition of terms with more derivatives will
reproduce further terms in the e�ective range expansion.

We can learn some important lessons from this simple calculation. Let us
consider two separate situations.

Natural case: For a generic potential with range R, the e�ective-range pa-
rameters typically have similar size a � r0 � R. Using DR, C0 can be chosen to
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be C0 = 4�a=M (this choice is called minimal subtraction). The e�ective theory
is valid for k < 1=R and, in this range, T can be expanded as

T =
4�

M

 

�a+ ika2 +

 

a2r0

2
+ a3

!

k2 + : : :

!

: (6)

Since C0 � a, there is a one-to-one correspondence between the order in the ka
expansion, the number of C0s vertices and the number of loops in a graph. The
leading order (LO) is given by one tree-level diagram, the next-to-leading order
(NLO) by the one-loop diagram, next-to-next-to-leading order (N2LO) by the
two-loop diagram involving C0 and one tree-level diagram with a two-derivative
vertex (not shown in Eq. (1)), and similarly for higher orders. We have then a
perturbative expansion, even though the microscopic potential can be arbitrarily
strong. If one uses a cuto� regulator the situation is slightly more complicated.
Choosing � � 1=R � 1=a we note that the most divergent piece of the multi-loop
graphs is as large as the tree-level graph and must be resummed to all orders,
while the energy-dependent part containing powers of ikC0 is suppressed. The
pieces that need to be resummed at leading order merely renormalize the constant
C0. The one-to-one correspondence between the order in the ka expansion and
the number of loops is lost in any but the DR with minimal subtraction renor-
malization/regularization scheme. The technical advantages arising from the use
of DR and renormalization theory in this perturbative setting was used in the
study of dilute gases with short-range interactions in Ref. (20).

Unnatural case: In the nuclear case the scattering lengths of the two S-wave
channels are much larger than the range of the potential. The 1S0 (neutron-
proton) scattering length as is as = �23:714 fm and the scattering length of
the triplet (deuteron) channel 3S1 is at = 5:42 fm, corresponding to momentum
scales of 1=as = 8:3 and 1=at = 36 MeV, respectively. Those scales are much
smaller than the pion mass, m� ’ 140 MeV, de�ning the range of the nuclear
potential3. Actually, we will see later that the potential due to pion exchange is
too weak to describe the low-energy phase shifts, and the physics corresponding
to the large scattering lengths occurs at the QCD scale MQCD � 1 GeV, what
makes the discrepancy between nuclear and QCD scales even more startling .
The origin of the �ne-tuned cancellations leading to the disparity between the
underlying scale and the S-wave scattering lengths (and deuteron binding energy)
is presently unknown. It does not appear in any known limit of QCD like the
chiral limit (mq ! 0) or large number of colors (Nc !1). We will just assume
that this cancellation happens, track the dependence of observables on the new
soft scale 1=as;t and perform our low-energy expansion in powers of kR� 1 while
keeping the full dependence on kas;t � 1. The singlet NN scattering amplitude,
for instance, will be expanded as

T = �4�

M

 

as

1 + ikas
+
k2a2

sr0s

2

1

(1 + ikas)2
+ : : :

!

: (7)

It is a little challenging to reproduce an expansion of this form in the EFT. If
one uses a momentum cuto�, for instance, the constant C0s has to be chosen to

3Alkali atoms used in cold atomic traps frequently have scattering lengths much larger than
their sizes. They can be made even larger by the use of a carefully tuned external magnetic
�eld (Feshbach resonances). All the ideas and formalisms developed to deal with this fact in the
nuclear domain can and have already been used to study the physics of atomic traps (21,22).
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be C0s = (4�=M)(1=as + c�). The one-loop graph is then suppressed compared
to the tree-level one by a factor �MkC0s � k=� and one would naively imagine
that the leading-order contribution is given solely by the tree-level graph. But
there are cancellations between the graphs in Fig. (1) and all these graphs need
to be taken into account to reproduce the expansion of T above (13, 14). In the
NN scattering case considered here it is not di�cult to see which graphs have to
be included at each order, but in more complex situations this can be extremely
tricky. A more convenient way to proceed is to use a renormalization prescription
that shifts contributions from high-momentum modes to the LECs in such a way
as to eliminate this \accidental" cancellations between di�erent diagrams. One
can determine which diagrams contribute at each order on a diagram-by-diagram
basis (manifest power counting). One way to do that is to use DR with a \power
divergence subtraction" (PDS) (23)4. In this scheme, we add and subtract to
the denominator of the bubble sum in Eq. (5) an amount M�=4�, where � is an
arbitrary scale, and absorb the subtracted term in a rede�nition of the constant
C0s(�), that now is a function of �. We have for the LO amplitude

T = �4�

M

1
4�

MC0s(�) + ik + �
: (8)

The constants C0s(�) is now chosen to be

C0s(�) =
4�

M

1
1
as

� �; (9)

in order to reproduce the LO piece of the expansion in Eq. (7). The explicit
dependence on � cancels against the implicit dependence contained in C0s(�).
The point of this rearrangement is that if � is chosen so that � � 1=as, C0s(�) �
4�=M� and the contribution of all diagrams in the bubble sum are of the same
order, justifying the need to resum them. Let us see how this works in some
detail. Denoting the soft scales 1=as, � and k collectively by Q, the tree-level
diagram is of the order C0s � 4�=M�. The one-loop graph contains two pow-
ers of C0s, two nucleon propagators, each one counting as 1=(k2=M) � M=Q2,
and a loop integral with three powers of momentum (� Q3), one of energy
(� Q2=M) and the usual factor of 1=4� from the loop integration, for a total
of (4�=MQ)2(M=Q2)2Q5=M � 4�=MQ. Thus the one-loop diagram has the
same size of the tree-level graph. The same occurs for the remaining diagrams
and they all have to be resummed. It is interesting to note that this reshu�ing of
contributions between the divergent loop and the LECs amounts to subtracting
the poles 1=(D � 2), where D is the number of spatial dimensions, that would
exist in two space dimensions. One can easily go to higher orders and include
terms with derivatives in the Lagrangian. A simple calculation (again, subtract-
ing the pole occurring in two spatial dimensions) leads to expressions for all the
LECs in terms of the e�ective-range parameters (and of the arbitrary scale �).
For instance, denoting by C2n the coe�cient of operators with 2n derivatives,

C2s =
4�

M

r0s

2

 

1
1
as

� �

!2

; (10)

4Other schemes also solve this problem (24).
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C4s =
4�

M

0

@

r2
0s

4

 

1
1
as

� �

!3

+
r3

1s

2

 

1
1
as

� �

!2
1

A ; (11)

where r1s is the coe�cient of the third term of the e�ective-range expansion
(\shape parameter").

The �-function describing the evolution of the dimensionless coupling ĉ0s �
�M�C0s=4� is

�
@

@�
ĉ0s(�) = ĉ0s(�) (1� ĉ0s(�)) (12)

Note the existence of two �xed points (23, 25), the trivial (perturbative) one at
ĉ0s = 0 and a non-trivial one at ĉ0s = 1. For � � 1=jasj, as appropriate to
the natural case discussed above, ĉ0s is close to the trivial �xed point. Diagrams
involving more C0s vertices are suppressed by powers of ĉ0s � 1 and the system is
perturbative. The value ĉ0s � �as corresponds to the naive-dimensional-analysis
one and the e�ects of the C0s operator become smaller at lower energies (the
operator is irrelevant). On the other hand, for values of � � 1=jasj or larger, as
adequate to the �ne-tuned case discussed here, the 
ow is close to the non-trivial
�xed point. Since ĉ0s � 1, the addition of more C0s vertices is not suppressed and
all graphs containing only this vertex should be resummed. The dimensionless
coupling ĉ0s goes from the naive-dimensional-analysis value ĉ0s � �as to ĉ0s � 1
and its e�ects do not go away in the infrared (marginal operator).

Since the 3S1 scattering length is also unnaturally large (and consequently the
deuteron is unnaturally shallow), the same power counting used in the singlet
channel applies also to the triplet channel. NN scattering in this channel is
more complicated because nuclear forces, being non-central, mix it with the 3D1

channel. There are new operators, starting with two derivatives, describing this
mixing. Their coe�cients are determined from an expansion of mixing angle
analog to Eq. (7). Also, the LECs are usually determined by matching to an
e�ective range expansion centered around the deuteron pole, as opposed to the
one centered around k = 0 as is done in the singlet channel. The 3S1 NN
amplitude is parameterized as

T =
4�

M

1

�
 + �(k2+
2)
2 + : : : � ik

(13)

where 
2=M is the deuteron binding energy and � the e�ective range parameter.
Explicit expressions for the leading terms in the Lagrangian and numerical values
for the LECs can be found in Ref. (15).

The inclusion of external currents (photons, neutrinos, ...) is straightforward.
All terms involving nucleons and the new �elds or currents should be included,
as long as they satisfy the symmetries of the underlying theory. In the case of
photons, some of these terms are just those required by gauge invariance and are
determined by minimally coupling the photon to the nucleon Lagrangian. Their
coe�cients are thus �xed by NN scattering data and gauge invariance. There
are also terms that are gauge invariant by themselves and whose coe�cients
are not determined by NN scattering data alone. They represent the physics
of exchange currents, quark e�ects, etc., and need to be determined through
some extra piece of experimental data. To perform the low-energy expansion
though, it is necessary to have an a priori estimate of their size. This estimate is
obtained by using the fact that observables should be independent of the cuto�
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(or � if using DR), at least up to the order one is computing. Consider some

two-nucleon operator of the form X = CX
2nN

yN y�X
~@2nNN , where �X is some

tensor in spin-isospin space. Its matrix element on two-nucleon states is given by
the diagrams involving the operator X \sandwiched" between two two-nucleon
scattering amplitudes and by one-loop one-body diagrams that do not involve X.
Typically the one-body diagram is not divergent and does not introduce any �
dependence5 so the remaining graphs have to be � independent by themselves. We
have to make a distinction now between the cases where the operator X connects
two S-wave states, two non-S-wave states, or one S-wave and one non-S-wave
state. In the �rst case renormalization-group invariance of the two-nucleon matrix
element of X implies

�
@

@�
CX

2n(�)

�

T

C0(�)

�2

= 0; (14)

where T is the LO NN scattering matrix, which is � independent. From that
it follows that CX

2n(�) scales as � (� � 1=a)�2. Similarly, for the case where X
connects one S-wave or no S-wave states CX

2n(�) scales as � (� � 1=a)�1 and
� (�� 1=a)0, respectively. Using dimensional analysis to �x the powers of � we
then have

CX
2n(�) � 1

M(1=a � �)�

1

�2n+1��
; (15)

where � is the number of S-wave states the operator X can connect (either 0; 1
or 2).

In a nutshell, the power counting rules valid for the two-nucleon system are
(13,14,23,15):

fermion line ! M=Q2

loop ! Q5

4�M
~@ ! Q

@0 ! Q2=M

C2n ! 4�

M�nQn+1

CX
2n ! 4�

M�2n+1��Q�
; (16)

where C2n is the coe�cient of the two-nucleon interaction with 2n derivatives,
CX

2n is the coe�cient of a two-nucleon operator with external current X and 2n
derivatives, and � is the high-energy scale � � m�.

Using this rule we can determine the contributions to NN scattering at any
given order. At LO, for instance, we have the series of diagrams shown in Fig. (1),
with all the vertices containing no derivative. That is the only non-perturbative
resummation necessary. At NLO we have the insertion of one C2 operator in a
chain of C0 operators. At N2LO we have two insertions of C2 and one insertion of
C4, and so on. The resulting 3S1 phase shift, for example, is shown in Fig. (2), and
compared to the Nijmegen phase-shift analysis (PSA) (26). Analytic expressions
for the phase shifts can be found in Ref. (15). They suggest convergence for
momenta k <� 100 MeV, as it is reasonable for an EFT without explicit pions.

5One exception is the two-nucleon, no-external-current C4 operator whose renormalization
is driven by C2. This explains the apparent discrepancy between Eq. (10) and Eq. (15).
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Figure 2: 3S1 NN phase shift (in degrees) as function of the center-of-mass
momentum. The LO result is the dashed (purple) line, the N2LO the dotted
(red) line and N4LO the thick (blue) solid curve. The dot-dashed line is the
Nijmegen PSA. From Ref. (15), courtesy of M. Savage.

Electromagnetic e�ects in proton-proton scattering were considered in the EFT
approach in Ref. (27).

Up to this point we have considered only NN scattering, where the predictive
power of the pionless EFT is very small. We were able however to determine
many LECs using scattering data and understand the e�ects of the �ne-tuning
on the S-wave channels. We now apply the formalism developed above to the
computation of form factors and processes involving external currents. We will
omit the diagrams needed to be computed and the explicit analytic expressions
that are always available in the two-nucleon sector. They can be found in the
literature cited.

2.1.2 Electromagnetic form factors of the deuteron

The matrix element of the electromagnetic current on the deuteron has the non-
relativistic parameterization

hp0; �jjJ0
emjp; �ii = e

"

FC(q2)�ij +
1

2M2
d

FQ(q2)

�

qiqj �
1

3
q2�ij

�

#

�

E + E0

2Md

�

;

hp0; �jj ~J k
emjp; �ii =

e

2Md

h

FC(q2)�ij(p+ p0)k + FM (q2)
�

�k
j qi � �k

i qj

�

+
1

2M2
d

FQ(q2)

�

qiqj �
1

3
q2�ij

�

(p+ p0)k

#

; (17)

where jp; �ii is the deuteron state with momentum p and polarization �i, Md is
the deuteron mass, q = p0 � p and the form factors are normalized such that
FC(0) = 1 (deuteron charge), eFM (0)=2Md = �D (deuteron magnetic moment)
and FQ(0)=M2

d = �Q (deuteron quadrupole moment).
At LO and NLO the computation of FC(q2) involves only the constants C0t

and C2t and is identical to the ERT calculation. At N2LO a one-body term
describing the nucleon charge mean square radius (hr2iN ) appears, which is the
�rst deviation from ERT (15). Formally there are also relativistic corrections, but
they are suppressed by powers of Q=M as opposed to Q=m�, and are numerically
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small. Still they can be readily computed in EFT. De�ning the deuteron charge
mean square radius by hr2id � 6(dFC=dq

2), one �nds

hr2id = hr2iN +
1

1� 
�
1

8
2
+

1

32M2
= 4:565 fm4; (18)

to be compared with the experimental value hr2id = 4:538 fm4.
The magnetic form factor FM (q2) at LO and NLO is simply the electric form

factor FC(q2) multiplied by the isoscalar nucleon magnetic moment �n + �p,
except for a new two-body term appearing at NLO without an ERT analog,

L = �eL2i�
ijk(NPiN)y(NPjN)Bk + h:c: (19)

L2 can be determined through the experimental value of the deuteron magnetic
moment and, using this value, the momentum dependence of FM (q2) is then
predicted.

The FQ(q2) form factor involves a transition between the S- and D-wave com-
ponents of the deuteron. At LO its value is determined by a S- to D-wave
transition operator whose coe�cient is extracted from the asymptotic D=S ratio
of the deuteron, �D=S . At NLO there is a new two-body term

L = �eCQ(NPiN)y(NPjN)

�

rirj � 1

3
r�ij

�

A0; (20)

whose coe�cient CQ can be �tted to the experimental deuteron quadrupole mo-
ment. At N2LO the only contribution comes from the �nite size of the nucleon
charge distribution hr2iN . The value of FQ(0) is then a �t, but the momentum
dependence is an EFT prediction. The presence of a counterterm not determined
by NN scattering at NLO indicates that �Q is sensitive at the � 10% level to
short-distance physics not determined by NN scattering. That is probably the
reason di�erent potential-model calculations underpredict �Q by ’ 5%.

2.1.3 Deuteron polarizabilities and Compton scattering

The deuteron is a very loose bound state so it is no surprise that its electric
polarizability depends mostly on the large-distance part of its wave-function.
Consequently, a model-independent prediction can be made with a high degree
of accuracy. The electric (magnetic) scalar deuteron polarizabilities �E0 (�M0)
are de�ned by

LD = 2��E0d
iydi ~E 2 + 2��M0d

iydi ~B 2; (21)

where di is a canonically normalized deuteron �eld.
The EFT result for �E0 up to N3LO is (15)

�E0 =
�M

32
4

1

1� 
�

 

1 +
2
2

3M2
+
M
3

3�
DP + : : :

!

= 0:6325 � 0:002 fm3; (22)

where DP = �1:51 fm3 is a combination of constants describing P -wave two-
nucleon interactions and in the last line we used the fact that higher-order
computations always build the deuteron wave-function renormalization factor
Z = 1=(1� 
�) 6. The �rst two-nucleon current operator appears only at N5LO.

6A modi�ed method counting the e�ective range parameters as r0s; � � 1=Q formalizes this
observation (28).


























