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Fun with complex numbers

1. Express the following in “Cartesian form” z + iy, where x and y are real:
1/(2 —3d), (1+2i)/(3+44), 5e5. [242+2=6 pts.]

Solution: For the first two use 1/z = 2*/z*z, and for the last use Euler’s identity:
1/(2 = 3i) = (2+ 3i)/13 = (2/13) + i(3/13)

(14+29)/(34+4i) = (1 +20)(3 —44)/25 = (11 + 2i)/25 = (11/25) 4+ i(2/25)

5e% = 5cos6 + i5sin6

2. Express the following in “polar form” re?, where r is a real positive number and 6
is real: —6, —5i, (1+4+14)/v/2, 2—3i, (2+1i)/(1+ 2i). (Note: Be careful to get the
correct sign for the phase.) [2+2+2+2+2=10 pts.]

Solution:
—6 = 6e'"
—5i = be /2

(1 + Z)/\/§ — ei7r/4

2 — 3i = \/13¢itan™'(=3/ 2) where it is important that we choose the negative arctan-
gent (= —0.9828) between 0 and —, since y < 0.

(244)/(1+2i) = (24 i)(1 — 2i)/5 = (4 — 3i)/5 = eltan™ (=3/4) — =i(06435) where
again we must take the arctangent between 0 and —7 since y < 0.

Alternatively, note that (2 + ¢) and (1 + 2¢) have the same modulus, so we can just
take the ratio of their phases, (2 +14)/(1 + 2i) = ef(tan™'(1/2)~tan"1(2)) — —i(0.6435)

3. (i) Find all the cube roots of —1, i.e. (—1)!/3, and express them all in both polar form
and in Cartesian form. (ii) Plot and label them in the complex plane. [10+5=15 pts.]

Solution: (i) (—1)1/3 = (eimti2mn)1/3 — gin/3+2mn/3 — 1 ¢i7/3 ¢=i7/3 In Cartesian
form these are —1, 1/2 +iv/3/2, 1/2 — i1/3/2. (ii) In the plane they lie on the unit
circle, equally spaced by 120 degrees, with one of them at —1.

4. Show that there are infinitely many values of i and they are all real. (Hint: Remem-
ber the definition of the complex exponential: w* = exp(zIlnw).) [5 pts.]

it = ei(iﬂ'/2+i2ﬂ'n) _ 6777/2727”1

Solution: , where n is any integer.



5. Prove the trigonometric identities cos(a + b) = cosacosb —sinasinb and sin(a + b) =
sin a cos b+ cos asin b by taking the real and imaginary parts of the identity exp(i(a +
b)) = exp(ia) exp(ib). You may of course use the fact that exp(if) = cosf + isin 6.

[ 5pts.]

Solution:
The lhs is exp(i(a + b)) = cos(a + b) + isin(a + b). The rhs is

exp(ia) exp(ib) = (cosa+isina)(cosb + isinb) (1)

= (cosacosb—sinasinb) +i(sinacosb+ cosasinb).  (2)

Equating the real and imaginary parts of the lhs and rhs gives the trig. identities.

6. Express the real and imaginary parts of the following functions in terms of z = Re(z2)
and y = Im(z2): 23, €%, €%, sinz, 1/(22+1). [24+24+2+2+2=10 pts.]

Solution:

23 = (v +iy)® = (z +iy)(2? — y? + 2izy) = (23 — 329?) +i(32%y — »3).

e* = e"TW = e%eW = (e% cosy) + i(e® siny).

e = T tW) — =Y = (¢ Ycosx) +i(e Ysinz).

sin z = sin(x 4 iy) = sinz cos(iy) + cos x sin(iy) = (sinx cosh y) + i(cos x sinh y).

2 -1 _ (.2 2 . -1 _ 2—y2+1 : —2
(Z + 1) —_— (.'I: - y + 1 + l2:13y) —_— (zg_yxg+1y)2+(2$y)2 + Z((D2—y2+1;j2y—l-(2$y)2 .

7. Problem 16.1h [10 pts.]

Solution: Let h(z) = 22 = (22 — y?) + i2zy, so f(z) = 22 — y? and g(z) = 2zy.
Denote partial derivative with respect to x by the subscript “, z”, and the same for
y. Then f, = 2x = g, and f, = —2y = —g,, which verifies the Cauchy-Riemann
equations. Also V2f = fuuo+ fyy =2—-2=0and V3¢ = g1z + gyy = 0+ 0 = 0.
Finally Vf - Vg = f29. + fy9y = (22)(2y) + (—2y)(22) = 0. By the way note that
also the magnitudes of the gradients of f and g are equal: f?z + fi = (22)% + (—2y)?
while g?x + g?y = (2y)? + (22)2. The contours of f are hyperbolae with asymptotes
ly| = |x|, while those of g are hyperbolae with asymptotes 2 = 0 and y = 0.



