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Abstract

We study the ground state properties of a two-dimensional Bose gasin an
harmonic trap potential usingthe recertly proposedmean- eld equation that
takesinto accourt the correct dimensionality e®ect.In cortrast to the three-
dimensionalcase,the interaction term dependslogarithmically on the scatter-
ing length and density. We compare our results with other approadces with
various forms for the two-dimensional coupling.

I. INTR ODUCTION

The obsenation of Bose-Einsteincondensation(BEC) in externally con ned atomic va-
pors[1] hasstimulated a big interestin the theoretical and experimertal work on interacting
systemsof bosons. The thermodynamic, ground-statestatic and dynamic properties of con-
densatesare extensiwely investigated and the main results are compiled in a number of
reviews.[2] Most of the excitemen stemsfrom the possibility of understanding properties
of a macroscopicgquartum state. Apart from fundamenal physicsconsiderations,the Bose-
Einstein condensedsystemso®erinteresting applications of atom laserand atom optics.

The BEC phenomenonn two-dimensionalsystemshasattracted considerableamourt of
interest from the point of view of understanding e®ectsof dimensionality. As the homoge-
neous2D systemof bosonswould not undergoBEC at a nite temperature, the prospects
of observingBEC in systemswith an external potential [3] providesa strong motivation for
sudh investigations. It was argued by Mullin [4] that BEC is not possiblefor strictly 2D
systemsewvenin a trapping potential in the thermodynamic limit. Howeer, by varying the
trapping eld sothat it is very narrow in one direction, it should be possibleto separate
the single-particle states of the oscillator potertial into well-de ned bands, and occupying
the lowest band should produce an e®ectiely two-dimensionalsystem. Growing number of
recen experimerts [5{10] point to the possibility of realizing quasi-wo-dimensional(Q2D)
trapped atomic gases,and measuremets on the BEC transition temperature and other
properties are expectedto follow.

The studieson the BEC in 2D systemscan be broadly divided into two categories. In
the rst group the interaction e®ectsare treated parametrically without referenceto the
actual interaction potential or the scattering length which descrikesit asin 3D formulation
of the interacting boson condensates[11{14] Included in the same mold of calculations



there has been path integral Monte Carlo simulations [15] at nite temperature to give
indications of a BEC transition in two-dimensionalsystems. In the secondgroup, some
e®ort is made to relate the 2D interaction strength to the 3D scattering length [16{18]
or to solve the scattering problem in strictly 2D to obtain the relevant dependenceof the
interaction coupling on the scattering length. Kim et al. [19] using the scattering theory in
2D, found that the interaction strength dependslogarithmically on the scattering length.
Shevchenko [20,21]in a seriesof papers studied interacting 2D Bosegasin a nonuniform
“eld arriving at the conclusionewen though a Bose-Einsteincondensationdoes not take
place, the systemexhibits super°uidity. Recerly, Kolomeisky et al. [22]in their treatment
of low-dimensional Bose liquids suggesteda modi ed form for the mean- eld description
of 2D condensates.Lieb, Seiringer, and Yngvason [23] have rigorously analyzedthis and
related appraximations as applied to the practical casesof interest. Petrov, Holzmann, and
Shlyapnikov [24] using scattering theory argumerts obtained a slightly more detailed form
of the e®ectie interaction coupling for Q2D systemsthat distinguishesdi®eren density
regimes.

The certral aim of this paper is to calculate the ground-state properties of 2D Bose
condensatedasedon the formulation given by Shewhenko [21] and Kolomeisky et al. [22]
and study the e®ectof density dependert interaction strength. There are seweral works that
considerQ2D Bosecondensatesn harmonic trap potentials using a model for the e®ectie
interaction strength. In cornrast to the strictly 2D problem, the Q2D model takes into
accoun the in°uence of the transversedirection in terms of the con nemert frequency! ..
Recen experimerts [5{10] indicate that sud realizationswill be possiblein the nearfuture.

In the following we rst discussthe mean- eld description of Bose condensateswithin
the local-densiy appraximation. Specializingto the caseof 2D bosonsin an harmonic trap
at zero temperature, we calculate the condensatewave function and compareit with the
predictions of other models suggestedn the literature. We concludewith a brief summary

Il. THEOR Y

The ground-stateproperties of a condensedystemof bosonsat zerotemperature are de-
scribed by the Gross-Pitaevskiiequation.[25]In the presenceof external trapping potentials,
thereforean inhomogeneoudsosesystem,it is usefulto adopt the local-densily approxima-
tion which regardsthe systemlocally homogeneous.The mean- eld energy functional in
the local-densiy appraximation can very generallybe written as|[26]
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where 2(%} is the ground-state energy (per particle) of the homogeneousystem, and %=
jAj? is the density. Varigtion of the energy functional with respect to A®, subject to the
normalization condition dr jAj2 = N, yields the nonlinear Schrddinger equation
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where! is the chemical potential. The local-densiy approximation was usedby Fabrocini
and Polls [27]and Nunes[26]to study the high density e®ectdn 3D condensateshby making
use of the 3D homogeneoushard-sphereBose gasresults from perturbation theory. These
studies shoved that the modi cations to GP equation becomeimportant asthe number of
particles N and the hard-sphereradius a are increasedmaking the systemlessdilute.

We now apply the above sthemeto a 2D system of bosonsin an harmonic isotropic
trapping potential Vex(r) = m! 2r2=2. Perturbation theory calculationsfor a homogeneous
systemof 2D hard-disk bosonsyield [28]
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for the ground-state energy (per particle). The correspnding mean- eld equation for the
condensatewave function thus reads[22]
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The energyfunctional correspndingto this equationhasalsobeensuggestedy Shechenko.
[21] We shall call Eq.(4) the 2D Gross-Pitaevskii equation, and compare it with other
suggestedorms to descrike the ground state of 2D BosecondensatesWe note that Eq.(4)
is quite di®eren than its 3D courterpart, in that the dimensionlessnteraction term g =
1=j In A2a?j not only dependson the hard-disk radius a logarithmically, but it alsodependson
jAj2, making the GP equation highly nonlinear. In 3D the density dependen interactions
arise as corrections or modi cations to the GP equation, whereasin 2D the mean- eld
interaction is density dependent. Here, we cast the nonlinear term in the form %gﬁﬁ. In
the following we shall preser numerical results of the solution of Eq. (4) and comparethem
with other approximations.

In the previousapplications [26,27,29]of the local-densily approximation in 3D conden-
sates, e®ectsbeyond the mean- eld theory (GP equation) has been explored by including
higher order terms in the homogeneougnergydensity 2(%3. In 2D, the correct mean- eld
descriptionis givenby Eq. (4). To gobeyondthe mean- eld theory onewould haveto usethe
Another possiblecorrection to the mean- eld description has beensuggestedoy Andersen
and Haugerud.[30] In their treatment the kinetic energyfunctional is modi ed to include a
gradiert term
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In our numerical calculationsto be preserted and discussedin the next section, we have
tested the signi cance of corrections brought by the gradiert term. We have found that
it has negligible e®ecton the condensateproTe A(r) and other physical quartities for the
rangeof N and scattering length valueswe examined.

[1l. RESUL TS AND DISCUSSION

We solwe the 2D Gross-Pitaevskiiequationgivenin Eqg. (4) numerically usingthe steepest
descenh method [31,27]which is known to produce accurateresults. We also minimize the
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correspnding energy functional over a set of spline test functions, as has been done by
Krauth [32]in his comparisonof quantum Monte Carlo simulations with mean- eld solutions.
In both casesour numericalresultsarein good agreemen A further ched of our numerical
calculationsis provided by the virial relation. Under the scalingtransformationr ! r, so
that A(r) ! A(r)=,, and using the variational nature of the energywe obtain
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In this form of the virial relation, we have omitted the gradiert correction to the kinetic
energy sincenumerically it is found to be negligibly small. Our solution of the GP equation
satis esthe virial relation to a high degree.

In Fig.1 we show the scaled condensatewave function for 2D bosonsin a harmonic
trap for systemswith particle numbersN = 10* and N = 10°. We have chosena=g,c =
4:33£ 10 3, the s-wave scattering length of 8’Rb atoms, for the hard-disk radius describing
the interaction strength. In a recen paper Lieb, Seiringerand Yngvason[23] argued that
a simpli ed form of Eq.(4) would be suzcient for the leading order calculations. They
suggesteqpat the logarithmic term be replacedby In ¥a2, where%is a meandensity, de ned
by %= + ¥4 (r)?dr. Here,¥%is expressedn terms of an averageover 4" (r), the Thomas-
Fermi density whenthe logarithmic term is absen. The Thomas-Fermi (TF) approximation
simply neglectsthe kinetic energyin Eq.(4) sincethe interaction term dominatesfor the
most part exceptin the outer region. For the harmonic trapping potential in 2D, we nd
%&o = N2=3Y%, We comparein Fig.1 the resulting condensatewave function for the
proposedg » jIn%a&j ! model. We obsene that when Eq.(4) is used interaction term
has a bigger e®ectand the condensateshowns depletion near the certer comparedto the
approximation suggestedby Lieb, Seiringer,and Yngvason.[23] In 2D, the dilute limit is
characterized by the condition Y& In%4&j << 1. For our chosenparametersof typical
valuesthis condition is ful'Tled. It is then interesting to obsene the e®ectsof logarithmic
term on the overall shape of the condensatewave function.

In their de&cription of the quasi-2D condensatesn harmonic traps, Bhaduri et al. [16]

haveusedg = 2=%{a=§,) for the dimensionlesEouplingconstart (interaction). Herea;,

is the harmonicoscillator length of the con nemert in the transversedirection. We de ne the

asymmetry parameter, = ayo=&,o asthe ratio betweenthe 2tharmonic oscillator length

and that for the z-direction, sothat the interaction becomesggy= 2=%a=a,0), . To seehow

such a model compareswith the 3D Gross-Pitaevskiiequation, we shav in Fig.2 A(r) for

se\eral valuesof , . For the systemwith N = 10° and a=a40 = 4:33£ 10 3, we nd that , =

50 descrikesthe condensatewave function quite accurately Thus, sud an approximation

will have great utilit y in modeling the 2D dynamics of Bose condensatesn terms of the

parametersof the external trapping potentials. The 2D Gross-Pitaevskiiequationsuggested
by Kim et al. [19] makes use of the scattering theory to obtain g = jInkaji 1, wherek is

someinverselength scale. This di®ersfrom the above modelssomewhatbut a proper choice
of k would produce a similar condensatewave function for practical purposes.
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FIG. 1. The condensatewave function A(r) asa function of the radial distance for a system of
N = 10* and N = 10° atoms and hard-disk radius a=a4o = 4:33£ 10 3. The solid and dotted lines
indicate the solutions of the mean-"eld equation with InjAj?a? and In %& factors, respectively, as
explainedin the text.

The interaction term in the local-densiy appraximation based2D GP equation we em-
ploy doesnot allow for negative scattering lengths, becauseof its quadratic dependenceon
a. In the Q2D model of Petrov, Holtzmann, and Shlypanikov [24] the attractive mean- eld
interaction is shown to have a resonarn character, namely, becomingrepulsive for very large
valuesof a,,. This would meana large asymmetry parameter, asde ned previously and
hencea more 2D-like condensate. We have not systematically comparedour results with
the predictions of coupling constart proposedby Petrov, Holtzmann, and Shlyapnikov [24]
but surmisethat variable asymmetry parameter, would yield resultssimilar to the previous
examples.
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FIG. 2. The condensatewave function A(r) with jIn A2a?ji 1 correction (solid line) asa function
of the radial distance for a systemof N = 10° atoms and hard-disk radius a=a4o = 4:33£ 10 3,
comparedto that with the simpli ed interaction. The dashed,dot-dashed, and dotted lines corre-
spond to the asymmetry parameter, = 10,, = 20,and, = 50, respectively.

Recern experimerts by Cornish et al. [33] have demonstratedthe feasibility of tuning
the scattering length through Festbadc resonances.This opensthe possibility of studying
the e®ectof interactions and regimesthose described beyond the Gross-Pitaevskiiequation
more systematically To understand how the condensatewave function is a®ectedby the
interaction strength (i.e. hard-disk radius a), we display in Fig. 3 the solution of Eq. (4) for
three di®eren valuesof a. We obsene that for a xed number of particles, asa increaseghe
condensatewave function is depletedin the certer and middle regionsand is extendedto a
larger spatial region. In all the examplesshavn in Fig. 3 our chosenparametersful Il the
dilutenesscondition, thus the form of the GP equationshould be adequate. For much larger
valuesof N and a, it may be necessaryto include the higher order correctionsprovided by
the perturbativ e results for homogeneou2D bosons.
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FIG. 3. The condensatewave function A(r) asa function of the radial distance for a system of
N = 10° atoms, at di®erer values of the hard-disk radius a. The solid, dotted, and dashedlines
correspond to a=aqo = 10 3, a=a4o = 10 2, and a=ayo = 5£ 10 2, respectively.

In summary, we have comparedse\eral forms of the 2D Gross-Pitaevskiiequationassug-
gestedin the literature. We have found that the local-densily appraximation basedapproad
without any adjustable parametersyields quartitativ ely di®eren results comparedto sim-
pli ed models. Howewer, taking the tightly con ned direction into accourt in terms of the
asymmetry parameter provides qualitativ e and quartitativ e agreemeh with the Q2D mod-
els. It would be interesting to extend the calculations preserted herein seeral directions.
First, the nite temperature e®ectsvould be necessaryto elucidatethe thermodynamics of
the systemaround the Bose-Einsteintransition temperature. The role of the j In A2a?ji * cor-
rection to the GP equationand the interaction with non-condensedhermal particles awaits
a separatestudy. Even at zerotemperature the ground-state energy and wave function of
the vortex state would be interesting to explore. To better understand the signi cance of
interaction and high-density e®ectsprecisionMonte Carlo simulations would be usefulasa
test of the range of validity of the mean- eld approximations.
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