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Abstract

We consider the relativistic Wigner representation for a class of observables
which are arbitrary combinations of the standard coordinate and momentum
operators (independent of the charge variable). One should take into account
the fact that eigenfunctions of the standard operator of coordinate contain
both charge components, although the real physical states are not charge-
violating. The evolution equation does not depend on this peculiarity under
conditions when particle pairs creation is impossible. However, it leads to a
specific constraint on the class of initial conditions and to effective increase
of the coherence between eigenstates of Hamiltonian.

I. INTRODUCTION

Absence of a well-defined position operator in relativistic quantum mechanics is one of the
features that lead to difficulties in interpretation. It is well-known, that standard operator
of coordinate contains the odd part mixing the states with different signs of charge [1,2].
As a result, the eigenfunction of this operator contains both of charge components, what is
prohibited by the charge superselection rule [3,4]. In their work [1], T.D. Newton and E.P.
Wigner have introduced another operator of coordinate, that is known as Newton—Wigner
position operator.

In the approach of H. Feshbach and F. Villars [2], this operator can be presented from
the following suggestions. Hamiltonian of a free scalar charged particle is written as follows:
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H=(m3+ iTg)Qp—m + T3mc?. (1)

In the Feshbach—Villars representation this Hamiltonian has the diagonal form:
H = 3E(p), (2)
where

E(p) = \/m2c* + 2p. (3)

The transformation between the standard and Feshbach—Villars representation is given by
the matrix:

1
B 2,/mc2E(p)

The standard operator of coordinate in the Feshbach—Villars representation contains even
and odd parts:

U(p) [(E(®) +me?) + (E(p) — me*)m] . (4)

.  hePp
q = 'lhap — Z%Ty (5)
The even part of this operator
[4] = i, (6)

coincides with the Newton—Wigner position operator é , and the operator of momentum in
Hamiltonian (2) can be written through this operator in the canonical form:

p = —ihidk. (7)

One has more complicated situation in the case of a static magnetic field. Both coordinate
and momentum operators have the odd parts here. Hamiltonian

- (P — eA (q))

H = (134 i) Sy + T3mc? (8)

is transformed to the diagonal form
H =m13E(n) (9)

with the following matrix:

1
B 2y/mc?E(n)

n is “oscillator-like” operator in these equations. It has common eigenfunctions with Hamil-
tonian (8) and eigenvalues n (for the continuous part of the spectrum these numbers have

U(n) (E(R) +me®) + (E(R) — me*)m) . (10)
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not integer but real values). This operator can be expressed due to certain operators 7 and
¢ in such a way that E(n) in (9) takes the canonical form:

B(n) = \mct+ ¢ (7 —ea (£))” (11)

Generally speaking, 7 and é do not coincide with even parts of the corresponding oper-
ators in (8). This is the difference from the case of a free particle.

The theory with Hamiltonians (2, 9) (theory with non-local Hamiltonian or non-local
theory [5,6]) does not have difficulties in the probability interpretation. However, if one
accepts m and £ as the real observable momentum and coordinate, the difficulties with the
Lorentz-invariance appear. There exists a very interesting approach, where this feature is
explained by the existence of the preferred reference frame in the Universe [7]. Nevertheless,
the real operator of coordinate can do have nontrivial charge structure. It may reveal itself
in the expected values of observables and demands some additional suggestions about the
measurement of the relativistic coordinate.

Following [8], in this paper we consider the formalism of the Wigner function [9] in a
constant magnetic field taking into account the nontrivial charge structure of the coordinate
and momentum operators.

II. CHARGE-INVARIANT OBSERVABLES

According to [9], for a consistent development of the Wigner function formalism, one
should proceed from the Weyl transformation:

—+o00
AL =N / A2 (p,q) W (p, q) dpdg, (12)

'y:il_oo

where W,° (p,q) is the operator of quasi-probability density, AP is the operator of an
observable and A,” (p,q) is the corresponding matrix-valued Weyl symbol. Greek indices
enumerate the component of charge space and take values +1.

The momentum (or coordinate) part of the eigenfunction of the Hamiltonian (8,9) we
represent as a solution of the following eigenvalues problem:

E () pn (p) = E(n) on (p).- (13)

Consider observables with the matrix-valued Weyl symbols being proportional to the
identity matrix:

A’ (p.a) = Alp, 9)d.". (14)
We denominate them as charge-invariant observables. The Weyl transformation for such

observables in the energy representation has the following form:

—+00

AEnm;a'@ = Raﬂ<m7 Tl) / A(p> Q)an<p7 Q>dpdq (15)

—0o0



Here A%,,...” is the operator matrix of a charge-invariant observable in the energy repre-
sentation, W, (p,q) is the Hermitian generalization of the Wigner function

Wom (D, q) = (%Tlh)d 70902'31 (p + ]23) ©n (p - ];) exp (—;Pq> dp. (16)

—00

The main difference of the expression (15) from its analogues in the non-relativistic and
non-local theories is in matrix-valued function R,”(m,n):

Raﬁ(m,n) = Z Z UlmwﬁUn_kl;oé7 = 6(m,n)5a’6 + X(m,n)ﬁ;aﬁ, (17)

1,k=0 y==%1

where e(m,n) and x(m,n) are written in the form:

e(m,n) = —(m) (n) 18
( ’ ) 2 E(m)E(n)’ ( )
m,n) = (m) () 19
X< 7 ) 2 E(m)E(n) ( )

We denominate them as e- and y-factors.
Similar to [8], one can conclude that matrix elements of even and odd parts of the
operator of an arbitrary charge-invariant observable are uniquely related to each other:

{AE}nm;aﬁ = (ni Z Tl;VB[AE]nm;aW- (2())

—F
E(m) + E(n) /=,

III. WIGNER FUNCTION AND QUANTUM LIOUVILLE EQUATION FOR
CHARGE-INVARIANT OBSERVABLES

We introduce the Wigner function for the charge-invariant observables in such a way
that their expected values are determined by the formula:

—+00

A= /A(p,Q)W(p,Q)dpdq' (21)

—0o0

This object is the sum of four terms:

Wp,g) = > (Wi, a) + Wiay (. 9)) - (22)

a==%1

We denominate Wi (p, q) as the even part of the Wigner function. It can be written as
follows:



o0

Wi, q) = > e(m,n)Woum(p, )CrysCri™ (23)

n,m=0

In a similar way, we denominate Wy1y(p,q) as the odd part of the Wigner function being
determined as follows:

W{i} (pa Q) = Z X(ma n)an(pa Q)C’;L;:ECH;ZF- (24>

n,m=0

Here C),., is the wavefunction in the energy representation (the expansion coefficient of the
wavefunction on eigenstates of the Hamiltonian (8)).

One can obtain evolution equations in a standard way, through applying well-known
expressions for the Hermitian generalization of the Wigner function:

2 .| h
O W1 (P, g,) = £ E(p, g) sin {2 (Fﬁp - aﬁq)} Wik (p. g, 1), (25)
21 h /1= — — —
8tW{i}(pa q, t) = j:EE(}% q) COs {2 (a q ap - 81!7 0 q)} W{i}(p> q, t) (26)

Here we have introduced the following effective Hamiltonian:

E(p.q) = {/m2ct + (p — eA(q))2. (27)

The square root is determined here by means of the star-product

2(7.9,-9,7.)

x=e (28)
This is a specific feature, that distinguishes between relativistic and non-relativistic dynam-
ics. In the non-relativistic case classical observables are brought into correspondence to the
Weyl symbols. For the effective Hamiltonian in the relativistic case it is not true due to
the determination of the square root. Note, that it is not related to the complicated charge
structure of the coordinate and momentum operators.

Solutions of the system (25,26) are not independent, because of existence of specific
constraits. Indeed, four components of the Wigner function are expressed via the two-
component wavefunction. Therefore, one can combine them in such a way as to obtain the
following equality:

+oo i
[ e p1, 0 p2 D YWis (3 (01 + p2), u)en PP p, dpodyg
+oo i
x [ e (p1, 05 o, D)W (3 (D1 + p2), q2)en P17P29dp; dpydyg
400 ; .
= [ X', 002, )Wy (S (p1 + p2), qr)en PrP)dp  dpodg

+oo i
< X7 1 P2 D)Wy (5(p1 + p2), go)en P Pdpydpadg



Here the following generalized functions have been introduced:

e (p1, 0/ p2, " Za m, 1)k, (1) om (1) en(®”) ek (p2), (30)

X Hp1, P p2,p Zx (m, )5, (D) Pm(P1)on (P") 07, (P2)- (31)

In addition to this constraint, there exist expressions for complex conjugate values of the
Wigner function, which can be considered as the specific constraints as well. To obtain these
one should take the complex conjugation of (25, 26). After some simple transformations we
obtain the following expressions:

Wiy (p. @) = Wik (p, 9), (32)

Wiy (v @) = Wiz (0, 0). (33)

The even components of the Wigner function are real. The odd components are complex
conjugate to each other. Hence, their sum is real as well.

IV. PROPERTIES AND PHYSICAL SENSE

The evolution equations are the same in the both standard and non-local theories. How-
ever, the expected values of observables are in both cases different. To understand the
reason of it, one needs to take into account that class of the functions on the phase space,
which represent pure states, is restricted [10]. The standard theory distinguishes from the
non-local one by the fact that the relevant Wigner functions representing real physical states
belong to different classes.

There exist several criteria, that make it possible to select the Wigner function from the
set of functions on the phase space. As an example, we consider one of the most known
criteria, that is known as the quantization condition. This criterion results from the fact
that Wigner function, as a function of two variables, is expressed via the wavefunction of
one variable. In our case it can be represented as follows.

Criterion of pure state. For the functions W4 (p,q) and Wi4,(p, ¢) to be even and
odd components of the Wigner function for charge-invariant observables, it is necessary and
sufficient that equalities (29), (32), (33) hold true, and the following conditions are satisfied:

82 e ]_ 4 (o) 7/
1 / -1 /7 : //’ %% S 1 7 (@ —p )qd d /d //:07 34
910, n_oo e i )W (50 + ") g)e qdp'dp (34)
O? In / X_l(p’,m;p/',pz)W{i}(l(Z’/ +p"), q)e%(p'_p”)qdqdp’dp" -0 (35>
Oprdpy - J 2



The analogous criterion in the non-local theory one can obtain if the function
e p', p1;p”, p2) is changed by the product of two d-functions. However, there exists an
example, where the Wigner functions in the standard and non-local theories coincide.

It results directly from the determination of the even part of the Wigner function (23)
and from the evident fact of e(n,n) = 1, that the Wigner function of the stationary states
coincides with one in the non-local theory. Therefore, the peculiarities, visualized by this
criterion, can manifest themselves in the non-stationary processes only.

Hence, the e-factor influences the value of interference terms only. Taking into account
the fact that e(n,m) > 1, if n # m, one can say, that there is an effective increase of the
coherence between eigenstates of the Hamiltonian.

V. CONCLUSIONS

In this paper we have briefly considered the peculiarities of the Wigner function for-
malism, that result from the nontrivial charge structure of the coordinate and momentum
operators. It should be noticed, that in this connection, there is another problem in the
relativistic Wigner function formalism, related to the Lorentz invariance. We have not con-
sidered this topic here. However, this question is very interesting, and it can be related to
fundamental concepts of quantum physics [8].

Non-trivial charge structure of the coordinate and momentum operators leads to appear-
ance of additional multipliers (e-factor) for the interference terms between eigenstates of the
Hamiltonian. It means the effective increase of the coherence; i.e. information about the
relative phase between coefficients C),.+ becomes more evident.

To be more correct, we say that this is a peculiarity of the relativistic coordinate (mo-
mentum) measurement. The coherence does not increase objectively. Hence, this effect
makes better “observed characteristic” of the interference terms only.
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