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Cálculo de la media utilizando c2 



Cálculo de la media µ con incertidumbre utilizando c2

xi son n mediciones con sus respectivas incertidumbres si

Cantidad a minimizar:
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Observaciones: si los errores son solamente estadísticos, en la 
diferencia del numerador será del orden del error, por lo tanto la 
suma dará n.



Vamos a minimizar c2 con respecto a µ
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Fórmula para las medias de una 
muestra con pesos iguales que se 
reduce a la definición tradicional 
de la media.



¿Cuál va a ser la incertidumbre de la media?

Sabemos cómo calcular la incertidumbre de un parámero
con incertidumbres no correlacionados entonces hagamos 
la propagación de errores para calcular el valor.
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and obtain 

dX = _!" ~(xi - µ') 2 = "(xi - µ') = 0 
dµ' 2 dµ' (J' (]' 2 

(4.8) 

which, because O' is a constant, gives 

, ___ 1" 
µ -x= N~xi (4.9) 

Thus, the maximum likelihood method for estimating the mean by maximiz-
ing the probability P(µ') of Equation (4.5) shows that the most probable value of 
the mean is just the average .x as defined in Equation ( 1.1 ). 

Estimated Error in the Mean 
What uncertainty O' is associated with our determination of the meanµ' in Equation 
(4.9)? We have assumed that all data points X; were drawn from the same parent dis-
tribution and were thus obtained with an uncertainty characterized by the same stan-
dard deviation O'. Each of these data points contributes to the determination of the 
mean µ' and therefore each data point contributes some uncertainty to the determi-
nation of the final results. A histogram of our data points would follow the Gauss-
ian shape, peaking at the value µ' and exhibiting a width corresponding to the 
standard deviation O'. Clearly we are able to determine the mean to much better than 
±  O', and our determination will improve as we increase the number of measured 
points N and are thus able to improve the agreement between our experimental his-
togram and the smooth Gaussian curve. 

In Chapter 3 we developed the error propagation equation [see Equation 
(3.13)] for finding the contribution of the uncertainties in several terms contributing 
to a single result. Applying this relation to Equation (4.9) to find the variance O'~ of 
the mean µ', we obtain 

( 4.10) 

where the variance O'f in each measured data point X; is weighted by the square 
of the effect aµ'/ax;, that that data point has on the result. This approximation 
neglects correlations between the measurements x; as well as second- and higher-
order terms in the expansion of the variance O'~, but it should be a reasonable ap-
proximation as long as none of the data points contributes a major portion of the 
final result. 

If the uncertainties of the data points are all equal O'; = O', the partial deriva-
tives in Equation (4.10) are simply 

aµ' a ( 1 ) 1 
dX; = axi NL X; = N (4.11) 
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n ( 1 ) [ 1 (X - 1 )2] P(µ') = TI \ih exp --2 i .µ 
1= I CT· 2'1T CT, I 

(4.15) 

Using the method of maximum likelihood, we must maximize this probabil-
ity, which is equivalent to minimizing the argument in the exponential. Setting the 
first derivative of the argument to 0, we obtain 

(4.16) 

The most probable value is therefore the weighted average of the data points 

, L(xjcrr) 
µ = L(l/cr!) (4.17) 

where each data point xi in the sum is weighted inversely by its own variance err, 

Error in the Weighted Mean 
If the uncertainties of the data points are not equal, we evaluate aµ' /Bx; from the ex-
pression of Equation ( 4.17) for the mean µ': 

aµ' a L(xjcrr) I/err 
Bx; - Bx; L(l/crl) - L(l/crr) (4.18) 

Substituting this result into Equation ( 4. 10) yields a general formula for the uncer-
tainty of the mean er: 

Relative Uncertainties 

(T2 = µ 
1 

(4.19) 

It may be that the relative values of er; are known, but the absolute magnitudes are not. 
For example, if one set of data is acquired with one scale range and another set with a 
different scale range, the cri may be equal within each set but differ by a known factor 
between the two sets, as would be the case if cri were proportional to the scale range. 
In such a case, the relative values of the cri should be included as weighting factors in 
the determination of the mean µ and its uncertainty, and the absolute magnitudes of 
the cri can be estimated from the dispersion of the data points around the mean. 

Let us define weighting factors w; such that 

kw-= I/er? I I (4.20) 

where k is an unknown scaling constant and the er; are the standard deviations asso-
ciated with each measurement. We assume that the weights wi are known but that 
the absolute values of the standard deviations cri are not. Then, Equation (4.17) can 
be written 

µ' L(xJcrr) 
L(l/crr) 

LWX I I 

LW· I 

(4.21) 
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si todas  las incertidumbres 
son iguales a s se reduce a
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Errores con Chi cuadrada c2



es el valor que temenos que incrementar a la variable para que Chi cuadrada se incremente en 1
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x2 

FIGURE 8.2 
Chi-square hypersurface as a function of two parameters. 

Method of Least Squares 
We can generalize the probability function, or likelihood function, of Equation (6.7) 
to any number of parameters, 

_ [ 1 ] ! 1 [y,. - y(x;)] 2} P(a 1, a 2, ••• , am) - IT a-,.~ exp - 2 L a-,. (8.3) 

and, as in the previous chapters, maximize the likelihood with respect to the para-
meters by minimizing the exponent, or the goodness-of-fit parameter x2: 

x2 = L / :, [r y(x;)]'} (8.4 J 

where x,. and Yi are the measured variables, a-i is the uncertainty in Yi, and y(x;) are 
values of the function calculated at xi. According to the method of least squares, the 
optimum values of the parameters a1 are obtained by minimizing x2 simultaneously 
with respect to each parameter, 

ax2 a / 1 } - = -L z[Yi -y(x;)]2 = 0 aa. aa. O"· J J I 

= -2L/: 1[Y; -y(x;)] a~~;)} 
(8.5) 

Taking partial derivatives of x2 with respect to each of them parameters a1 will yield 
m coupled equations in the m unknown parameters a1 as in Section 7 .1. If these equa-
tions are not linear in all the parameters, we must, in general, treat x2 as a continuous 
function of the m parameters, describing a hypersurface in an m-dimensional space, 
as expressed by Equation (8.4 ), and search that space for the appropriate minimum 
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si la muestra es lo suficientemente grande:
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value of x2. Figure 8.2 illustrates such a hyperspace for a function of two parameters. 
Alternatively, we may apply to them equations obtained from Equations (8.5) ap-
proximation methods developed for finding roots of coupled, nonlinear equations. A 
combination of both methods is often used. 

Variation of x2 Near a Minimum 
For a sufficiently large event sample, the likelihood function becomes a Gaussian 
function of each parameter centered on those values a; that minimize x2: 

(8.6) 

where A is a function of the other parameters, but not of a1. Comparing Equation 
(8.3) for the likelihood function with Equation (8.4) for x2, we observe that we can 
express x2 as 

Then, from Equation (8.6), we can write 

( - , )2 
2 a1 a1 X = --"---------"--+ C 

(J'2 
j 

(8.7) 

(8.8) 

to show the variation of x2 with any single parameter a1 in the vicinity of a mini-
mum with respect to that parameter. The constant C is a function of the uncertain-
ties <J'i and the parameters ak for k * j. Thus x2 varies as the square of distance from 
a minimum, and an increase of 1 standard deviation ( <J') in the parameter from the 
value a; at the minimum increases x2 by 1. For a more general proof, see Arndt and 
MacGregor ( 1966), appendix II. 

We can see that this result is consistent with that obtained from a second-order 
Taylor expansion of x2 about the values a;, where the values of x2 and its deriva-
tives at a= a' are written as X5, ax5'aa1, and so forth: 

x 2 = X6 + f {aax~ (a1 - a;)}+ -21 f i {a:~!. (ak - aD (aJ - a;-)} (8.9) 
J = I al k = I J = 1 k J 

Because the condition for minimizing x2 is that the first partial derivative with re-
spect to each parameter vanish (i.e., ax21aa1 = 0), we can expect that near a local 
minimum in any parameter a1, x2 will be a quadratic function of that parameter. 

We can obtain another useful relation from Equation (8.8) by taking the sec-
ond derivative of x2 with respect to the parameter a1 to obtain 

a2x2 2 
aa? 0'2 

1 } 
(8.10) 

We obtain the following expression for the uncertainty in the parameter in terms of 
the curvature of the x2 function in the region of the minimum: 

(8.11) 
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(8.11) 

Muy cerca del mínimo la variación es cuadrática. 

Si se incrementa el estimado a’ en una variación estándar 
produce en c2 una cambio de uno. Podemos saber la 
incertidumbre en ese parámetro.



El caso de la media

Expansion de c2 en una serie de Taylor alrededor del mínimo
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¿Cuál debe ser la distribución de los residuos 
normalizados? Si la muestra es suficientemente grande 
Gaussiana con una varianza de uno. Si la distribución tiene 
dos picos, probablemente tienen un prooblema sistemático.
Si la varianza no es uno, modificar los errores estadísticos 
(agrandandolos) hasta que de uno. El factor de escala va a 

ser 𝜒()*! .	Esa decision puede depender de otros factores, 

ver las guías de PDG



|0>

¿Cuánto es la corriente de salida?



Detector perfecto i(t) = |a + Da|2
      i(t) = |a| 2 + 2  a Da + |Da|2 ;   <a*a>=n

DC~n        Ruido de disparo~n1/2   despreciar. 



Detección de Luz (ruido de disparo)

H. J. Kimble

El campo A(t) produce una fotocorriente con  
carga Q. La ionización sucede en un periodo Dt 
tal que es lo suficientemente pequeño para solo 
tener un electrón en cada Dt. pk es una variable 
aleatoria.



H. J. Kimble

Función de correlación

Tenemos que calcular la densidad espectral de 
potencia

La correlación es:







Pero la fotocorriente se debe a un batido, pues 
queremos ver las fluctuaciones

Señal

Oscilador Local

r>>t
R=r2

T=t2



Lo siguiente es calcular la correlación con el campo A

A primer orden en As

Pero las cuadraturas de las fluctuaciones del campo 
electromagnético:





La densidad espectral de potencia del ruido 
de disparo cuando S=0:

Tomando en cuenta la propagacion, la detección 
alpha, la eficiencia de batido eta, y la eficiencia de 
escape de la cavidad rho, la transmisión del espejo T0

Pero en el caso cuando S≠0



¿Como afecta el fondo (background) la incertidumbre?

Si la señal S está sobre un fondo F y el ruido es R (Poissoniano)

𝑆
𝑁
=

𝑆
𝑆 + 𝐹

Mucho cuidado pues el fondo puede dominar completamente
la razón señal a ruido.

Además el fondo puede ser afectado por otros sistemáticos.



Pulso y señal
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Dos tasas de decaimiento distintas

g~1.10 ±0.02 g0

g~0.13 ±0.01 g0



Verde modelo con un solo
modo
pulso ~13 ns





Mejora de la señal a ruido promediando

El campo de un fotón:

G. T. Foster, L. A. Orozco, H. J. Carmichael, and H. M. Castro-Beltran " 
Quantum State Reduction and Conditional Time Evolution of Wave-
Particle Correlations in Cavity QED," Phys. Rev. Lett. 85, 3149 (2000).

G. T. Foster, W. P. Smith, J. E. Reiner, and L. A. Orozco," Time-dependent 
electric field fluctuations at the subphoton level," Phys. Rev. A. 66, 
033807, (2002).



Solo se promedia la fotocorriente si se detecta una fluctuación (fotón)



Fotocorriente condicional sin átomos en la cavidad.



Después de 1 promedio, pp~200 mV



Después de 6.000 promedios



Después de 10.000 promedios



Después de 30.000 promedios



Después de 65,000 promedios, ruido pp ~ 1mV



Cambio la fase del Mach-Zehnder por 146o 



Simulaciones Monte Carlo para excitación débil: 

Haz atómico N=11

en negro la región 
clásicamente 
permitida



Esta es la evolución condicional del campo de 
una fracción de un fotón [B(t)] a partir de la 
función de correlación.
g(3/2)(t) =hq(t) = <E(t)>c /<E>

El campo condicional preparado por el clic es:

A(t)|0> + B(t)|1> con   A(t) » 1 y B(t) << 1 

¡Medimos el campo de una fracción de fotón!

Las fluctuaciones son muy importantes.



Notas:

   El DC que se ve en el promedio del ruido lo entendemos.

   Si uno promedia lo suficente la señal  persiste y el ruido
se reduce

    Si tienen dudas al respecto contáctenme.

    Por cierto la transformada de Fourier de la correlación
produce el espectro de Squeezing



,]1)([)2cos(4)0,( 0
0

ttpntn dhFS -= ò
¥



Las fluctuaciones del campo electromagnético se miden 
por el espectro de compresión. Mira el espectro de 
ruido de la fotocorriente. 

F es el flujo de fotones en el 
correlacionador.

[g(3/2)(t)-1] dt



Espectro de squeezing procedente de la  T. F.  de g(3/2)(t)=h0(t)

Datos experimentales















J. E. Simsarian, L. A. Orozco, G. D. Sprouse, W. Z. Zhao, “Lifetime 
Measurement of the 7p Levels of Francium,”  Phys. Rev. A 57, 2448 (1998).

𝜒()*! = 0.98 ± 0.11

𝜎+!"#$ =
2

(𝑛 − 1)

DOI=179

























Un ejemplo de cómo dar incertidumbres basado en 
diferentes mediciones
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