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Abstract 

Magnetic dipole (Ml)  transitions in atomic systems can be classified into two 
types. If in a non-relativistic description of the atomic states the spatial parts of the 
initial and final wavefunctions are the same, as in the hydrogenic transition 22P312-+ 
PPpl /~+y,  one has an ‘ordinary’ or ‘unhindered’ transition. If the spatial parts are 
orthogonal, as in 22Slp- 12Slp + y in H,  one has a ‘relativistic’ or ‘hindered’ transi- 
tion. The  study of such relativistic M1 transitions, initially of concern only for 
astrophysics, then for solar physics, has come down to earth in the present decade 
with the advent of beam-foil spectroscopy. After a review of the theory of these 
decays in H and H-like ions, the history of the development of interest in the analogous 
transition 23S1-+ 11So+y in He and He-like ions is sketched and the corresponding 
theory is developed. I n  contrast to the hydrogenic case, experimental values for the 
lifetime of the 23S1 state are now available for many species in the helium isoelectronic 
sequence ranging from neutral helium with T 2: 10% to thirty-four-times ionised krypton 
with 7- 10-10 s. A systematic comparison of the theoretical and experimental values, 
which range over fourteeiz orders of magnitude, is carried out. This provides a new and 
stringent test for quantum electrodynamics, now beginning its second half-century of 
existence. 

The spectacular discovery, in 1974, of the J / #  and #’ particles in high-energy 
proton-nucleus and electron-positron collisions is reviewed and the theoretical 
background is given for the far-reaching hypothesis that these particles can be 
regarded as 3S1 bound states of a ‘charmed quark’ and its antiparticle. The  qualitative 
success of this assumption, resulting from the subsequent discovery of predicted other 
narrow resonances in the 3-4 GeV region coupled to the J / #  and #’ by one-photon 
emission, is described and the ideas of the so-called ‘naive charmonium model’ are 
outlined. The theory of the radiative transitions of bound states of two spin-h 
particles is then developed in some detail, with special emphasis on magnetic dipole 
transitions; specific dynamical assumptions are avoided as much as possible. The 
theory is applied to the charmonium model and the great sensitivity of the relativistic 
M 1 decays, such as 23S1 -+ 11So + y or 21So-t 13S0 + y, to the form of the relativistic 
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interaction between the quark and the antiquark is illustrated. A brief survey is given 
of recent attempts to overcome the deficiencies of the model. 

The review concludes with a discussion of other problems of current interest in 
which relativistic M1 transitions may play an important role. 

This review was received in March 1978. 
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1. Introduction 

On 2 February 1927, a paper entitled ‘The Quantum Theory of the Emission and 
Absorption of Radiation’ by P A M  Dirac (1927) arrived at the editorial office of the 
Proceedings of the Royal  Society. Thus, 1977 may be regarded as the golden anni- 
versary of the birth of quantum electrodynamics (QED), the quantum theory of the 
electromagnetic field in interaction with charged particles. Enormously successful, 
especially when supplemented by the relativistic theory of the electron and the ideas 
of renormalisation theory, QED became the prototype for all later attempts to also 
build a quantum field theory of the weak and strong interactions of elementary 
particles. 

From its beginnings, QED has played a dual role in fundamental physics. On the 
one hand, it has served as a framework for the theoretical interpretation of a huge 
variety of experimental facts concerning atoms and molecules, especially those 
directly related to the emission and absorption of photons. On the other hand, 
study of the electromagnetic properties (charge, magnetic moment, radiative decays, 
etc) of nuclei, nucleons, and of the host of unstable ‘elementary’ particles discovered 
in the past forty years has provided constraints which any theory of the basic inter- 
actions and of the structure of hadrons (strongly interacting particles) has had to 
meet. 

The  purpose of this article is to review some recent developments which exemplify 
applications of quantum electrodynamics to two seemingly quite distinct areas of 
physics : (i) certain ‘forbidden’ radiative transitions in the helium isoelectronic series, 
and (ii) certain radiative transitions involving the very narrow resonant states dis- 
covered in November 1974 in high-energy (multi-GeV) experiments at Brookhaven 
National Laboratory and the Stanford Linear Accelerator Center. I n  case (i) we 
shall find QED playing its traditional historical role of correlating phenomena in 
atomic physics, however, in a domain where it has not been tested previously. In  
case (ii) we shall see it playing its other major role, of providing a constraint on 
theories of hadronic structure in particle physics. The concept which unites these 
topics and motivates a joint review is that of a ‘relativistic magnetic dipole transition’. 
Let us consider in a preliminary way what is meant by such a transition and why such 
transitions are currently of interest. 

Recall first that in atomic physics most radiative transitions are electric dipole (El) 
transitions, satisfying the selection rule: ‘ A J =  5 1, 0;  there is a change in parity’, 
where AJ is the change in angular momentum of the atom. In  contrast, a magnetic 
dipole (Ml) transition satisfies the selection rule: ‘ A J =  k 1, 0; there is no change 
in parity’. These concepts and the associated selection rules are essentially kinematical 
in character; dynamics enters in only in comparing the importance of higher multi- 
poles M2, E3, . . . relative to E l ,  and of E2, M3, . . . relative to MI. 

The  concept of a relativistic (or ‘hindered’) M1 transition is, on the contrary, 
purely dynamical in character. It is illustrated most simply by reference to the low- 
lying S states of the hydrogen atom, the 1s and 2s hyperfine doublets. In  a non- 
relativistic description, the wavefunction I/J of such a state has the form $(r) = R(r) x 
where Y is the relative electron-proton coordinate and x is the electron-proton Pauli 
spin wavefunction, corresponding to total spin F either 0 or 1. If retardation is 
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neglected, the matrix element for the transition #i-+ #f with emission of a photon of 
momentum k and polarisation E is then proportional to E * X  k . M  where M =  
(#f I p I #i) = ( R R ~  I Ri)(Xf I p I xi) and p is the electron spin magnetic moment. For 
a transition to the F= 0 ground state from its F = 1 hyperfine partner we have Rf = RI 
so that (Rf I Ri) = 1 and M is non-vanishing ; this transition, responsible for the famous 
21 cm line of hydrogen, is an example of an ordinary (or ‘unhindered’) M1 transition. 
However, for the transition of the first spatially excited S state 2s to the ground-state 
configuration Is, Rf and Ri are orthogonal so that (Rf I Ri) = 0 and M vanishes. The 
M1 transition in question nevertheless takes place, as we shall see, when effects neglected 
in the extreme non-relativistic description are taken into account. This is the simplest 
example of a relativistic M1 transition. 

More generally, a relativistic M1 transition is a radiative M1 transition between 
states of the same parity but with orthogonal spatial wavefunctions-a highly forbidden 
transition in atomic physics. Interest in forbidden transitions was, for a long time, 
restricted to astrophysics, where collisional de-excitation can be sufficiently slow to 
allow metastable states to live out their natural life, to then die a natural death with the 
emission of one (or more) photons. Subsequently, such transitions became of interest 
for solar physics, in connection with the study of the soft x-ray spectrum of the solar 
corona. However, the subject really came into its own with the development of 
atomic beam-foil spectroscopy, associated with the construction of heavy-ion linear 
accelerators. In  1970 this led to the first direct detection in the laboratory of the 
decay of an atomic state via a forbidden transition, namely 2 3 S 1 - - + l ~ S 0 + ~  in Ar16+ 
(helium-like argon) and, subsequently, to the measurement of the lifetime of the 
state. Since then, there has been a host of further measurements of this kind, in both 
H-like and He-like ions, ranging from sulphur (Z= 16) all the way to krypton (Z= 36). 
This has been accompanied by a corresponding increase in theoretical activity, 
some of which will be described. 

By one of those twists which illustrate the unity of nature and of science, the 
spectacular discovery of the previously mentioned narrow resonances J / #  and #‘, 
with masses of the order of 3.1 GeV and 3.7 GeV respectively, but widths of the 
order of 0.1 MeV, has led to an interest in both ordinary and relativistic M1 transitions 
in elementary particle physics. This is because in one of the most popular views of 
these new particles they are pictured as non-relativistic bound states of a heavy 
quark ‘c’ and an antiquark ’C’, For reasons connected with the theory of weak inter- 
actions, these quarks are thought to carry a new quantum number, universally called 
‘charm’. The  ‘psions’ # and #’, both J =  1 states, are then regarded respectively as 
ground and excited 3S1 states of a bound (cC) system, called ‘charmonium’ in analogy 
with positronium, the bound (e+e-) system. The  charmonium model predicts, among 
other things, the existence of a 1So state, the ‘hyperfine’ partner of $, into which $ 
and #’ should decay via ordinary and relativistic M1 transitions respectively, Thus 
there has emerged an entirely new ‘atomic’ spectroscopy. 

An additional motivation for the joint review of these questions stems from the 
following. The past three years have witnessed an exciting array of discoveries at the 
frontier of our knowledge of the submicroscopic world: (i) the confirmation of the 
speculated existence of ‘neutral current’ interactions between leptons and hadrons, 
typified by the observation of, say, fi,+p+fi,+p at a strength comparable to an 
ordinary ‘charged-current’ weak interaction such as Cp + p + p+ + n;  (ii) the discovery 
of the narrow vector meson resonances # and #‘ referred to above, and the subsequent 
discovery of other, closely related, states in the 3-4  GeV range, and (iii) the discovery 
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of predicted new hadrons, with masses around 2 GeV, which are best interpreted as 
states carrying a non-zero value of the charm quantum number, the so-called ‘charmed 
particles’. ‘The importance of these developments for the formulation of a funda- 
mental unified theory of the strong, electromagnetic and weak interactions is obvious. 
Moreover, they have brought with them an unexpected but welcome by-product, to 
which the present review will hopefully contribute. This is renewed interaction and 
communication among workers in atomic, nuclear and elementary particle physics- 
disciplines which have a common origin but which have been, for many years, growing 
further and further apart. An impressive recent example of this new cohesion is 
provided by the Ben Lee Memorial Conference, Fermilab, October 1977, which 
brought together workers in all these areas. 

A major factor in this has been the search for parity violation effects in atomic 
and nuclear physics, which are predicted by unified gauge theories of weak and electro- 
magnetic interactions. The fact that the design of some of the experiments is based 
on the slow rate of relativistic M1 transitions gives yet another reason for interest in 
them. 

The  succeeding sections are organised as follows. In  $2 the theory of a relativistic 
magnetic dipole transition is first given for 21S1,2-+11S1p+y in H-like ions and, 
with this as background, the history of the development of interest in such transitions 
in H,  He and He-like ions is sketched. In  $3 the theory of 2% -+ 11So + y in He and 
He-like ions is developed and the theoretical results are compared with experiment. 
In  $4 the developments in particle physics leading to the charmonium model for the 
psions are reviewed and in §S this model is described. In  $6 the theory of the radiative 
decays of bound states of two spin-; particles is presented in rather general terms, 
without commitment to a specific dynamics. In  $7 the formalism is applied to the 
M1 decays of the psions and a brief survey of the present status of the charmonium 
model is given. Concluding remarks are contained in $8. 

2. Theory of M1 transitions in H and H-like ions 

As a prototype example of a relativistic M1 transition we shall consider, in some 
detail, the decay 2%1/2--+ 12S1,2+y in I I  or H-like ions. With this as background it 
will be easier to describe the history of the development of interest in these transitions 
and analogous ones in He and He-like ions. We first develop the theory in the 
Schrodinger-Pauli approximation, with the electron and its interaction with the 
electromagnetic field treated non-relativistically, and then repeat the calculation using 
the Dirac one-electron theory; in both cases we shall neglect nuclear recoil and hyper- 
fine effects. Our units are such that h = c = 1 and a= e2//4rrr 1/137 is the fine-structure 
constant, 

2.1. Non-relativistic theory 

(mass m, charge - e )  is a two-component Pauli spinor @(r) satisfying: 
In  the Schrodinger-Pauli (SP) approximation the wavefunction for the electron 

P 2  Hsp@ = W O  HSP = 2m ~- + V ( r )  + Hf, 

where V ( r )  = - Zm/r for a point nucleus of charge Ze and Hf, is the operator describing 
118 
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fine-structure effects, whose explicit form we shall not need. The  interaction of the 
electron with the quantised transverse radiation field AT(Y) is given by: 

Hsp' = ep . AT/m + ezATz/2m - p . HT (2.2) 
where HT=V x AT and p=g( -e/2m) s is the electron spin magnetic moment, 
g is the gyromagnetic ratio ( ~ 2 )  and s is the electron spin operator (s=0/2, Q the 
Pauli spin vector). 

The  amplitude for the transition from an initial state (Di to a final state cDf with 
emission of a photon of polarisation E and momentum k is then given, to lowest order 
in the charge e entering in (2.2), by &=eeMs~/2/'2E where: 

Let us restrict our attention to even-parity states withj={-, i.e. to S states, for which 
the general form of 0 is R(r) x/dG where R(r) is a radial wavefunction and x is a 
constant Pauli spinor. Since the vector (Rf Ip exp ( - ik.r) I Ri) is by rotational 
invariance proportional to k and k. E =: 0, the orbital term in (2,3), involving pim, 
vanishes and only the spin term remains. Putting g = 2 and integrating over angles in 
(2.3), we find: 

Msp = iCfi T s p  
where 

(2 .4) 

with jo(p)=sin p i p ,  the spherical Bessel function of order zero. Since Rf and Ai are 
eigenfunctions of HSP belonging to different eigenvalues, but with the same orbital 
angular momentum, we have: 

This is true regardless of the form of Hf, as long as HSP is Hermitian, Now 
k N (aZ)z  m, ( r )  - (aZm)-l so that (kr )  N aZ. Using (2.7) and the expansion j o ( p )  = 
1 - p2/6 + , . . in (2.6) we see that, to leading order in aZ, Ms~--+MsP(O) where: 

(Rf I Ri) = 0. (2.7) 

Here the superscript zero indicates that the R and k have been replaced by their 
extreme non-relativistic values, i.e. R(0) is an eigenfunction of HO =p2/2m + V(r)  with 
Hf, neglected and M O )  denotes the difference of the eigenvalues of Ho. 

Since &(O) - (aZ)z and T s p W  N (aZ)2 we see from (2.8) and (2.9) that: 

MSP N (aZ)* (2.10) 

and that unless Z is extremely large, the transition in question is highly suppressed 
compared to an El transition, for which the amplitude is Msp = (0f I ex .p/m I Q) N aZ. 
Note that an extra factor of (aZ)z in (2.10) arose directly from the orthogonality of 
Rf and Ri. 
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Our first concrete example of a relativistic M1 transition shows that the adjective 
‘relativistic’ is somewhat misleading, because the amplitude is found to be non- 
vanishing even when the electron is treated non-relativistically. One gets a non-zero 
amplitude as long as the retardation effects represented by inclusion of the higher- 
order terms contained in the factor exp (- ik.r) are not neglected. Using the expan- 
sion 

exp ( -  ik.r)= 1 -ik.r- ( k @ + * .  __- , 
2! 

one finds that the first term gives zero by orthogonality, the second by parity, but the 
third gives (2.9). However, we shall see that the above treatment, although correct as 
to order of magnitude, yields the wrong answer (it is too small by a factor of 2). To 
get the right answer, the electron must be treated relativistically-more precisely, 
relativistic effects which contribute to the leading term in M are missed i f  one treats the 
electron in the Schrodinger-Pauli approximation. This is not because of the approxima- 
tions involved in (2. l), but rather because the interaction of the electron with the 
radiation field is not described with sufficient accuracy by (2.2). 

The  reader may have wondered why we compared the magnitude of the relativistic 
M1 amplitude (2.10) to that of an E l  amplitude, rather than that for an ‘ordinary’ 
M1 amplitude, which is nominally expected to be of order v/c relative to an El 
amplitude, i.e. of order ( d ) Z  in an atom. The  answer is that the nominal estimate is 
wrong for an atom and ordinary transitions are also strongly suppressed. T o  see this, 
we note that the usual form for an M l  amplitude, obtainable from (2.3) by replacing 
s exp ( -  ik.r) by s, p exp ( - ik.v) byp(1-  ik.r) and separating e .p  k . r  into M1 and 
E2 terms (see, for example, Bethe and Salpeter 1957) is: 

. ~ * x k  M=1 ---.Mfi 2m (2.11) 

where I = r x p .  If we consider a transition within the same doublet, e.g. 2P3/2--+ 

ZPl,z+y, then IlklfiI N 1 but now k / m - ( a Z ) 4  SO that M-(aZ)4 as in (2.10). 
(Because the phase space is proportional to k, the rate for such an ‘unhindered’ transi- 
tion is in fact much smaller than that for a ‘hindered’ one !) For a transition between 
different multiplets kjm can be of the order of (aZ) z  but now Mfi vanishes if the 
extreme non-relativistic wavefunctions are used, so that Mfi is very small. 

For later use let us note that for a many-electron atom s and I are simply replaced 
by the total spin S and orbital angular momentum L : 

and the situation remains unchanged. All this is a consequence of the fact that in an 
atom, unlike a nucleus, spin-dependent interactions are small and the dynamic 
constituents all have the same charge and magnetic moment. 

2.2. Relativistic theory 

Dirac spinor, satisfying: 
In  the Dirac one-electron theory, the electron wavefunction i,b is a four-component 

HD$=E$ HD=a.p+,Bvz+V(r) (2.13) 

where QL and ,B are the usual Dirac matrices, and the interaction with the transverse 
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radiation field is: 
HD’=ea.AT(r). (2.14) 

The matrix element for a transition $ I - + $ F ,  with emission of one photon, is now 
At = eMD/z/Z where : 

AID= (#F/ a.@ exp (-ik.r) I*I). (2.15) 

For the decay of interest, viz 22S1/2-+ 12S lp  + y , M D  may be evaluated exactly when 
V is the Coulomb potential (Johnson 1972). However, it is more instructive, and for 
our purposes more useful, to find the leading term in an expansion in powers of a 2  
of the right-hand side of (2.15) without, moreover, specifying the precise form of V. 

The general form of the Dirac wavefunction $ for a 2 S l p  state is: 

where x is a Pauli spinor. Then M D  reduces to 

MD = i&TD (2.16) 

where Cfi is still defined by (2 .5)  but: 

TD = (m/k)[(gF I jl(hr) I f I >  f ( fF  I j l (hr)  I gI)] 

If in (2.17) one replaces g(r) ,  f ( r )  and j , (hr)/h by their non-relativistic limits: 

(2.17) 

with j l  the spherical Bessel function of order one. 

g(0) = R(r) f ( 0 )  = R’(r)/2m ( j l /k ) (O)  = +r (2.18) 

where R(Y) is the completely non-relativistic radial wavefunction, then on integration 
by parts one finds, as expected: 

T ~ h c o n s t a n t  x (RFIRI)=O 

which just corresponds to the characterisation of the transition as relativistic. The 
departure o f g ,  f andj$ from (2.18) leads to three distinct types of contributions to 
TD(O), the lowest-order term in an expansion of T D  in powers of olZ. T o  find these 
we note first that if ( j ~ j h )  is replaced by and f is approximated by g’(r)/Zm, then 
after an integration by parts one gets a term - (@I g1)/2, which does not vanish. On 
the contrary, (#F I $1) = O implies that (gF I gI) = - (fF 1f1) E - (gF’ I g1’)/4m2 = 
- (gp I p2/4m2 I gI), so that we find a ‘large component’ correction: 

T ~ q = ( R ~ l p ~ / S m ~ l  R I ) .  (2.19) 
Similarly, if one takes into account the difference f - (g’/2m), but neglects g -  R and 
( j l / h )  - $r one gets a ‘small component’ correction: 

T D ~  = { RF I 5p2/2h2 - I Vf(r ) /6m I RI). 

T ~ r e t  = ( RF 1 h2r2/ 12 I RI)  

(2  I20) 

Finally, the second term in the expansion j l ( p )  = Qp - p3/30 + . . . yields a ‘retardation 
term’ : 

where h is now the non-relativistic energy difference WI - WF. The sum of (2.19), 
(2.20) and (2.21) is the sought-after quantity: 

(2.21) 

TD@) = ( R F  1 p2/3m2 - rV’(r)/6m + h2r2/12 I R I ) .  (2.22) 
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The form (2.22) will be useful for later comparison with the 23S1-+ l l S o + y  
amplitude in He-like ions. For the hydrogenic case it is convenient to use the identity: 

(RF I k2r2 I RI)  = (RF I [p2/2m, [p2/2m, rz]]  I R I )  = (RF  I - 2p2/m2+ 2rV’/m I R I )  

to rewrite TD@) in the simpler form: 

TD@) = ( R p  I p2/6m2 I RI)  (2.23)  

It should be noted that T~’et coincides with Tsp(O), the leading term (2 .9)  found 

T~re l=  T D ~ +  T D ~ =  (R~Ip2/3m2-rV‘(r)/6mI R I )  (2.24) 

represents the effect of treating the interaction of the electron with the radiation field 
relativistically. For a Coulomb potential rV’ = - V s o  that one finds, using the relation 
( R F  I V I RI)  = - ( R F  I p2/2m I R I ) ,  that: 

TDrel= #TD(O) TDret = - 2 1 TD(o), (2.25) 

I t  follows that neglect of the specific relativistic effects contained in (2.24) would 
lead to a rate which is too small by a factor of & whereas neglect of the retardation 
effect gives a rate too large by a factor of 9/4;  the literature contains examples of both 
of these possible types of neglect. 

The decay rate is given by: 

which does not depend explicitly on the form of V. 

in the non-relativistic theory based on (2 .1)  and (2.2). Thus the sum: 

pol., spin 
which yields : 

(2.26) 

For Z= 1 ,  (2.27) yields the decay rate RH of the 2s state of hydrogen: 

RH = 2.50 x 10-6 s-1 (2.28) 

so that the lifetime T H  =  RH-^ is 4 x l o5  s (about five days). Note that the rate scales 
with an extraordinarily large power of z: RH-like= Z ~ O R H ,  so that already for 2- 25 
the rate of the transition is comparable to that of an El transition in hydrogen and use 
of the adjective ‘forbidden’ should be avoided (if not forbidden). 

2.3. How do metastable S states decay? A brief history 
The first extensive discussion of the lifetimes of the excited states of the hydrogen 

atom appears to have beeR given by H A  Bethe, in his classic article in the Handbuch 
der Physik (Bethe 1933). Referring to the question of whether each state of the 
degenerate fine-structure doublet with I = j -  3 and I= j +  8 decays separately or 
whether instead one should use some mean lifetime, Bethe writes: ‘On this question 
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there have been so many mutually contradictory assertions that we consider it neces- 
sary to discuss it thoroughly’ [author’s translation]. His main focus is, however, on 
the effect of external fields in mixing the 2s and 2p states. After characterising the 
first excited S state as metastable, with an ‘infinite lifetime’, he remarks, in a footnote: 
‘Speaking more precisely, the lifetime is finite as soon as the exact relativistic wave- 
functions are used. But the lifetimes of the 2s-state is several months, if it can only 
disintegrate by a radiative process’ [author’s translation]. 

The reference to relativistic wavefunctions indicates that Bethe had in mind only 
the one-photon decay, 2s+ Is + y. The possibility of two-photon decay of an atomic 
system, within the framework of Dirac’s radiation theory, had been stressed earlier 
by Goeppert-Mayer (1929, 1931), but she had not estimated the magnitude of the rate 
for any such decayt. The subject was taken up again by Breit and Teller (1940), who 
were motivated by questions of astrophysical interest. Much of their pioneering 
paper is concerned with an analysis of the effect of collisions with electrons on the 
lifetime of the 2s state of hydrogen, but it also contains the first detailed discussion of 
the one-photon and two-photon radiative decays of the metastable states of hydrogen 
(22Slp) and helium (21S0 and 23S1), to the ground state, with quantitative numerical 
results for 22S1,2+ 12Slp +ay in H, and order-of-magnitude estimates for 21So-t 
11So+ny and PS1+ 11So+ny in He (n= 1,2). For hydrogen, Breit and Teller 
found : 

and 
6.5 ~ - 1 <  R~(22S1,2+ 12Sl,z + 2y) < 8.4 s-1 (a) 

(b)  
1 

R422S1/z-+ 1 % 1 / 2 + y ) = m  0l%~=5*6 x 10-6 s-1. 

For the two-photon decays in He they estimated : 

A1~,(21So-t 11So+2y)-R~1(22S~lp-+ 13S1/2+2y) (c) 

RHe(23S1j11SO$2Y)N &H(2251/2+ 12S1/2f2Y). (4 
The one-photon decay 21So + llS0 + y is strictly forbidden by the J = O++ J = 0 
selection rule; for the one-photon decay of the 23S1 state their result may be stated 
in the form: 

RH,(Z~S~-)  1 1 s ~ + ~ ) -  10-24 R (4 
where R denotes the rate expected for an El  decay with unit oscillator strength. 

The results (a) to ( d )  have stood the test of time relatively well. The 
striking result (a), usually quoted as T N + s, showed that the lifetime of the hydrogenic 
2s state is much shorter than was previously suspected; a modern value for 7-1 is 
8.23 s-1 (Klarsfeld 1969)’ within the bounds of ( U ) .  The lifetime for the one-photon 
decay corresponding to (b), about 2 days, is also considerably smaller than the ‘several 
months’ of Bethe; the result (b)  exceeds the correct value (2.28) by a factor 9/4, 
apparently because Breit and Teller prematurely replaced exp ( - ik. U) by 1 - ik .U 
in their evaluation of (2.15), thereby missing the retardation term exhibited in (2.21). 
With regard to the two-photon decays in He, the presently accepted values are, for 
the 21530 state (Drake et aZl969, Jacobs 1971): 

R~e(2lso-f  l1so +2y)  % 51 S-l (2.29) 

-f The contrary was implied in an earlier report (Sucher 1976) on the basis of an incorrect 
inference drawn from a reading of only secondary sources. 
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with which the strictly order-of-magnitude estimate (c) is not inconsistent, and for the 
23S1 state (Drake et al 1969, BCly and Faucher 1969): 

R ~ ~ ( ~ ~ S ~ - + I ~ S ~ + ~ ~ ) Z ~ X  10-9 S-1 (2.30) 

which differs from ( d )  by a few powers of ten. 
With regard to ( e )  for the M1 decay, Breit and Teller state: 'This effect is so small 

that one does not need a more accurate estimate'. Indeed, if one takes R< 109 s-1 
(the maximum decay rate in the H atom, for 2p+ l s+y ,  has the value 6 x 10s s-l), 
one would infer from (e) that RH,(23S1-t 11So+y)< 10-15 s-1 and hence that the l y  
decay rate of this state is down by a factor of 10-5 or less from the 2 y decay, even if 
the modern value (2.30) for the latter rate is used. However, the estimate ( e )  is 
incorrect. As we shall see, the 1 y decay is in fact the dominant decay mode of the 
23S1 state, with a rate which is larger than the 2y rate by a factor of lO5! 

The  reader may be curious about the source of the estimate (e) .  It was the result 
of a strange oversight rather than an error in calculation. In  their study of the M1 
decay of 23S1 in He, in contrast to their study of the M1 decay of 21Slp in H,  Breit 
and Teller consider only the usual form of an M1 amplitude, already mentioned in 
$2.1, M=ia* x k.Mfi/2m with Mfi given by (2.12). Since L + 2 S =  J + S  and J f#  J i  
one may write: 

M f i  = (@f I SI ai). (2.31) 

It is easy to see that Mfi is extremely small. The general form of the J =  1 state CDi 
and the J =  0 state is, allowing for the mixing effects of the fine-structure operator 

(2.32) 
Hfs: 

ai = a0 I3s1) + a1 I3p1) + a2 I 3D1) + a3 I 1P1) 

where a0 and bo are of the order of unity, and the other a1 and bl are of the order of 
(Hfs)/a2m N a2. I t  follows that AZfi N bl"al N a4 from this mechanism and hence that 
one gets a contribution to the decay amplitude which is of the order of 016 compared 
to an El amplitude of the order of CL; hence, the corresponding rate would appear to be 
down by at least a factor of d o -  4 x 10-22, which accounts for the majestically small 
coefficient in front of the E l  rate R in (e ) .  However, in this estimate the baby has 
been thrown out with the bathwater. There is a much larger contribution coming 
from retardation and relativistic effects-the latter are entirely analogous to those 
which Breit and Teller themselves were the very first to consider in detail for the 2s 
decay of H, in the last few pages of their paper, but which have already been neglected 
in the expression (2.31). 

We have gone to some length in describing the results of Breit and Teller because 
their work of 1940 was not only the first but also the final word on this subject for 
almost thirty years, until 1969. 

In  1969,'the Sun enters our story. It was then noted by Gabriel and Jordan 
(1969a) that certain lines seen in the soft x-ray spectrum of the solar corona correspond 
in wavelength to the transition: 

23S1+11S0+y (2.33) 

in certain He-like ions: C v, 0 VII, Ne IX, Mg XI and Si XIII, and they suggested that 
these transitions were in fact responsible for the observed lines. However, the 
intensities of these lines would be extremely small if the estimate (e)  of Breit and 
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Teller for helium were correct, even if it were scaled with a high power of 2. Griem 
(1969) then showed that the Gabriel-Jordan interpretation of these lines is plausible 
by pointing out that Breit and Teller vastly underestimated the rate for the transition 
in question (for helium). His estimate of the M1 decay rate (patterned after the 
original Breit-Teller calculation for hydrogen) indicated that the rate is sufficiently 
large, compared to collisional de-excitation rates, to explain the strong emission 
observed, and to make 2y decay negligible for 2520 .  

A correct order-of-magnitude estimate of the M1 decay rate of the 23S1 state in 
He was also made at about the same time by G Feinberg (1969, private communica- 
tion) who had independently noted that the dominant effect had been overlooked; 
the motivation here was provided by astrophysical speculations involving the extent 
of ionisation of He in the Universe (see Rees and Sciama 1969). 

This completes our survey of the early theoretical work. We should add that 
Gabriel and Jordan (196913) also developed a scheme to determine electron densities 
in the solar corona, based on the observed intensities of the lines in question and on 
theoretical decay rates. I t  thus became of interest to carry out more refined calcula- 
tions of these rates. Such calculations soon became of even greater interest with the 
advent of accurate experimental results from beam-foil spectroscopy for decays with 
2 2  16, beginning in 1970 with the observation of (2.33) in Ar16+ and with measure- 
ment of the rate by Marrus and Schmieder (1970a,b). One might say that with 
these measurements the subject had finally come down to earth. 

3. PSI  -+ l1S0 + y in He and He-like ions : experiment and theory 
3.1. Experimental developments in the 19 70s 

‘In spite of the fact that the hydrogen and helium spectra can probably qualify 
among the most studied problems in the history of physics, there is relatively little 
information concerning the forbidden decays, i.e. those decays which proceed by 
other than an allowed electric dipole transition’. 

This statement, the opening sentence in a paper of Marrus and Schmieder (1972), 
is happily no longer descriptive of the situation, at least as far as the M1 decays of 
He-like ions for large 2 are concerned. The lifetime for the 23S1 state has now been 
measured for many such ions, ranging from Z= 16 (sulphur) to Z= 36 (krypton). All 
these measurements have been carried out by the atomic beam-foil method in which 
ions, emerging from a heavy-ion linear accelerator, are sent through thin foils, thereby 
stripping them of still more electrons and creating a beam of He-like ions, some of 
which are in the 23S1 state. Measurement of the intensity of the photons from the M1 
decay of this state as a function of the distance from the foil then determines the life- 
time. The most recent results of such measurements for helium-like sulphur, chlorine 
(Bednar et a1 1975), argon (H Gould and R Marrus 1976 private communication), 
titanium (Gould et a1 1973), vanadium, iron (Gould et a1 1974), and krypton (Gould 
and Marrus 1976) will be displayed later, after a discussion of the theory of these 
decays. 

I t  should be noted that the lifetimes range from N 10-6 s for Z= 16 to N 10-10 s 
for 2 ~ 3 6 ,  over more than three orders of magnitude. This corresponds to the fact 
that for large 2, the rate goes as 2 1 0  and (36/16)10- 3 x 103. These values of 2 are 
near the limits of what can be achieved by these methods: for much larger 2 one gets 
too close to the foil, and for Z< 16 one begins to run out of real estate. (For v/c- 0.1, 
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a decay length is 30 m when T = 10-6 s.) A review of experimental techniques has been 
given by Marrus (1973). 

It would be a pity if one could not add the first member of the helium isoelectronic 
sequence, ordinary helium, to the list of atoms for which the lifetime is measured. 
The  long lifetime ( N l o 4  s) makes the detection of this decay exceptionally difficult. 
The 626 fi  radiation expected from the transition 23S1--+ 11So + y in He I was first seen 
in the afterglow from a helium radiofrequency discharge by Moos and Woodworth 
(1973). The rather large error in the initial determination of the rate in this very 
difficult experiment was subsequently greatly reduced, with the result that 7-1 = 1-10 x 
10-4 s-1, with a 2 U uncertainty of k 30% (Woodworth and Moos 1975). Note that 
this rate is bigger than that for 22Slj2-+ 1%1,z + y  in €1, given by (2.28). 

Because of the role played by the solar corona and the fact that helium itself was 
first discovered in the Sun, it seems only poetic justice that we can indeed add He I 
to our list. This extends the range of the lifetimes in question to over fourteen orders 
of magnitude and greatly increases the severity of a comparison of experiment and the 
theory, to which we now turn. 

3.2. Theory of the 23S1--+ 11S0+ y decay 

3.2.1. Relativistic effects in many-electron atoms. The extension of the relativistic 
theory of the 22S1,2-+ 12S1/2 + y in H and H-like ions, described in $2.2, to the analo- 
gous decay mode 23S1+ 11s” + y in He and He-like ions is made complicated by the 
necessity of including the effects of the electron-electron interaction. Moreover, as 
the hydrogen example shows, one must avoid making non-relativistic approximations 
prematurely. 

A traditional approach to the calculation of relativistic effects in atoms with more 
than one electron is based on the use of the Dirac-Breit Hamiltonian: 

N 

where 
H D ( ~ ) =  u.p+pm. 

U ( i )  denotes the interaction of the electron ‘i’ with external fields, and: 

Uij = vij + Bu (3.3) 

vtj = “bij Uij = - E( . aj + ~ i .  i t j c r j .  itj)/2rij. (3.4) 
with 

Here Btj is the Breit operator which corresponds physically to retardation corrections 
to the Coulomb interaction Vtj as well as spin-dependent magnetic interactions 
between the electrons; in Q E D  it arises from the exchange of a single transverse photon 
between the electrons ‘i’ and 7’. 

However, the use of (3.1) as a starting point is fraught with danger, for two 
reasons. The first, which is well known, is that if Bgj is used in higher orders of 
perturbation theory, one gets spuriously large contributions to level shifts (see, e.g., 
Bethe and Salpeter 1957). The second, which has also been known for a long time 
but appears to have been only weakly transmitted to succeeding generations, is that 
(3.1) is unlikely to have bound states at all, even if the Bij terms are omitted?. The 

.t. Brown and Ravenhall (1951) malie this point for He, with Uiz given by ( 3 . 3 ) .  
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reason is that the normalisable eigenfunctions of the first sum in (3. l), which are 
products of one-electron Dirac bound-state wavefunctions, lie embedded in a con- 
tinuum of non-normalisable states involving one or more electrons with negative- 
energy wavefunctions, so that each point of the zero-order spectrum is non-denumer- 
ably degenerate. (Further discussion of this point is given in Sucher (1977); see also 
Armstroag (1978).) 

A consistent treatment of relativistic effects in which such difficulties do not 
occur can be based on the four-dimensional Bethe-Salpeter equation (Bethe and 
Salpeter 1951) suitably generalised to take into account interaction of the electrons 
with an external field (Araki 1957, Sucher 1958a). Such an approach was first used 
to find the corrections of order 013 Ryd to the ionisation energy of He and He-like 
ions (Sucher 1958a,b) and has been used more recently to find the fine-structure 
splitting of excited states of EIe to order a4 Ryd (Douglas and Kroll 1974). 

There is, however, another method, which is not only more transparent and simpler 
conceptually but also simpler from a practical point of view (at least for the problem 
at hand). Moreover, it gencralises immediately to the case of atoms with more than 
two electrons. This approach (Feinberg and Sucher 1971) starts directly with the 
Hamiltonian H of quantum electrodynamics, in Coulomb gauge, with an interaction 
with a static external field P-extfi(x) included in H. In  the Schrodinger picture H is 
given by : 

N = H f r e e  + H e x t  + Hc + HT 
where H f y e e  is the sum of the Hamiltonians of the free Dirac field $D(x) and transverse 
radiation field AT(x) and 

(3 * 5) 

HT-  - J~(x) .AT(x)  dx 

withjfi(x) = - e :  $ ~ ( x )  y f i $ ~ ( x ) :  the electromagnetic current. The method is based on 
the simple observation that in atoms those effects of the Coulomb interaction Hc 
which involve the virtual creation or destruction of electron-positron pairs lead to 
level shifts which are of the order of a3 Ryd or higher. Apart from powers of 2 the 
same holds for the pair effects contained in H e x t .  Thus one may treat these as pertur- 
bations along with HT, which describes the emission or absorption of real or virtual 
photons. T o  be precise, let us expand $n(x) in the standard way: 

2 

r = l  

x [ar(p) %(P) exp (ip.x> + br+(p) %(P) exp ( - b.41 (3 7) 
where u,(p) is a positive-energy spinor, ar(p)  destroys an electron of momentum p, 
etc. The ‘no-pair’ part HcnP of Hc contains only terms of the form a+a+aa or b+b+bb 
or a+b+ab, while H e x t n P  contains only a l a  or b+b terms. Terms such as 

Q+(Pl)  b+(!zl) a+(pa‘) 4Pd 
in Hc or af(p1) b+(ql) in H e x t ,  which may be represented schematically as shown in 
figure l ( a )  and (b) ,  are included as a perturbation H along with HT. Thus our 
decomposition is: 

H= HnP + H’ (3.8) 
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I p2 
i o  I l b l  

Figure 1. Time-ordered Feynman-like diagrams symbolising virtual-pair production by 
(a) an electron and (b) an external static electromagnetic field. The full lines 
indicate electrons if the arrow points up, positrons if down; the broken lines indicate 
an 'instantaneous' interaction and the cross the action of the external field. 

where : 

and 
( 3  f 9) 

( 3 .  lo) 

3.2.2. No-pair wave equations. Since H n P  commutes separately with the electrons 
and positron number operators N- and N+, its eigenstates Y may be classified according 
to the values of iV, and modified Dirac equations obtained for appropriately defined 
wavefunctions. Thus in the one-electron sector of Hilbert space with states 'F1e 
satisfying N-Yle = Y1e and 

HnPY1, = E Y  le (3.11) 

we find, on taking the matrix element of (3.11) with states ( p ,  r )  =a,+(p)(vac), 
multiplying by U&J) and summing on 'Y' that the function 

(3 9 12) 

(3.13) 

and U= -e(Agext- ct.Aext) is the interaction with the external field. Note that from 
the definition (3.12)-0r directly from (3.13) itself( !)-one infers: 

A+* = ** (3.14) 

In an entirely similar fashion one finds that if Y2e is in the two-electron sector, 

HnpYze= EYze  (3.15) 
with N-Y'ze = 2YPze and 
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with 
H++ E E1 + E2 + A++ oA++ 

U =  up)+ U@)+ VI2 

the sum of external field and interelectron Coulomb interactions : 

and 

(3.17) 

(3 * 18) 

(3.19) 

Equation (3.17), a kind of 'no-pair Dirac-Coulomb equation', is also a natural 
outcome of the approach using the Bethe-Salpeter formalism (Sucher 1958a); here 
we have obtained it without invoking any four-dimensional machinery. I t  will form 
the starting point of the calculation of relativistic M1 decay in He-like ions. 

The matrix element for a transition from an eigenstate I i) = IYz) of H*P containing 
no photons to an eigenstate If)= IYf; k, E) with one photon is given by 

Jtd=(Yf; k ,  EIH'+H'(Ee-HnP+ir)-l H ' f . .  . IYt) .  (3.20) 

We will first illustrate the application of the formalism to M l  decays in H-like ions 
where, in leading order, virtual photons need not be considered. We will then turn 
to the more complicated case of He-like ions. 

3.2.3. H-like ions recisited. To the order of interest the amplitude M for a one- 
photon transition between states #i and #f satisfying (3.13) with U-+ U(r)  = - eAO(v), 
hyperfine effects being neglected, is given by: 

where 

and 

M(2)  2: (+fifl a. E" exp ( - ik.r) A-(p) :@ + A-(p)  a. E* exp ( - ik.r) I Ci). (3 -23) 2m 2m 

Here M(1) and M(2) represent the contribution of the first term and second term of 
(3, ZO), symbolised by the time-ordered Feynman-like diagrams shown in figure 2; 
photon and electron kinetic energies have been neglected compared to 2m in the 
expression for M(2). The evaluation of M(1) to the requisite accuracy can be carried 
out most straightforwardly by using the exact reduction to 'large components' 
$I(+-) = (1 + ,B) +/2 afforded by the constraint (3 .14), viz : 

Taking due account, as in 92.2 of the non-orthogonality of +#+) and $e+ : 

( $ f . f ' + )  I $,(+)) - (#f(+) Ip2/4m'I #.t(+)> 

(3.24) 
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i o  1 l b  I 
Figure 2. Time-ordered diagrams (a) and (b), corresponding to the amplitudes M(1) and 

M (2) of the text, respectively. The shaded portions symbolise integration over 
bound-state wavefunctions and the wavy line denotes a photon. 

and using the approximations 

and 
exp (- ik.r) z 1 - ik.v- (k.r)2/2 

one findst, after some algebra and specialisation to S states, that: 

M (1) z iCft( ‘ p i n  + p t )  (3 $25) 
where 

T k i n  = (Rf I p2/3m2 1 R6) (3.26) 

is a ‘kinetic correction’ arising from the combined effect of the higher-order terms in [ 
and the non-orthogonality of the #(+) and Tret is the retardation term already en- 
countered in $52.1 and 2.2: 

Tret= (Rf  I k2+/12 I I?;). (3.27) 

In M ( * )  the non-relativistic limit for the wavefunctions may be taken immediately 
(#(+) --I?x), with the result that, for Aext= 0: 

with 
M(*)  z ixfiTpair (3.28) 

TPair=(RfI -rU’/6mlRi) (3.29) 

and U= - eAO(x). The three terms (3.26), (3.27) and (3.29) just coincide with those 
in (2.22), obtained by starting with the Dirac amplitude (2.15). We now see that the 
r Y’ term in (2.22) has a simple physical interpretation-it represents corrections 
arising from the creation or destruction of free virtual pairs by the external potential. 

3.2.4. Extension to He-like ions. Having laid the groundwork we can be fairly concise 
in sketching the theory of the 23S1-+ 11Sofy decay in the He-like ions, emphasising 
only the new features which enter. The initial and final wavefunctions $6 and $f now 
satisfy (3.17). The contributions to the amplitude iM can be organised according to 
time-ordered diagrams which represent various terms in the expansion (3 .20) and 
simple rules (Sucher 1958a; see Kelsey (1976) and Douglas and Kroll(l974)) can be 

.f. We omit the details because the result can be regarded as a limiting case of the calculations 
carried out in $6, when mz + cc. 
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used to write down the integral associated with such a diagram. For the problem at 
hand the diagrams of immediate interest are shown in figures 3 and 4. 

From figure 3(a) one has, in analogy with figure 2(n) and (3 .22):  

M3a = 2($f I 51 1 #i) (3.30) 

where we have introduced the abbreviation: 

5 1 ~ ~ 1 . ~ "  exp(-ik.vl). 

From figure 3(b) one gets, neglecting electron binding energies relative to the energy 
K' N am of the virtual photon: 

M3b z 2 ( # f ]  iiGo(&) A++Bi2 +BizA++Go(Ef) 51 I$& (3.31) 

with Go(E)=(E-H+++iC)-l and Biz the Breit operator (3 .4 ) .  The reduction to 
large components $++ = (1 + P I ) (  1 + p2) $/4 via: 

$= (1 + 011. & ) ( I  + 0 1 2 . 5 2 )  $++ 

can be carried out as in the hydrogenic case with the result that M3b makes no contri- 
bution to M to order 014, while Msa takes the form, in analogy with figure 2(b) and 
(3 .23):  

iW3a z 2iCfiT3a (3.32) 
with 

and 

(3.33) 

(3 .34)  

Here x is a two-electron spin wavefunction and $ = $(YI, Q )  is an S-wave eigenfunction 

l a  I 

:hi 
Figure 3. Time-ordered diagrams (a) and (b) corresponding to the amplitudes Ma@ and M3b 

of the text, respectively. 
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~~ ~~ ~~ ~~ 

( a  I ( b  I 

I C  i 
Figure 4. Time-ordered diagrams representing (a) one-pair, external Coulomb-field correc- 

tions, (b)  one-pair, electron Coulomb-field corrections and (c)  leading one-pair 
transverse-photon corrections, corresponding to the amplitude M4n, M 4 b  and Mgr: 
of the text, respectively. 

of the completely non-relativistic Hamiltonian Ho : 

Ho+= w+ Ho=p12/2m +p22/2m + U(r1) -E U ( y 2 )  + VIZ.  (3.35)  

x+ is the non-relativistic limit of $I++ and k =  Wi- W f .  

to 2m: 
Figures 4(a),  (b )  and ( c )  yield, on neglecting electron and photon energies relative 

(3 .36)  

(3 .38)  

The reduction to the non-relativistic wavefunctions gives : 

M4 = h f 4 a  + M4b + M4c z 2icft( Tea + T 4 b  + T4c) (3 -39 )  
where : 

T 4 a  = - (+fly1 U'(ri) /6m I $ 6 )  (3 .40)  

T 4 b =  - ( ~ ~ ~ ~ l . r " 1 2 ~ 1 2 ' ( ~ 1 2 ) / 6 m ~ ~ i )  (3 .41)  

T4c = - vi. +12(o1r12-~/6m I $ 6 ) .  (3 .42)  

We have written T 4 b  in a form valid for an arbitrary static electron-electron inter- 
action VIZ  in order to highlight the fact that with V I Z  = ollrlz-the physical case-the 
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Coulomb pair term T 4 b  and the transverse photon pair term T4c cancel, and only the 
external field pair term 7’4, survives. Addition of (3 -32) and (3.39) yields: 

144 z 2iCfi Tfi (3.43) 

(3.44) 
with 

Tfi -- (df I p12/3m2 + k%12/12 - 1‘1 U’(rl)/6m I 41). 
A short calculation then gives for the 23S1+ 11So-t-y decay rate: 

(3.45) 

It is instructive to compare (3.45) with the hydrogenic rate (2.26) for large 2. If 
one uses product wavefunctions (suitably symmctrised) one finds d2 Tfi + TI) ,  
defined by (2.22), and  k--+3(aZ)2/8m so that 

RRe-like= RH-like[l -k @(Z-’)] (3.46) 

where R ~ . l i k ~  denotes the hydrogenic rate (2.27). The factor g, which is the ratio of 
the statistical weight of the 2S1p state in €3 to that of the 3S1 state in He, may be 
simply understood as follows. In  H-like ions the rate for a spin-flip transition 
(sz = Q -+sZ = - 4) is twice that of the rate for a non-spin-flip transition (sz = .&-+ sz =.*). 
In  He-like ions only the spin-flip process is available, because of the Pauli exclusion 
principle-the outer electron with spin up can only join the spin-up electron in the 
inner shell bp flipping its spin. Thus, if electron-electron interaction is neglected, 
the ratio of the rates is 2:(2+ 1)= $. 

The result (3 .44)-(3 .45) derived here from quantum electrodynamics (Feinberg 
and Sucher 1971) was obtained independently by Drake (1971), who used the Dirac- 
Breit Hamiltonian (3 ,1) and semiclassical radiation theory. Another treatment, also 
based on (3. l), was given by Beigman and Safranova (1971). (See Drake (1973) for a 
review and Drake (1972), Sucher (1 976) and I,in (1 977) for further discussion of the 
approach used by Drake (1971).) 

3.2.5. A period of uncertninty. A systematic evaluation of the decay rate (3.45) for 
two-electron ions with large Z was first carried out by Drake (1971), who used many- 
parameter wavefunctions obtained by an expansion in powers of 2-1. For Z =  18, 
corresponding to Ar1Ci, he found r = 212.7 ns to be compared with rexp = 172 F 30 ns, 
as measured by Marrus and Schmieder (1970a,b). T o  quote from Drake’s review of 
the subject at the 3rd InternationaZ Atomic Physics Conference (Drake 1973): ‘The 
discrepancy, if real, is one of the few remaining examples of a disagreement in one- 
and two-electron systems , . .’. 

As is well known, discrepancies are a Good Thing, providing a stimulus to further 
work by both experimentalists and theorists. This discrepancy was no different. On 
the experimental side, a number of new experiments on other species-S, Ti, Va and 
Fe-gave results which were largely consistent, within the errors, with the predictions 
of (3.45). However, a new discrepancy emerged for the case of Cl15+, while the error 
bar for Ar16f grew smaller. On the theoretical side, a number of new calculations 
were therefore undertaken. 

(a) Radiative corrections-self-energy and vertex effects-were expected to be of 
the order of a: log (Za:)-l, relative to the leading matrix element (3.43) (Feinberg and 
Sucher 1971). If the coefficient were positive and as large as say 2 or 3, then for 
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2 -20  one would get a decrease of 10% or so in the lifetime. However, a detailed 
analysis for the case of H-like ions showed that although individual diagrams give 
01 log (Za)-l corrections, these cancel on addition (Lin and Feinberg 1974, Lin 1975; 
see also Drake 1974). The correction from the anomalous electron magnetic moment, 
a factor of (1 +a/Z,i-), is also too small to matter-in fact, for the case of the 22Slp  -+ 
11Slp+y transition in H-like ions it is cancelled by another O(a) effect so that there 
are no corrections of relative order (y. at all! In  He-like ions there is a surviving radia- 
tive correction factor (1+0*97a/.rrZ) which is, however, much too small to be of 
interest at present (Lin 1975). The formulae used by Lin and Feinberg (1974) as the 
starting point of their calculations were written down on heuristic grounds; their 
correctness was confirmed by a general analysis of radiative corrections to atomic 
decay rates which starts from first principles (Barbieri and Sucher 1977). 

(b )  Recoil and retardation corrections to the approximations made in arriving at 
(3 .4J), especially in diagrams involving transverse-photon exchange, were examined 
by Kelsey (1974, 1976). Although there are effects of relative order a arising from 
individual diagrams, these cancel on addition. Thus these corrections are, at best, of 
the relative order of a 2 2  and therefore again unimportant. Corrections arising from 
the hyperfine interaction are also negligible (Drake 1971). 

( c )  Relati,vistic corrections of the relative order of ( L X Z ) ~ ,  which are present even 
if electron-electron interaction is neglected, need to be considered. For the hydro- 
genic 21S1,2-+ 11Slp+y transition these may be found by keeping the next terms in 
an expansion in powers of a Z  of the energy difference k and of the radial wavefunctions 
g and f, entering (2.17). The result of such a computation (Lin 1975) is that the RHS 
of (2.27) should be multiplied by a factor: 

where 
1 + c2(CuZ)2 

= 1.07. 

(3.47) 

(3.48) 

Even for 2= 20 this represents only a 2% correction to the rate and the corresponding 
correction for He-like ions will be equally small. 

For the hydrogenic case, as mentioned earlier, M D  may in fact be evaluated exactly 
in terms of hypergeometric functions (Johnson 1972). Comparison of the exact values 
with those obtained via (2.27) and (3.47) shows that the terms of the order of (aZ)4  
and higher are negligible even for 2 as large as 40; this fact will be relevant for us 
shortly. Expansion of the exact formula for M D  yields (W R Johnson 1976 private 
communication) : 

which implies c2 = 1.0678, in agreement with (3.48). 
Work to include such higher-order a 2  effects for the He-like decays has been 

based on finding self-consistent relativistic Hartree-Fock wavefunctions, starting 
with the relativistic two-body Dirac-Coulomb Hamiltonian : 

HDC = C (ai .PI + Btm - zah) + ~ + l z  (3.50) 

and then directly evaluating the matrix element (3.22) with these wavefunctions. The  
results found this way (Johnson and Lin 1974; see also Feneuille and Koenig 1972) 
agree substantially with those found by the evaluation of the reduced form of the 
matrix element with the non-relativistic variational wavefunctions. From the above 

c2 = (19/20) +In (9/8) (3 .49) 

2 

i= 1 
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remarks concerning the smallness of such effects in the H-like case, this is not sur- 
prising. (As already mentioned, results obtained from Hamiltonians such as (3.50) 
must in any case be treated with caution.) 

( d )  The accuracy os the wavefunctions used by Drake in his evaluation of (3 .el.) 
and (3 .45) remained, at this stage, the only aspect of the calculation which had not been 
fully nailed down. Experience with another problem--the exact evaluation of the 
London-van der Waals constant CHH, entering the 14-H potential C H H / Y ~  (Q'Carroll 
and Sucher 1968)-suggested that the first-order contribution of the electron- 
electron Coulomb interaction ought to be exactly calculable. The result of such a 
calculation is (Kelsey 1974, Kelsey and Sucher 1975, P J Mohr 1975 private com- 
munication) : 

(3.51) 

where bl is exactly expressible in terms of (many) hypergeometric functions and : 

HHe-like RHe-like(')( 1 f 61 /2+  b2/Z2 $. . . .) 

(3.52) 

Numerical evaluation of the lengthy formula for bl yields: 

bl= - 4.099. (3.53) 

This is in extremely close agreement with the value of bl which can be inferred 
from Drake's variational calculation and confirms the accuracy of the wavefunctions 
used by him. The variationally determined value of b2 is 6.7; we may use this to 
write : 

The right-hand side of (3 .54) reproduces the numerical values given by Drake (1971) 
to better than 1% for 2 > 16; this is simply a consequence of the fact that the terms 
of order 2 - 3  or higher, as determined by the variational wavefunction, make only 
a very small contribution to RHe-like. 

A completely different confirmation of the fact that the evaluation of equation 
(3.44) had been carried out to sufficient accuracy was obtained by Anderson and 
Weinhold (1975). Using theorems which enable one to put bounds on the error made 
in evaluating an off-diagonal element of an operator when approximate eigen- 
functions are employed, these authors were able to show that, in the case of Ar16+, 
the value obtained by Drake was good to better than 0.3%. 

As the cloud on the QED horizon was being darkened by the apparent absence of 
large corrections to the rates computed from (3.44)' it was discovered that remeasure- 
ment of the decay rate for Cl15+ considerably further downstream from the foil where 
the 23S1 state is produced gave a different value for the lifetime, which moreover 
agreed with the theoretical value much better than that found previously; this had 
come from positions corresponding to only a fraction of the lifetime (Bednar et al 
1975). A similar result was obtained on remeasurement of the Ar16+ lifetime (H 
Gould and R Marrus 1976 private communication). The reason for the seemingly 
non-exponential character of these decays has not been fully established. Quite 
recently it has been suggested (Armstrong and Lin 1977) that photons coming from 
an admixture of Li-like ions in the beam are responsible for this feature of the data. 
We shall give a detailed comparison between theoretical and experimental values in 
the next subsection, under the assumption that the earlier values of the Cl15+ and 
Arl6+ lifetimes are indeed artifacts of the experimental arrangement. 

RHe-like RHe-like(')(l-4*10/2+ 6*7/22). (3.54) 
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3.3. Comparison of theory with experiment 

A systematic comparison of theory with experimental results from beam-foil 
spectroscopy may be carried out as follows. We observe first that the theoretical 
results described in the last subsection may be used to write an explicit formula for the 
M1 decay rate of the 23S1 state which can be expected to be of high accuracy for 
Z B  1 and (aZ)2< 1. T o  see this, let us write, for the hydrogenic decays: 

The  c term is the leading non-radiative correction to the lowest-order result (2.27), 
involving higher-order relativistic and retardation effects and relativistic corrections 
to the energy difference. The d terms represent the 'leading' radiative corrections. 
The remainder A consists of terms at most of the order of (aZ)4 or of the order of 
a(a.2) log (Za)-1 and so can be expected to be less than 1% even for, say, Z as large 
as 40. Let us further write, for the He-like decays: 

RHe-liketh= RH-liketh 7 (3.56) 

where 7 is a correction factor. T o  lowest order in a, the correction factor 7 can be 
read off from equation (3.51) : 

~ = g + b l / Z + b 2 / Z 2 + .  . .). (3.57) 

Using (2.27) and (3.47) we see that: 

+dla log (Za)-1+d2a+LO(Z-3)+8(azZ)+U(aZ-l)], (3.58) 

For the case at hand, we have, as discussed above, the exact results d2 = dl = 0 (Lin 
and Feinberg 1974), c2= 1.07 (Lin 1975, W R Johnson 1976 private communication) 
and bl= -4-10 (Kelsey and Sucher 1975, PJ Mohr 1975 private communication). 
Further, bz E 6.7, according to the variational calculation (Drake 1971). Thus, putting 
all this theoretical piecework together we can write the cooperative formula : 

and the lifetime is: 
7He-liketh = (RHe-liketh)-l. 

(3 * 59) 

(3.60) 

We expect, conservatively, that (3.59) is accurate to better than 2% in the entire 
range 15 5%-540. 

Table 1 shows the comparison between ~ e x p  and ~ t h  as computed from (3.59) and 
(3.60). As can be seen, the agreement between theory and experiment is very satis- 
factory. It should be noted that the experimental accuracy is not yet sufficient to 
provide a stringent test of the coefficients of the 2 - 2  and (aZ)2 terms. However, 
inclusion of these terms improves the agreement between the theoretical value and the 
central experimental value for all the accurately measured lifetimes. It will be quite 
interesting to see how (3.59) holds up-if and when the experimental accuracy 
reaches the 1% level. It seems clear that (3.59) may be used with confidence to 
compute R(23S1+ 11So+y) for He-like ions in the indicated range. For 2 larger 
than 45 or so, when the corrections of relative order (aZ)4 and higher begin to become 
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-J 23s0 

v2E1 

I 

Table 1. Experimental and theoretical lifetimes for the decay 2% -+ liSo + y in He-like ions. 
For 2 = 1 6  to 36, ~ t h  was computed from (3.60) of the text; for 2 = 2 ,  7th is taken 
from (3.62) of the text. 

Ele- 
ment 2 

S 16 
C1 17 
A 18 

Ti 22 
V 23 
Fe 26 
Kr 36 
He 2 

i-exp (ns) 7th (ns) TexP/Tth 

706 k 86 697 1 . 0 1 i 0 . 1 2  
354 i 24 373 0.95 k 0 . 0 6  
202 rl: 20 207 0.98 k 0 * 10 

25 *8_+ 1 - 3  26 e 4  0 -98 zt 0.05 
16.9 2 0 . 7  16.8 1 * 0 1 + 0 * 0 4  
4 . 8 i 0 . 6  4.78 1 e00 0 * 13 

0.20 i 0.06 0.170 1 e 1 8  i 0.35 
0.91+!:;,0 x lo4 s 0.841 x l o 4  s 1  OS$:^^ 

Reference for T ~ X P  

Bednar et a1 (1975) 
Bednar et al (1975) 
Gould and Marrus (1976 
private communication) 
Gould et a1 (1973) 
Gould et al (1974) 
Gould et a1 (1974) 
Gould and Marrus (1976) 
Woodworth and Moos (1975) 

significant, one could use the approximation : 

where RH.like(0) denotes the rate for 21S112-t 11Sl,z+y in H-like ions with radiative 
corrections neglected, which has been evaluated exactly for an external Coulomb 
field (Johnson 1972). For Z< 15 the ( d ) 2  correction is less than 1% and here the 
rates computed by Drake (1971) should be sufficiently accurate, at least for Z not 
so small that a Z-1 expansion for the wavefunctions is only slowly convergent. Of 
course, for Z= 2 very accurate Hylleraas-type wavefunctions can be used. By way of 
summary, the significant decay modes of the 21So and 23S1 states of He-like ions are 
shown in figure 5. 

As mentioned earlier, there is now available a much improved measurement of 
the rate for the 23S1$ 11So+y transition in helium itself, viz (+xp)-l= 1.10 x 
10-4 s-1& 30% (Woodworth and Moos 1975) giving the value quoted in table 1 : 

(3.61) 

(3.62) 



Magnetic dipole transitions in atomic and ,particle physics: ions and psions 1807 

Thus, the theoretical and experimelztal values are in agreement over a range covering 
fourteen orders of magnitude. This is surely an impressive triumph for QED in a domain 
rather different from that in which it has been tested heretofore. 

We conclude this discussion of relativistic magnetic dipole transitions in one- and 
two-electron atoms with two comments. First, it seems ironic that the clearest 
evidence for these transitions and confirmation of the theory comes from the He-like 
ions rather than the simpler H-like ions. The  reason is that 

is only a few per cent of &.lik@S1/2-f 11Sl/z + Z y ) z  8 2 6  s-1 even for 2 as large 
as twenty and does not dominate until 2 > 4 5 .  

Second, from a theoretical point of view, it may perhaps be regarded as disappoint- 
ing that the electron-electron interaction, especially its short-distance behaviour, does 
not play a more significant role in determining the rate. However, it is gratifying that 
to leading order the rate for the M1 decay in the more complicated He-like ions is 
nevertheless expressible in closed form, modulo the non-relativistic wavefunctions. 

We turn now to a recently discovered set of particles which appear to be describ- 
able as bound states of more elementary constituents and which, like the states of an 
atom, are connected by radiative transitions. T o  the extent that a non-relativistic 
description of the bound states is valid, some of these transitions may be characterised 
as ‘relativistic M1 transitions’ and these can be studied by a straightforward generali- 
sation of the techniques described above. I n  contrast to the atomic case, the corre- 
sponding amplitudes are very sensitive to the details of the interaction between the 
constituents. Of course, quite apart from this, the system to be discussed has charms 
of its own. 

4. Narrow resonances at 3 GeV: discovery and theoretical background 

4.1. The discovery of the psions 

Let us review the developments which about three years ago electrified the com- 
munity of elementary-particle physicists. In  November 1974 the following discoveries 
were announced. 

(i) A high and narrow peak in the e+e- invariant mass spectrum was observed by an 
MIT-BNL group (Aubert et a1 1974) in the reaction p+Be+e+e-+X. The  peak 
mass was at 3.1 GeV and the width was less than the energy resolution of 20 MeV, 
‘consistent with zero’. 

(ii) Extremely high and sharp peaks in the elastic and various inelastic e+e- 
cross sections were observed by a SLAC group (Augustin et a1 1974) in colliding-beam 
experiments at the SPEAR facility. These peaks were seen in the Bhabha scattering 
e+e--+e+e-, in e+e-+,u+p-, and in e+e-+hadrons, at a CM energy of 3.105 & 
0.003 GeV, with an upper limit of 1.3 MeV for the full width at half-maximum. 

These discoveries were confirmed within a week by three groups working at 
Frascati (Bacii et al 1974). 

The  natural interpretation of the observation at BNL was that it corresponded 
to the production of a new particle or resonance-called J-followed by its decay into 
e+e- : 

p + Be-tJ + anything J-t e+e-. (4 * 1) 
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Similarly, the SLAC experiments corresponded to the formation of a new particle- 
called $-followed by its decay into both leptonic and hadronic channels : 

(4.2) e+e--t $+e+e-, p+p-, hadrons. 

Of course, because of the coincidence of the mass and the common e+e- decay channel, 
J a n d  $ were immediately regarded as the same particle, now often designated as 

(iii) A week after the discovery of the $, the §LAC group found another narrow 
resonance similar to the $, called $’, at 3684 MeV (Abrams et a1 1974). Analysis of 
the final states showed an important decay channel for the 4’ to be 

Jl** 

$’+ 41 + hadrons. (4.3) 

There followed a period of intense experimental activity accompanied by equally 
intense theoretical analysis and speculation. The  excitement of this period can be 
recaptured by perusal of the proceedings of the 1975 Internatioml Symposium on 
Lepton and Photon Interactions at High Energies (Kirk 1976), held at SLAC. ‘The 
remarkable aspect of the y5 was that, unlike other states coupled to both leptons and 
hadrons, such as the p, w and + mesons, which have total widths in the 5-150 MeV 
range, but purely leptonic widths of the order of 1-10 keV, the $ had a total width of 
the order of only 0.1 MeV, although its leptonic width was ‘normal’. 

Analysis of the experiments showed that the $ and $’ could be regarded as hadrons, 
with the same quantum numbers as the photon, JPC= 1--, i.e. with angular momen- 
tum J= 1, odd under space inversion P and odd under charge conjugation C, as 
one might naively guess. This assignment was confirmed by observation of inter- 
ference just below resonance of the amplitudes A(e-l-e-+y+ p-‘p-) and A(e+e-+$-+ 
p+p-). Study of the hadronic final states showed consistency with an assignment 
1=0 and G =  - 1 for the isospin and G parity of both the $ and $’. 

4.2. The three c’s: charm, colour and conjinement 

4.2.1. Charm. The first detailed dynamical models for the psions, $ and $’, involved 
the notion of charm. What is charm? A good characterisation was actually given long 
ago: ‘, . , it’s a sort of bloom. . , if you have it, you don’t need to have anything 
else; and if you don’t have it, it doesn’t much matter what else you have’ (Barrie 
1918). 

A more technical definition of charm is that it is a quantum number, denoted by 
‘ C’,  which is assigned to the strongly interacting particles, together with the familiar 
quantum numbers such as the electric charge quantum number Q, the baryon number 
B, and the strangeness S or equivalently the hypercharge Y = B+ S. Like Y ,  C 
is imagined to be conserved by strong as well as electromagnetic interactions but not 
by weak interactions. The introduction of such a new quantum number or ‘flavour’, 
as the current jargon has it, was originally motivated by relatively slender, more or less 
aesthetic considerations (Bjorken and Glashow 1964, Hara 1964; see also Tarjanne 
and Teplitz 1963). There were two routes to charm, one by way of the strong inter- 
actions or the ‘front door’, the other by way of the weak interactions, or ‘back door’, 
in terminology once used by B d’Espagnat in discussing approaches to the symmetries 
of strong interactions. 
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To  describe these routes, recall that in 1961 it was discovered that the invariance 
of strong interactions under SU(2), with generators It (i= 1, 2, 3), which allowed the 
then known hadrons to be organised into isospin multiplets, could be enlarged to an 
approximate invariance under the group SU(3), with generators Fi (i= 1, . . . , 8) 
which allowed organisation of the hadrons into SU(3) ‘supermultiplets’. The states 
within a supermultiplet could be labelled by the eigenvalues of two commuting 
generators F3 and 178 or equivalently by I3 and Y ,  on making the identification 
1 3  = F3, Y = 2Fs/2/3. Although the known hadrons could be successfully fitted into 
eight- and ten-dimensional SU(3) multiplets, 8 and 10, only three hadrons were 
needed to carry the conscrved quantum numbers B, Q and S. The most economical 
scheme was that introduced independently by Gell-Mann (1964) and Zweig (1964), 
who imagined the existence of a fundamental triplet of spin-4 fermions 4 1 ,  q 2 ,  43 called 
‘quarks’, each with B = 4, but with ( q 1 ,  4 2 )  an isospin doublet (U, d )  of ‘up’ and ‘down’ 
quarks with S = 0 ( Y = +) and q3 an isosinglet ‘strange’ quark ‘s’, with S = - 1 ( Y = t).  
All known mesons and baryons could then be considered, at least on a formal level, 
as composites qg and qqq of the qt and their antiparticlcs &, which carry the funda- 
mental representations 3 and 3” of SU(3). 

Recall also that by 1963 the known low-energy weak interactions could be success- 
fully described by ail effective interaction of the current-current type, %@ff = 
( G ~ / 4 2 )  JaJat  where J ,  = I, + lz, was the sum of a leptonic current la(%) = e(x) rave(%) 
+ p(x) Fzv,(x) (with, for example, ue(x)  denoting the Dirac field associated with the 
electron neutrino ve and F a  = y,(l- y5)) and a hadronic current lz,(x). As far as its 
transformation properties under SU(3) were concerned, h,(x) could be written in 
terms of hypothetical quark fields U(%), d ( x )  and s(x) as h,(x)=dc(x) r,u(x) where 
dc = d cos Bc + s sin 6, was one of two orthogonal fields obtained by a rotation with 
angle Bc (the Cabibbo angle) from d ( x )  and s(x), the other being sc = s cos Bc - d sin Bc 
(Cabibbo 1963). 

Front door. With this as background, we can describe the strong interaction 
route to charm as coming from the observation that the mass spectrum of the vector 
meson J P C = l - -  resonances was suggestive of a (badly broken) symmetry of the 
strong interactions which was higher than SU(3) and SU(4) was a natural candidate. 
But SU(4) has three commuting generators, two of which could be identified with 
F3=13 and F 8 r x  Y ,  leaving a third to be identified with some as yet (at the time) 
undiscovered quantum number ‘C’ which was zero for the known particles. 

Back door. The weak interaction route to charm came from considerations of 
lepton-hadron symmetry, within the framework of the quark model. For many years 
it was assumed, basically for simplicity, that the electron neutrino and muon neutrino 
were the same : v e  = up = v. There seemed then to be a nice parallel between the three 
leptons (v, e, p) and the three quarks (U, d, s) (or (P,  N ,  A) in the Saltata model) 
and the pieces ( W , u ) ,  (pF,v) entering the leptonic current I ,  seemed analogous to 
the pieces (&,U), ( P , u )  entering the hadronic current h,. However, when experiment 
showed that ve # U ,  (Danby et a1 1962) this analogy was lost. The  introduction of a 
fourth quark c, consistent with an enlargement from SU(3) to SU(4), allowed 
restoration of equality between numbers of leptons and quarks. Moreover if, for 
example, c were assigned the same charge as U, the similarity between 1, and 17, 
could be restored by adding a piece (sJ,c) to it,, with the pleasing correspondence 
(W,v,)tt(d,F,u) and (,d?,vp)++(scr,c). With the assignment S= 0 and C= 1 for 
‘c’, the Gell-Mann-Nishijima formula Q = 1 3  + Y/2 then generalises to Q = 13 + Y/ 
2 + C/2, and by analogy with the SU(3) quark model one would expect to eventually 
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observe composite systems such as D+= k which would be a ‘charmed meson’ with 
S=O but C= 1, or systems such as Lc, with C=O but with ‘hidden charm’, 

’The motivation for a fourth quark was considerably strengthened by the observa- 
tion that it could play a role in avoiding violation by higher-order (divergent) correc- 
tions of the selection rules built into &#f (Glashow et a1 1970). It received a major 
boost after the discovery of renormalisable, unified gauge theories of weak and electro- 
magnetic interactions, based on the Yang-Mills idea of local gauge invariance of a 
field theory under a non-Abelian group and the Higgs-Kibble mechanism for the 
spontaneous symmetry breaking of the local symmetry. This came from the observa- 
tion that the introduction of such a quark allows one to accommodate in an elegant 
way, consistent with the ideas of unified gauge theories, both (i) the suppression of 
strangeness- changing neutral currents, inferred from the smallness of the Klo - KzO 
mass difference and the low rate of, for example, K~o+p+p-, and (ii) the presence of 
neutral currents as eventually observed in strangeness-non-changing high-energy 
neutrino interactions. (For reviews see Abers and Lee (1973), BCg and Sirlin (1974), 
Bernstein (1974) and Weinberg (1974).) 

4.2.2. Colour and conjinement. Fractionally charged objects such as the quarks of 
Gell-Mann and Zweig, at least one of which must be stable if the conservation of 
charge is absolute, have been the object of experimental searches for about fifteen 
years, without success. (The most recent review of how and where quarks have not 
been found is Jones (1977); the evidence for fractional charge obtained recently by 
LaRue et a1 (1977) remains controversial (see, for example, Morpurgo 1977, Fairbank 
1977)). Another thread in the story must now be drawn in. Exploration in the mid- 
sixties of the mass spectrum of the hadrons revealed the existence of an approximate 
SU(6) invariance of the strong quark-binding interactions, corresponding to joint 
transformations of the SU(3) indices and the spin indices associated with the non- 
relativistic SU(2) spin group. This could be made compatible with Fermi statistics 
for the quarks if there were another, hidden, degree of freedom (Greenberg 1964), 
nowadays described as the introduction of a three-valued ‘colour’ index for the quark 
field, which can be used to antisymmetrise the baryon wavefunctions. In  the so-called 
standard version of the gauge theories of weak, electromagnetic and strong inter- 
actions, the Lagrangian is imagined to be exactly invariant not only under global 
SU(3) transformations of the colour index, but also under local SU(3)c01,,ur trans- 
formations. 

This invariance requires the existence of a set of eight massless vector mesons, 
called ‘colour gluons’, and one arrives at a theory now known as quantum chromo- 
dynamics (QCD), a non-Abelian gauge theory analogue of QED, which is an Abelian 
gauge theory. The theory has, on the one hand, a remarkable property called asymp- 
totic freedom, which means that at short distances (high momentum transfers) the 
interaction between quarks arising from the exchange of colour gluons becomes weak 
and perturbation theory is applicable. At large distances, on the other hand, it is 
speculated that the coupling arising from colour gluon exchange grows with separation 
between quarks and that this leads not only to binding but to binding with unusual 
permanence. Because of the infrared complexities of such theories one is allowed to 
entertain the hope that the associated long-range forces will be such that only objects 
which are colour-neutral, i.e. singlets under SU(3)c010ur, are observable as real 
particles, having asymptotic states associated with them in Hilbert space. Thus in 
this view both the colour-triplet quarks and the colour-octet gluons are forever out 
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of view, e.g. protected from leaving tracks in a bubble chamber. The  masses of the 
quarks then become ‘effective masses’ or parameters which can be determined only 
indirectly by experiment. 

4.3. Width of ( E ,  c )  bound states and the OZI rule 

Although the t,h and 4’ could not themselves be charmed particles (more generally, 
could not possess a non-zero value for an additive quantum number conserved by 
strong and electromagnetic interactions) a number of theorists advocated the view- 
point that they are composites of a c and a E in the same sense that the ‘classical’ 
vector mesons are regarded as composites in the SU(3) quark model: +=b, w =  
( C u + d d ) / d 2 ,  etc. In  fact it was anticipated, in analogy with the 4 meson, that 
narrow states symbolised by Ec should exist (Appelquist and Politzer 1975a). This 
picture has an immediate qualitative appeal. I t  relates the narrow hadronic widths 
of the psions to the success of the Okubo-Zweig-Iizuka (021) rule or ‘quark line 
rule’ which states that in the SU(3) quark model decay processes are strongly sup- 
pressed if they can only proceed by the annihilation of a q4 pair present in an initial- 
state hadron or by the creation of a pair which forms part (or all) of a final-state 
hadron. This empirical rule accounts, for example, for the fact that the 4, which is 
largely sf, decays predominantly into KR rather than n+n-+, for which the phase 
space is much bigger; note that since the pions, unlike the K, contain no s or Z quarks 
one can only get rid of the initial Ss pair by mutual annihilation. An extended OZI 
rule would then inhibit the transformation of psions into ordinary hadrons, which 
have no c quarks in them. Provided that c4 systems (‘charmed’ mesons) have masses 
above +m$l-1.85 GeV there would be no open decay channels which would be 
allowed by the OZI rule. Of course, this does not by itself explain the narrow widths, 
but it does at least provide, one might say, a unification of two mysterious facts. On 
a more technical level, it was suggested that the property of asymptotic freedom in 
quantum chromodynamics might in fact account for the validity of an extended 021 
rule when heavy quarks (m, - few GeV) are involved. 

The  idea that mc - few GeV arose in part from the study of strangeness-changing 
second-order weak processes within the framework of unified gauge theories. For 
example, if on the one hand, the c were degenerate in mass with the ordinary quarks 
the suppression of such effects would be too strong. On the other hand, an estimate 
of the K L K ~  mass difference, which is proportional to GFamC2 in the standard model, 
shows that m, cannot be too large. I n  addition, one would expect to have already seen 
charmed hadrons unless mc exceeded mg by at least 1 GeV or so. Thus, before the 
discovery of the psions one had arrived at the conclusion that, roughly, 1.5 G e V s  
m c 5 5  GeV (see Gaillard et a1 (1975) for a detailed review). 

In  these few pages we have of course been unable to do more than lightly scan the 
rich tapestry of ideas and concepts woven by theorists over a period of many years to 
describe and correlate the phenomena involved. Apart from those already mentioned, 
other reviews which the reader may wish to consult include Politzer (1974) (asymptotic 
freedom), Okubo (1978) (quark line rule), Greenberg and Nelson (1977) (colour models 
of the hadrons) and Marciano and Pagels (1978) (quantum chromodynamics). For 
a review of the early e+e- experiments see Feldman and Per1 (1975). 

Although we cannot explore these issues further here, we want to note, for use 
in the following subsection, that the idea that the quarks are permanently confined 
inside hadrons expresses itself in the modern quark-binding industry by way of the 
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assumption that the force between, say a q and a q, grows with their separation Y 

in such a way that it would require infinite energy to break them up. Thus, for large 
Y ,  one assumes, typically, that Vclgw a y  with a > 0. However, it should be emphasised 
that exact confinement is not essential for the potential model description of the psions 
to which we now turn. In  particular, there exists a comprehensive unified gauge 
theory of weak, electromagnetic and strong interactions, compatible with present 
experimental knowledge, in which the basic hadronic building blocks have integer 
charge and are not confined but may instead have escaped detection so far because 
they are highly unstable. (For reviews see Pati and Salam (1977) and Pati (1976).) 
Furthermore, it is possible to develop an algebraic approach to the properties of the 
narrow resonances, based on commutators of vector and axial charges within the 
framework of ‘asymptotic SU(4) symmetry’, which does not make such explicit use 
of the quark concept (for a review see Oneda 1978). 

5.  The charmonium model 

5.1. Description of the model 

The bound states of a particle-antiparticle system such as (c, E )  can be classified 
by J P C  where J is the total angular momentum, and P and C are the eigenvalues of 
parity and charge conjugation operators, respectively. For a state which in non- 
relativistic spectroscopic notation is described by ~ S + ~ L J ,  P and C are related to the 
orbital and spin angular momentum quantum numbers L and S by: 

P= - ( -1 )L  C=(-l)L+S. ( 5  - 1) 
I t  follows from (5.1) that if the (c, E )  system has any triplet-S (%I) bound states, 
they will have: 

J P C ,  I-- 

that is, precisely the quantum numbers of the $ and $’, The basic hypothesis of most 
models of the psions as bound states is therefore: 

(A) $ is the ground state of ‘orthocharmonium’, i.e. can be identified with the 
lowest lying 3S1 state of a bound ( c ,  E )  system; $‘ is the first excited 3S1 state, a radial 
excitation of I). 

Tests of (A) alone would be difficult to come by. But the addition of further 
hypotheses leads to a number of predictions which can be tested. These hypotheses 
all concern the dynamics of the binding. 

(B1) The energy levels of the bound (c,E) system may, to a first approximation, be 
found by solving a non-relativistic Schrodinger equation : 

( 5  *2) 

where p= $vic is the reduced mass, W is the ‘binding energy’, and -M=2mc+ W is 
the total mass of the bound state with wavefunction 4. 

(Ba) If the binding interaction Vb is written as the sum of a spin-independent 
part Vsi and a spin-dependent part Vspin : 

then 
(5  -4) 

( 5 . 5 )  
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(B3) Vsi is a local central potential, popularly taken to be of the form: 

Vsi = ar + b - (4/3) asr-l (5.6) 
with n and b parameters to be determined and cys small, as will be explained later. 

5.2. Qualitative predictions and comparison with experiment 

Before discussing (B3), we should emphasise that (B1) and (Rz)  alone already 
lead to certain qualitative predictions, regardless of the precise form of Vsi (Appelquist 
et a1 1975, Callan et a1 1975). 

One expects to find in the neighbourhood of $ and $‘ other $-like states as 
follows. 

(i) $ and $’ should have nearby singlet-S state (ISo) ‘hyperfine’ partners, the 
ground and first excited states of ‘paracharmonium’. The quantum numbers of 
these states, denoted as T~ and qc’ respectively, would be 0-+, according to equation 

(ii) There should be bound orbital excitations of at least the $, the lowest lying 
being P states. In  particular, one expects to see a multiplet of triplet-P states: 3P0, 
3P1 and 3P2, with quantum numbers Of+, l++ and 2++, respectively. We shall 
denote them by x J ( J  = 0, 1, 2). 

These expectations are summarised in figure 6. The qc and qc’ states have been 
drawn relatively near to and below the $ and $’ states corresponding not only to the 
assumption (Bz) that the spin-dependent forces are small, but also that they are 
attractive in singlet states, as in positronium. Since C= + 1 for the qc, the qc’ and 
the XJ states, these will not show up as narrow resonances in efe- annihilation, 
assumed to proceed via a one-photon intermediate state (C- - 1). However, if these 
states exist, then new radiative decay modes become available to the $ and +’, In  

(5.1). 

I I 
I - -  2++ 0++ 
PC 

0- + 

I_ I 

Figure 6. Schematic partial spectrum of charmonium and radiative decays expected on the 
basis of hypotheses (Bi) and (B2) of the text. Full and broken arrows indicate El  
and M1 decays, respectively. Possible low4ying states 1P1, 1Dz and 3D1 are omitted. 
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particular, if mx < m+’, as is the case if (B3) holds, one may look for the E l  decays of 
the $’: 

Even if the photon is not directly observed, XJ will itself have direct hadronic decays 
so that there should be a signal in those final hadronic channels that have C= + 1. 
Furthermore, X J  can itself undergo a radiative E l  transition to the $ if m,,>m$: 

$’+ X J + Y *  (5.7) 

So observation of two-photon events in the region of the $’ mass might reveal the 
existence of the cascade process, (5.7) followed by (5.8). 

In  addition, both the $’ and the # should undergo ordinary radiative M1 transi- 
tions to their 1So partners: 

*‘+vc’ + y (5 -9) 
*+vc+y (5.10) 

*’+rlc + Y (5.11) 

rlC”++Y. (5.12) 

and, finally, one ought to be able to observe the relativistic M1 transitions: 

So at last we return to the subject discussed at length in the atomic case. Although 
the designation of the decays (5.9)-(5.12) as M1 transitions is essentially model- 
independent, relying only on the fact that we have A J -  1, and no change of parity, 
it should be emphasised that the use of the adjectives ‘ordinary’ and ‘relativistic’ is 
appropriate only if the non-relativistic description, in which the # and $’ radial 
wavefunctions are orthogonal and vc and yc’ have the same radial wavefunction as $ 
and $’ respectively, is indeed a good first approximation. 

How have these qualitative predictions fared in the light of the intense experi- 
mental activity referred to above ? After some initial disappointment, existence of 
the states of the predicted type, together with the existence of most of the predicted 
radiative decays, has largely been confirmed. From study of the final states in $’ 
decay, convincing evidence has been found for the existence of three C= + 1 states, 
denoted by x(3.41), ~ ( 3 . 5  1) and x(3.55), where the number in parentheses denotes 
the mass in GeV. In  each case one has observed both the process: 

*’+x + Y x+ hadrons (5.13) 

and the two-photon cascade process : 

*’-+X+Yl X + $ + Y 2  (5.14) 

with $+e-ce-. There is also (weaker) evidence for a fourth C= + 1 state between the 
$J and $’, denoted by x(3.45), seen in a process (5,14)-but not in (5.13). In  addition, 
there is evidence from observation of three-photon final states in the decay of the # 
for a fifth C= + 1 state, denoted by X(2.83), via: 

* - f X + Y l  x+ Y2y 3.  (5.15) 

Like the ~ (3 .45 )  the X has also not yet been seen in hadronic final states. (For a 
comprehensive review of the experiments and references, see Feldman and Per1 
(1977).) 
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Thus it seems very likely that at least five narrow C-even states have been identi- 
fied in the range of interest. If one assumes that the four observed states between 
$I and +’ correspond in some order to the three X J =  ~ P J  and to rc’= 21S0 the most 
likely assignment compatible with all the data is (Chanowitz and Gilman 1976): 

x(3*41)++xo x ( 3 * 5 1 ) + ~  x( 3*55)++XZ (5 .16)  
and 

x( 3.45)++7,’. (5.17) 
The X(2.83)  is the one and only candidate for the ground state of ‘paracharmonium’: 

X(2*83)++qc. (5 .18)  

Quite recently the existence of the X J  states has been confirmed by study of the 

$I’-+y+ anything. (5.19) 
Clear peaks are seen at E,= 121 MeV, 169 MeV and 260 MeV which are interpretable 
respectively as + ’ + x J + ~  ( J = 2 ,  1, 0 )  as well as at E’,=450, corresponding to the 
sequence +‘+xz + y ,  x 2 - t  + + y’, with x masses in good agreement with those given 
above. 

Very recently a new psionic resonant state +(3.77) with a width of about 26 MeV 
has been reported (Rapidis et a1 1977), which coincides very closely in mass with a 
3D1 state predicted from a potential model (Eichten et a1 1976). If this state is indeed 
a 3D1 state then the qualitative success of the idea that the resonant states observed 
in the 3-4  GeV region should be thought of as bound states of a spin-4- fermion and 
antifermion is almost complete, in the following sense. With J < 2, the J P C  states 
not allowed by (5.1) are 0--, 0+-, 1-+ and 2+-, and there is no evidence for such 
states. The  allowed states include Off ,  0-+, 1--, 1++, 2++ and 2-- for which there 
is evidence ranging from weak to definitive. Allowed states such as 1+-=1P1 and 
2-+=1D2 are expected to be difficult to observe, even if they exist, because of selec- 
tion rules. The situation is summarised in figure 7 adapted from Trippe et a1 (1977) 
who give a complete survey of experimental results to March 1977. 

inclusive y-ray spectrum of the $I’ (Biddick et al 1977): 

5.3. Quantitative aspects of the extreme non-relativistic model 

The source of the potential (5 .6)  is as follows. Recall that in QED the exchange of 
a single photon between an electron and a positron, coming from the coupling 
e$p‘*Afi, gives rise to an interaction potential which in the static limit is just the 
Coulomb potential - (e2147r) r-1, I n  QCD there is a similar coupling term 

gsW(Xa/2)  qVpa 
where A, is an SU(3)  matrix, V,. is a massless colour gluon field and ‘U’ is summed 
from 1 to 8. Hence the static potential arising from colour gluon exchange between 
a c and a E is just - (Xa(l)Xa”(2)/4)(gs’/4rr) r-1 and a little algebra shows that in a 
colour singlet state the value of the factor involving the X is just 4/3.  Thus, with as 
defined as gs2/47r, in analogy to 01 = e2/47r, we arrive at the last term in (5 .6), which is 
intended to approximate the cE interaction at slaort distances where, because of 
asymptotic freedom, single-gluon exchange should be a good approximation. The  
first term in (5 .6)  is supposed to represent the confinement arising, presumably, 
from multi-gluon exchange which at large distances cannot be treated perturbatively. 
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Figure 7. Summary of resonances observed in e+e- annihilation in the 2 4 - 3 4  GeV region. 
Uncertain states and transitions are indicated by broken lines. J p C  quantum 
number assignments are in some cases tentative, but all are at least consistent with 
experiment. The notation y* refers to decay processes involving intermediate 
virtual photons, including decays to e+e- and p+p-. The figure is adapted from 
Trippe et a1 (1977), with states at 4.42 and 4.03 GeV omitted, but the newly 
discovered state at 3.77 GeV referred to in the text included. 

The hypothesis (Bz) arises in part from the idea that if the binding force comes from 
the exchange of massless vector gluons, then analogy with QED suggests that Vspin is 
of the order of ( V / C ) ~  relative to Vsi, at least at short distances where the one-gluon- 
exchange approximation is supposed to hold. Indications from lattice gauge theories 
(Wilson 1974, Kogut and Susskind 1974) have been used in support of the idea that 
at large separations spin-dependent forces fall off rapidly (De RGjula et al 1975). 

What about the quantitative aspects of the assumptions (Bz) and (Bs)? First, the 
good news. Study of the hadronic decays of the narrow resonances, which in QCD 
proceed by cE annihilation into virtual gluons, suggest that as can be regarded as small 
( N 0.2). If one neglects spin-dependent forces altogether and drops the r-1 term in 
Vsi one may solve the resulting Schrodinger equation for the nS states exactly, as it 
turns out, in terms of Airy functions, i.e. Bessel functions of order 4. Since in the 
non-relativistic limit the amplitude for, e.g. +--te+-e-, may be expressed in terms of 
CY, m,+ and 41s (r=O), one may determine the three parameters m,, n and b by fitting, 
say m+, mp' and r(+-+e+e-). A typical result of such an exercise is mcN 1.6-2 GeV. 
The resulting prediction for r(+'+e+e-) is within a factor of two or so of the experi- 
mental value of 2-1 keV. Not too bad, considering the simplicity of the model. 
Furthermore, the first excited P states are predicted to be at about $ of the way between + and #', i.e. at around 3500 MeV, right in the region of the x states. The inclusion 
of the P-1 term changes these numbers only slightly. 

Now for the bad news. (i) If one uses the radial wavefunctions given by the model 
to compute the widths for the El decays of +'(+' -+x~+y)  one gets numbers which are 
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larger than the experimental ones by a factor of two or more. (ii) If (B2) holds, 
m(3S1) - m(lS0) ought to be small compared to mSf - m $ z  590 MeV. The identifica- 
tion of either X(2.83) with +qc or ~(3 .45 )  with T ~ ’  yields Am of the order of 250 MeV- 
hardly a small fraction of 590 MeV. (iii) If one imagines that Vypin is related to VBi 
in the same way that the non-relativistic spin-dependent interactions between two 
electrons (coming from the reduction of the Breit operator) are related to the Coulomb 
interaction, then the splitting of the P states must satisfy the bound (Schnitzer 
1975) : 

whereas the above assignment gives 0.4 for this ratio. 
We shall mention later some of the theoretical work which has been carried out to 

deal with these difficulties. We turn first to a general discussion of bound states 
of two spin-4 Dirac particles and radiative transitions among these states. We shall 
keep the masses arbitrary, which will facilitate comparison with the atomic case. In  
view of the uncertainties regarding the forces between quarks, we shall also avoid 
making specific dynamical assumptions as much as possible in the derivation of 
formulae for the transition amplitudes. 

(E(  3P2) - E ( 3 P ~ ) ) / E (  3P1) - E (  3 P ~ ) )  2 0.8 (5.20) 

6. Radiative transitions of two-body bound states of spin-4 particles 

6.1. Relativistic wave equation 

We consider bound states of Dirac particles ‘1’ and ‘2’. We shall refer to them as a 
quark ql ,  with mass ml, and an antiquark &, with mass m2, but this is not important 
for most of this section. We adopt a semi-phenomenological point of view and assume 
that, to a good first approximation, the dynamics of the 42q1 bound states is describ- 
able by a Dirac-like ‘no-pair’ equation: 

(Hi(pl)+H2(pz)+A++VA++> Y(Q, ~ 2 ) =  ~ T ( Q ,  ~ 2 )  (6 .1)  
where &(pi) = a6 .p6 + Pdmt, A++ = A+(l)A+(2) with A+(l) = (Et(pi)  + H&I~)) /~E&.I ) ,  
the Casimir positive-energy projection operator, and Vis assumed to be Hermitian and 
invariant under translation, rotation and inversion. 

Equation (6.1) may be viewed as a kind of ‘middle-brow’ starting point for our 
discussion. It can be regarded as derived, for example, from a static effective quark- 
quark interaction Hint analogous to the Coulomb interaction Hc : 

Hi,t=3SSj(X)K(~-x’)j(x’)  dxdx’ (6-2) 
wherej(x) is a quark density and the kernel K ( x  - x’) is analogous to ( e 2 / 4 ~ )  I x - x’ I -1 

in (3.6).  Many indices have been suppressed in (6.2). The  integrand j K j  can be 
thought of as shorthand for the sum: 

Cjta(x) Ktka’(x - x’)jk,(x’) 
where jga=cjJaqt with i =  1, 2, . . ., denoting different quark flavours and r, is one 
of the 16 Dirac matrices 1,  yIL, agv, y g 5 ,  or y5 (colour indices are still suppressed!). 
The  quantity V in (6.1) is then a linear combination of products of Dirac matrices 
with the K12“P serving as coefficients. The  derivation of (6.1) from (6 .2)  is completely 
analogous to that leading to (3,16) and so also, as in (3.19): 

A+(pi) y=A+(p2) ‘€“=Y’. (6 .3 )  
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However, it should be noted that (6.3), is, in fact, a consequence of (6.1) and need 
not be stipulated separately. 

We define relative and CM coordinates r=r1-r2 and R=clrl+c2r2, with cg= 
mi(ml+ mz)-l and write Y = exp (iK.R) fK(r). The internal wavefunction fK(r)  then 
satisfies (6.1) with p1-+p+c1K, p2+p--c2K and p =  -ia/ar conjugate to Y. For 
K =  0 we have : 

where E is the mass of the bound state, $(r) denotes the wavefunction in the rest 
frame and 

b = A+(')(p) A+(')( -p)  VA+(')(p) A+(')( -p). (6.5) 

Equation (6.4) should be regarded as symbolic of the corresponding equation for the 
Fourier-transformed wavefunction $(p)  in momentum space, where the square root 
and inverses entering A+Z(p) are well-defined, but it is convenient to keep to the 
coordinate-space notation. 

f@ = ( H l ( p )  + &( -p)  + 0)  $ ( U )  = E$(r) (6.4) 

6.2. Transformation to Pauli-type wavefunctions 
The reduction of (6.4) to large components: 

$++=p1(+)p2(+)$ Pi(*) z g(1 p,:) (6 6) 
is straightforward. Note that (6.3) implies that Ha can be replaced by E,: = Ea@) in 
(6 -4) and that 
\ ,  * = (1 + Cl)( 1 + 52)  *++ 

On multiplying (6.4) by Pl(+)Pz(+) on the left and making use of the relation: 

one finds that: 

where : 
E1 + ml E2 + m2 H++=El+Ez+- ___ vred 2E1 2E2 

with : 
Vred = pl'+)p2(+'( 1 + sl)( 1 + 52) V (  1 + C l ) (  1 + 52) /31(')/32(+). (6.10) 

Although V r e a  is Hermitian, H++ is not. However, on defining a new wavefunction 

$++=A@ (6.11) 
@ by 

where : 

one sees thatt : 
H&D = E@ 

(6.12) 

(6.13) 
-f The analogue of (6.13)-(6.15) for spin-0 constituents has been considered from a general 
point of view by Fong and Sucher (1964) and applied to bound states by Son and Sucher 
(1967); see also Nowak et aZ(1977). 
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where H e f f  is a Hermitian ‘effective Haniiltonian’ defined by : 

with 
(6.14) 

(6.15) 

The Hermiticity of Heff is a consequence of the fact that the overall mapping from 
the space of spinors t,h which satisfy the A+$$ = $ to the spinors CD which satisfy 
pi(+)@ = @ is unitary. Thus if one writes : 

$ = U @  U = ( l  + i l ) ( 1 + 5 2 )  /31(’-)/32(A)A (6.16) 

one has U t  U =  p1(+)/32(+) so that ($1 1 4 2 )  = (@I 1 CD2). We have proceeded in two 
steps in order to be able to make contact with earlier work (Feinberg and Sucher 
1975a). (Note that the matrix U is not unitary!). 

6.3. EfSective potential 

T o  simplify the form of the effective potential Veff we note that a rather general 
form of a parity-conserving V can be written in terms of Dirac matrices p, p and 
a=pa as a sum: 

V =  V(1) +/31/32V(~) + p l p ~ V ( 3 )  + ~lp2/31/32V(~) (6.17) 
where 

(6.18) 

and the U are rotational scalars or tensors which act only on the spatial variable Y. 
T o  see the non-relativistic limit of (6.14) we shall expand Vrrd in powers of p/m. 
Patient algebra yields : 

Vred=VO+Vred’+. . (6.19) 
where 

Vo= VU) + VC2) (6.20) 

= U(a)  + u 1 i a 2 j u p  + o1$UI;&a) + u 2 j u 2 ; p  

Vred’=Gl.~l(V(~)-  V(2)) ~1.p1/4m1~+(1-2) + [~i.pi, [ ~ z . p g ,  V(3)]+]+/4mlmz 

+ [~i-pi,  [a2 .p2, ~(4)]-]-/4mim2 (6.21) 

wi thpl=  -p2=p in our case. Terms of the type V(3) and V(4), if at all present in 
(6.17), will be assumed not to exceed the V(1) or V(2) type of term in order of 
magnitude; then the scale is set by VO and Vred’ is of the relative order of v2/c2 while 
the unwritten remainder in (6.19) is of the relative order of v4jc4 or higher. 

= 0 and the other U in (6.18) 
will be local: U ( @  = U ( @ ( r )  and 7Ytj.a) = &jA(a)(r) - 3Pi$jB(@(r). For simplicity, we 
shall assume that this is the case at least for a = 1 and a = 2. Then we can rewrite VO 
in the form: 

VO = UO(r) + al.Q2 Uss(r) + YuT(r) (6.22) 

If V is regarded as coming from (6.2) then 

with spin-orbit terms contained in (6.21). I n  (6.22) : 

UO(Y) = U(l ) ( r )  + U(2)(r) (6.23) 

is a central interaction and Us, = (A(1) - B(1)) + (A(2) - B@)) and UT = B(1) + B(2) 
represent spin-spin and tensor interaction respectively, with Y al. a2 - 3al .P ~ 2 .  P 
the familiar tensor operator. 
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On expanding the Ei in (6.14) in powers of p2/m2 the non-relativistic limit of 
(6.13) is seen to have the form: 

(6.24) 

where p = mlmz(ml+ m2)-l is the reduced mass and 4, a Pauli-type wavefunction, 
is the non-relativistic limit of @ as well as of $++ and $. The level shift 6W= 
E -  (ml+mz+ W )  arising from the neglccted terms is given to the lowest order in 
v2/c2 by 6 W = (4 I Hnr' I $) where 

(6.25) 

with R 2 =  2m12me2(7n12 + m22)-1 and V r e d '  defined by (6.21). 
It will also be useful in the next section to consider the case of all spin-dependent 

forces being small, i.e. with both U,, and UT in (6.22) of the order of v2jcz relative 
to UO, and therefore to define a Pauli wavefunction $(Y) satisfying: 

(6.26) 

The form of the two-body interaction given by (6.17) and (6.18) is sufficiently 
general to include almost all the types of potential which arise from the exchange of a 
spin-0 or spin-1 boson between the quarks. Not included are terms which arise, for 
example, from emission of a vector boson B by the Dirac moment of '1' followed by 
absorption of B via a Pauli moment of '2'. A detailed discussion of the potential 
arising from exchange of a single boson between the quarks may be found in Sucher 
(1978). 

6.4. Theory of radiative decay 

'FI+YF+ y is given by - e / @ 6 &  where, in analogy with (3.22) and (3.23): 
Within the rather general framework just outlined the amplitude for the transition 

(6.27) d&f = M d i r  + Alpair 

is the sum of a 'direct term' d d i r  and a 'pair term' defined by; 

~ d i r = ( ~ ~ ~ Q l ~ l . ~ ~ ~ l + Q 2 a 2 . ~ ~ ~ 2 ~ ~ 1 )  (6.28) 

Here e e l  and eQ2 is the charge of 41 and 4;2 respectively and ~ i = e x p  (-ik.r{). The  
time-ordered diagrams corresponding to (6.21) and (6.22) are analogous to those 
shown in figures 3(a) and 4(b) for the two-electron problem, with the broken line 
representing the interaction V rather than the Coulomb interaction. 

6.4.1. The direct term The amplitude d d i r  can be expressed in terms of the large 
components Y++ satisfying ,t$Y++=Y+f by using (5.13) to write 

Y=(l+f1)(1+t22)Y++ 
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with f% = at .pt(ma f Ei(pt))-l and substituting this form for Y into (6.28). A short 
calculation yields: 

where 

which may be written more explicitly as: 

(6.31) 

(6.32) 

where now 

and 
P&*) =Pt(*)(p, k )  

+jl=exp (-ic2k.r) ?jz=exp (ic1k.r) &(p) = 2Et(p)(&(p) f ma)-1. (6.35) 

We shall ultimately be interested in the case where (Iz is the antiparticle of q1. 
Then CP invariance and the relation CP= ( - l ) X + l ,  which follows from (5. l), imply 
that the spin S is an exact quantum number, independent of any non-relativistic 
approximations. Furthermore, for a one-photon transition with no parity change, CP 
changes its sign and hence A S =  & 1. Under this circumstance the spin-independent 
'electric' term PI(+) in (6.34) gives zero contribution. (Of course, if the parity 
changes this term normally gives the leading contribution to an allowed El  transition.) 
With this in mind we concentrate on the 'magnetic' term: 

hfdirmag=ipl('./!JFt.+\q10 x PI(-) .~*A2(p)l'./!J1++)+(1~2). (6.36) 

So far no expansion in powers of v/c has been made and (6.36) may be useful in a 
more general context. However, we shall now assume that an expansion in vjc 
makes sense and find the leading terms in this expansion. 

6.4.2. Expansion in vjc. From (6.32) and (6.35) we get, counting kjm as of the order 
of v2/c2, and kr as of the order of v/c: 

Pl(-)(p, k)= -k /2ml+  (p2k+2p.kp)/8m13+ Q(v5/c5) 

;il= 1 - icZ(k. P) - $(k. v)2/2 + U(V~/C~) .  (6.37) 

On writing +jl= l+(fjl- 1) in (6.36) and substituting #++=AD from (6.11), the 
'1' term simplifies to: 

iQl((DF1 Ql.Pl(-) x EXAl-yp) I @I) + ( l e 2 ) .  (6.38) 
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In  the ‘ f l -  1’ term, PI(-.)  may here be replaced by - k/2m, A and A z ( p )  each by unity 
to give a term: 

iQ2 ( 4 ~  I Q1. k X E”( 1 - q 1 )  141) + (14-42). (6 .39)  27921 

Since A l - l ( p )  z 1 - ~ ~ / 4 : 1 2 1 ~ ,  ( 6 . 3 8 )  reduces to: 

Combining terms we see that: 

(6 .40)  

(6 .41)  

(6 .42)  

and 
C1= 01. k x r*/ml.  

The quantity Mdirf’  is explicitly of the order of v4/c4 and so the wavefunctions @F 

and @I which satisfy ( 6 . 1 3 )  may be immediately replaced by the non-relativistic 
limits 41 and +F which satisfy (6 .24) .  ‘The nominally leading term M d i r ’  requires 
more care in its evaluation. 

6.4.2.1. Discussion of &fdir’. The expression (6 .42)  for .f%fdir’ seems to be very similar 
to (2 .11)  so that Mdir‘ might well be expected to be small. However, there is an 
important difference from the case of, say, the He-like ion where only the analogue of 
Avdir’‘ played an important role in MI transitions. This difference arises from the 
fact that we are interested, for charmonium, in the case Qz= - 8 1 .  Indeed, with 
Q z =  +Q1 (6 .42)  reduces, with m1=mz and S = ( ( Q ~ + O Z ) / ~ ,  to: 

(6 .45)  

which vanishes, since either @I or @F is a singlet state. With Qz = - Q1, M d i r ‘  is in 
general non-vanishing. However, if spin-dependent forces are small M d i r ’  will also 
be small, because of the approximate orthogonality of the radial wavefunctions. 

6.4.3. J =  l e J =  0 transitions. T o  discuss Mdirmag further let us confine our atten- 
tion to transitions between a J =  1 and J =  0 state of the same parity. Without any 
approximation we may write: 
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(IS0 1x1 I 3D2) = 0 we get, on substituting (6.46) into (6.42) and (6.43) with J I =  1 
and JF=O, say: 

Mdir’ = iQlao 7 (XF I 21 I XI) Idir’ (1 +2) (6.48) 

Idir) = - (@F(‘)(r) I @I‘t)(r)> 

and, on integrating over angles in the pure S-state term: 

Mdir” = iQiao --r (XF I x1 I XI) Idir” f (1-2) f (Mdir”)D (6.49) 

where the last term denotes the D-state contribution and 

Idir”= (a$)(?‘) I(1 - - ~ o ( c z ~ Y ) )  + 2p2/3m12 I <DI(~)(?‘)). (6.50) 

If the spin-dependent terms in the Hamiltonian Heff defined by (6.14) can be 
neglected, then there is no mixing between 3S1 and 3D1 (absence of tensor force) and 
the radial S-state wavefunctions CD(S)(r) and @(‘f)(r)  are eigenfunctions of the same 
operator (absence of spin-spin interaction). Then, for a transition between S states 
with principal quantum numbers nF and nI: 

(@F(T) I @I(r)) %,n, (6.51) 

and keeping k # 0 even if n~ = nI: 

- iQ1 
2 (6.52) Mdir’-+--- ( X F I  ~ I I X I )  &,,n,+(1+-+2). 

On also replacing the CD by the $ defined by (6.26) we get, to leading order in vjc: 

As a check, consider a transition with nF#nI and let mz-+co so that cz-tl.  Then: 

For Q1= - 1 this agrees, up to a sign arising from a change in conventions, with 
(3,25), derived for the direct amplitude M(1) for magnetic dipole transitions between 
S states in H-like ions, with 

Let us specialise (6.53) to the case where ‘2’ is the antiparticle of ‘l’, relevant for 
the charmonium model: 

ml =m2 = m Q1= -Q2=Q. (6.55) 

Since one of the two states XF and X I  is symmetric and the other antisymmetric on 
interchange of ‘1’ and ‘Z’, we have: 

defined by (2.5). 

(XF 1 0 2  I X I >  = - (XF I 01 I XI>-  
Then (6.53) reduces to : 

(6-56) 

The inclusion of spin dependence in Heff leads to an Idir’ which is no longer zero 
120 
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when nF # nI. To  discuss this in a general way we note that Neff may always be written 
in the form: 

Heff = He# + H e f P  + Heff' i- H e f P  (6.58) 

where Heff'i is the spin-independent part of Heff ,  and the remaining terms are spin- 
spin, tensor and spin-orbit interactions, which may be written in the form: 

HeffSS UeffS%l. 02 HeffT= [JeffT He#' = UeffE*. I (6 . 5  9) 

where Ueffso = Ueff;l'%l -I- Ueff;2'%2 and all U act only on spatial coordinates (but 
need not be local). The singlet radial wavefunction @(@(r )  then satisfies: 

(He# - 3 UeffSS) @ ( S ) ( Y )  = ES@(')(r). (6.60) 

If one neglects the effects on the 351 radial wavefunction @(t) (r )  arising from mixing 
with the 3D1 state, one also has: 

(Heff9i-t Ueffss) @(' t ) (~)  = Et@(t ) (~) .  (6.61) 

On taking the scalar product of (6.61) with @(S) and making use of (6.60) one gets: 

(6.62) 

and the same equation holds with -4+ + 4  and 's) and 't' interchanged. If all spin- 
dependent forces are of the order of G / c 2  relative to H&i then (6.62) is of the order 
of vZjc2 and the correction from mixing is of higher order. On replacing the @ by 
the non-relativistic 6 of (6.26) one therefore finds, for a transition between S states 
with n~ fnT: 

(6.63) 

6.4.4. The pair term. The leading term in Alpair, defined by (6.29), can be found by 
expressing Y in terms of Y++ and approximating E< by mi everywhere, so that also 
A-(Q(pi)+$(l -pi) - ai.pi/Zmi. The result may be written in the relatively compact 
form : 

+ [w2, [V, u~.E*~ I ]+ . ]  $. 1 Y1++)+(1++2). (6.64) 
2 m  

For a transition in which the parity changes, (6.64) just represents, with 71 replaced 
by unity, a relativistic correction to, for example, an E l  amplitude computed in a 
non-relativistic approximation. For a transition in which the parity does not change, 
71 may be replaced by 71 - 1 - ik.rl and (6.64) represents a contribution dlpairmag 
of the same order of magnitude as the direct terms discussed above. 

As an illustration, let us apply (6.64) to the special case of a potential V which is 
diagonal in Dirac matrices, i.e. consider the contribution of only the first term U(1) 
in the eight terms contained in the general forrn (6.17) for V ,  Then the anticommuta- 
tor term in (6.64.) vanishes and with U(1) = U,(r) local the first term gives, in the CM 
frame : 
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For a transition between a 3S1 and 1So state, with the D state neglected, q:P may be 
replaced by its spherical average - i j l(c2kr) &. If one also replaces j l ( x )  by Its leading 
term Qx, and the wavefunctions $++ by their non-relativistic limits one gets to leading 
order in vjc: 

(6.66) 

If Q = - 1 and m2-+ 00 then c2+ 1 and (6.66) coincides (again up to a sign) with the 
pair term (3.29) discussed in the hydrogenic case. 

For later use we consider the more general case of a potential V of the form: 

The  first term is of the kind which would arise from exchange of a scalar meson 
between quarks and the rest are of the type coming from vector meson exchange. 
Notice that only the second line in (6.64) will contribute in the case of operators 
such as the last two terms in (6.67), which are 'odd', i.e. anticommute with the P I ,  
whereas only the first line contributes for even operators such as the first two terms 
in (6.67). On substitution of (6.67) into (6.64) and specialisation to 3S1-+1So+y 
transitions, with neglect of mixing with the 3D1 state one gets, to leading order in 

M p a i r m a g Z  iQ1 - (XF I )=I I XI) I p a i r  + (It+ (6.68) 

Ipa i r=  <$I(Y) I XS/@~I - C2(YXv' + r Yv' - zv)/3ml] $ ~ ( r ) ) .  (6.69) 

vjc : 

2 
where 

6.5. Partial summary and cases of special interest 

In  the preceding subsections a number of formulae of varying degrees of exactness 
have been derived for one-photon radiative transition amplitudes for two-body bound 
states, described in the CM system by a 4 x 4 = 16 component Dirac-type wavefunction 
$(r) satisfying (6.4). All amplitudes can be expressed in terms of the Pauli-type 
wavefunctions @(r) which are eigenfunctions of the Hamiltonian Heff defined by 
(6.14) and have, in the standard representation of the Pa matrices, only 2 x 2 = 4  
non-vanishing components; the symbol #+ + entering these formulae should simply 
be regarded as an abbreviation for A@(r) where A is defined by (6.12). T o  leading 
order in v2/c2 the relevant amplitudes can further be expressed as matrix elements of 
simple operators taken between eigenfunctions $(r) of Hnr, the non-relativistic limit 
of Heff defined by (6.22) and (6.24). 

The formulae become especially simple when the spin-dependent part of Heif 
is small, of the order of v2/c2 relative to the spin-independent part He@, in which case 
all amplitudes can be expressed in terms of solutions &r) of (6.26): 

(6.70) 

where U0 is the leading term in He@. For the particular case of a 3S1+lSO+y or 
1S0+3S1+ y transition between states with principal quantum numbers nF and n~ 
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the result for the decay amplitude may be written in the form: 

l % f -  iQ1 (XF 1 El I XI)(Idir’ + Iret  + I k i n  + ]pair) + (1-2) (6.71) 

lair’ = I sp in  (m fm) (6 .72)  

2 
where 

= - I  (nF = nI) 
with 

Isp in  = T 4($F(r) 1 Usstot(r) I $I(r)>/( @I - m F )  (nF #nI)  (6.73) 

I re t  = <$P(Y) I ~ ~ ~ k ~ r ~ / 6  I $I(T)) (6 .74)  

I k i n  = ($F(r) I 2pz/3L2 I $I(r)) (6 .75)  

representing spin, retardation and kinetic effects, respectively. Here ct = ma(ml+ m2)-1, 
& = q . k  x e*/mt, L2=ml2l”(mz(ml+m~)(ml3+m~3)-1 and 01.~2U,,tot(r) is now 
defined as the leading spin-spin term in Heff. In  (6 .73)  the upper sign is to be used 
for J I  = 1, J F  = 0 and the lower sign for J I  = 0, JF = 1. 

The explicit expressions for UO, Usstot(r) and the pair term I p a i r  depend on the 
form of V. For the case where the general potential is restricted to the form (6.67), 
U0 in (6 .70)  is given by: 

U0 =.: Xs(r) + Xv(r)  (6 .76)  
U,,tot in (6 .73)  by: 

Usstot(r) = (6mlmz)-1[2,/rz + 3Zv’/r + 2,” - Q2( Yv + &)I (6.77) 

and I p a i r  is given by (6 .69) .  For a local potential such as (6.76),  one may use the 
relations : 

((A@)’r2) = ([Hnr,  [Hnr, r2 ] - ] - )  = (2rUo‘ - 2p2/p)  (6 .78)  

(PZi2P) = - (Uo) (6.79)  

where the bracket denotes a matrix element taken between orthogonal 6, to exprcss 
Iret  and I k i n  in terms of U0 and Uo‘, which is sometimes useful for computational 
purposes. (Note that the identity (6 .78)  just gives the virial theorem when $F=&.) 

For the case of equal masses (ml = m2 = me) and opposite charges (QI = - QZ = Q) 
of interest for charmonium, we may write, using (6 .71):  

(6.80) 
where 

(6.81) 
with 

M = iQ(xp 1 0 1 .  k x @/mc I XI) I t o t  

I tot  = Id i r ’  + I re t  + I k i n  + I p a i r  

I re t  = <$F I k2r2/24 161) I k i n  = ($F I 2p2/3mc2 141) 
(6.82) 

I p a i r  = ($F I Xs/6mc - ( ~ x v ’  + r Yv’ - Zv)/smc I&> 
and ml= mz = me in (6 .70)  and in Idir’, defined by (6.72),  (6 .73)  and (6.77).  

The results summarised here are essentially the same as those given previously 
by Feinberg and Sucher (1975a,b). The only difference in treatment is the introduc- 
tion of the transformation (6 .11)  which leads to a Hermitian Heff and simplifies the 
subsequent discussion. (For the case ml = mz and nF #nI the quantities denoted by 
11, Iz and I3 in Feinberg and Sucher (1975a) coincide with an Iret  + I k i n ,  I s p i n  and 
Ipair  respectively, when higher-order retardation effects included in 11 and 13 are 
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dropped, and a missing factor of four is supplied in the definition of 1 2 ;  the attempt in 
that paper to state the results in a form valid even when ml #mz, without taking up 
more space, backfired and led instead to garbled formulae which should be ignored 
when ml #mz.) 

For completeness we also list the leading contributions to the tensor, spin-orbit 
and spin-independent parts of Vred when V has the form (6.67) (Feinberg and Sucher 
1975 b) : 

vr/redT (12mlmz)-’[ Yv’/r - Y,” - 2 Zv/T2 f zv’ /Y]  9 

‘C/redso r-l[(XV’ - Xs’)/4m12 - ( Yv’ - r-lZV)/2mlmz] ~1 . E +  (1-2) 

vredsi z (2mim2)-lpi(XV- Xs) pi - (4mlmz)-’[pi, [pj, &jYv + P t ~ j ~ v ] + ] + .  

(6.83) 

Similar formulae for effective spin-dependent interactions, with a variety of starting 
assumptions, may be found in Schnitzer (1975, 1976a), Pumplin et a1 (1975), De 
Rlijula et a1 (1975), Barbieri et a1 (1976) and Gromes (1977)t. 

6.6. Decay rate formulae 

In  the computation of the decay rate from the approximate amplitude M a slight 
ambiguity enters with regard to relativistic kinematics, and the use of covariant 
against non-covariant phase space. To settle this, we recall that in a manifestly 
covariant treatment of a process I I)-+ I F) + y,  with 1 I )  and IF) single-particle 
boson states, the S-matrix element will have the form: 

SFI  = - i ( 2 ~ ) 4  ~ ( K F  + k - KI)  F (6.84) 

where, with the usual kinematic factors for bosons extracted: 

= (2W)-1/2(28F)-1/2 ’I’(2&I)-’l2 (6.85) 

and ‘I’ is the invariant Feynman amplitude. On comparison with our starting point 
(6.4), in which the bound-state wavefunctions are normalised via ( +F 1 # I )  = ~ F J ,  we 
are led to regard the amplitude eM as an approximation for the invariant quantity 
T ( ~ ~ F ~ I ) c M - ~ / ~ ,  where the subscript indicates that the square root is evaluated in 
the rest frame of the decaying particle. In  this frame the decay rate is given by: 

where E’ denotes a sum over final spins and polarisations. With the identification: 

TZ ( 4 8 p (  - k) eM 
one gets: 

(6.87) 

(6.88) 

where : 
k = (mI2 + m~2) /2m1 BF = (mrz + m$)/2m1. (6.89) 

Using the general form (6. SO) for M and the easily derived relation: 

E’ I ( X P  1 Q 1  .k x E* I X I )  I 2=2(2Sr+ 1)-1 (6 .90) 

t For a general analysis see Sucher (1978). 
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one finds: 

(6.91) 

We should note that even if the quantity are have defined as ‘IW’ had been com- 
puted exactly, the invariant T would not be given precisely by (6.87) because in our 
treatment we have neglected some dynamical recoil effects involving the final massive 
boson, e.g. by dropping the K dependence of the internal wavefunction fK(r) intro- 
duced in $6.1. However, one would expect such corrections to be of relative order 
kz/m$ or smaller. For application to the psions, the maximal value of k is - 0.75 GeV 
and mp22.85 GeV so that even in the worst case $’->yc+ y ,  k2/1np2 is less than 7:/,. 
I t  will be a happy day for our understanding of the psions when corrections of this 
size become worthy of pursuit ! 

7. Application to the narrow resonances 

7.1. Computation of 1111 decay rates 

We adopt the framework discussed in $5 in which the $ and 4’ are described as 
the 13S1 and 23S1 bound states of a cE system, as well as the identification (5.18) and 
(5.17) of the X(2.83) with the 11So state vc and the ~ ( 3 . 4 5 )  with the 21S0 state 71c1, 

respectively, shaky as the last two assignments may be. The formalism developed in 
$6 can then be applied to the decays: 

$’+rlcl+ Y $”vc fY (7.1) 

$’+vc +Y yc’+$+y. 

For simplicity we restrict ourselves to a V of the form (6.67) with Yv and 2, assumed 
not to exceed X, in order of magnitude. Then all spin-dependent effects are of the 
order of v4/c4 and the formulae (6.80)-(6.82) for the equal-mass, opposite charge 
case may be used. The last two transitions in (7.1) are then ‘relativistic M1 decays’. 
From the form of (6.73) and (6.82) one sees that i B  order to make accurate predictions 
for these a great deal of information concerning the nature of the relativistic potential V is 
necessary. Let us further put X, = 0, so that: 

V =  Xv+ Yval.  a2 + &u1 . Y U ~  .Y (7.2) 

U0 = Xv(Y). (7.3) 

and the non-relativistic wavefunction &Y) is determined by (6.76) with 

Although (7.2) will give values for the 3S1-1S0 splitting considerably smaller than the 
$ - X or I/’ - x (3 45) mass difference our main purpose here is to illustrate, as simply 
as possible, the sensitivity of the M1 rates to the choice of V. Moreover, experimental 
values for the mass differences will be used where feasible. We shall consider two 
simple alternatives for (7.2) : 

(i) Vis a diagonal in Dirac matrices: 

Y,=O 2, = 0. (7.4) 

(7 * 5) 

(ii) V i s  a generalised Coulomb-Breit potential: 

Yv = g( - 2xv - ZV) 2, = r-3 J; s3Xv’(s) ds. 
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While the first choice is an obvious one, the nomenclature and mysterious-looking 
relations in (7 .5)  require some discussion. Recall that the Breit interactions between 
electrons, arising from the exchange of a transverse photon, may be written in the 
form : 

where Dij(k) is the value at kO= 0 of the propagator Dij(k) = (6ij - kikj) /kz  for trans- 
verse photons, or equivalently: 

where Pc(k) = e2/k2 is the Fourier transform of the Coulomb interaction: 

Now suppose that in QCD, with the massless colour gluons described in an analogue 
of the Coulomb gauge, the static binding potential UO(Y) (which a.t best has the form 
A/r only at short distances) has a Fourier transform Oo(k). A simple recipe (Schnitzer 
1975) for generating spin-dependent interactions without introducing new parameters 
is to replace Vc(lc) by Oo(k) in (7.7). A straightforward calculation, with U0 denoted 
by X,, then yields a V of the form (7.2) with Yv and 2, given by (7.5). As a simple 
check, note that the choice X,=X/r in (7 .5)  gives Yv= Z,- -X/2r and the Breit 
operator is recovered. 

The  choices (i) and (ii) are complementary. The first yields Uss=O so that 
I s p i n = O ,  but I p a j r  ZO: 

(i) I s p i n = O  dpair = <&F I - rXv’/6mc I & I ) .  (7.9) 

The  second yields Us, = V2Xv/6mc2 SO that I s p i n  #O, but now I p a i r  = 0 : 

(ii) I p a i r  = 0 I s p i n =  T ~ ( ~ F I ( X V ” + ~ Y - ’ X V ‘ ) / ~ ~ ~ ~ ~ ] & ~ ) ( ~ ~ -  tt’p)-l. (7.10) 

The vanishing of I p a i r  in case (ii) is independent of X, and corresponds to a generalisa- 
tion of the cancellation found in the 23Sl+llS0 + y transition in He-like ions, between 
transverse photon and Coulomb terms arising from electron-electron interaction 
(53.2.4). 

7.1.1. Linear potentials. T o  get illustrative numerical results we take X, to have the 
form (5.6) as in the early papers (e.g. Eichten et aZl975, Harrington et aZl975, Kogut 
and Susskind 1975, Rang and Schnitzer 1975a,b) but to simplify the presentation we 
drop the r-1 term: 

X,= ar + b.  (7.11) 

Then, as mentioned earlier, the Schrodinger equation (6.70) is solvable in terms of 
Bessel functions of fractional order and all integrals encountered may be done essen- 
tially exactly. If one introduces a dimensionless variable p = r / t  with the length g 
defined by : 

and writes : 
[= (mcn)-1/3 (7.12) 

(n’ S 1 r p  In S) = @ J C ~ * ~ ( ~ )  (7.13) 
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the constants Cn),L(P) are found to have the values (J S Kang 1977 private communica- 
tion) : 

C11(z) = 2.916 C21(2) = - 2.560 Czz(2) = 8.913 (7.14) 

C11(1) = 1.559 Czl(l) = - 0.6532 C22(1) = 2,725 (7.15) 
and 

C21(-1) =0*3156. (7.16) 

These suffice for the evaluation of all terms, including Ik in ,  since: 

(1s p / m ,  12s) = (1s I - XVl 2s) = - a(lS I42S) (7.17) 

and, as follows from the virial theorem: 

( n S  I p2/mc I nS)  = $(nS I rXv' I n S )  = &(nS 1 I 1 nS). (7. 18) 

So far, the values of the parameters mc, a and b have not been specified. With 
r = (p,  the S-wave equation for u(p)  = $(Y)/Y obtained from (6.70) with U0 = ay + b, 
reads u"(p) + pu = EU with E = mcf2( W- b). The lowest eigenvalues are E I =  2.238, 
c2=4.088, so that on equating inp, -m$z 586 MeV with m 2 -  m1 one gets mcf2= 
2.99 GeV-1. The leptonic decay rate for $-+Z+Z- is usually approximated by the 
positronium-like formula : 

l?(3S1+Z+Z-)= 3(16~012/3m12) Q2[ $(u=O) 12 (7.19) 

where the factor of 3 arises from colour degrees of freedom. For a linear potential, 
the S-state identity 1$(~=0)12=(p/2~)($I Uo'l$) (p=&mc is the reduced mass) 
yields I &(Y= 0) 12 = am, /4~ .  Thus r(3Sl-+Z+Z-) = 4$QZ(-3/m12~ 4.8 keV implies, 
with Q=a ,  that E =  1.27 GeV-1 and hence: 

mc = 1.85 GeV n = 0.262 GeV2. (7.20) 

A fit to the mass m$ via m,, = 21n, + W1+ b then gives : 

b= - 1.38 GeV. (7.21) 

The resulting values for the NI1 decay rates are shown in the last column of table 2, 
which also displays the values of the various terms contributing to Itot, defined by the 
sum shown in (6.81). I n  the evaluation of the I and the rate we have used the experi- 
mental mass values 3684 k 5 ,  3454k 10, 3098 k 3 and 2830 rt 30 MeV, for $', qc', t,b 
and qc respectively and computed k from (6.89) in order to get somewhat more 
realistic results, since the observed mass splittings are considerably larger than would 
be given by a consistent use of (7.2) and (7.11). In this connection, we should note 
that for $'+qc + y the entry under Iret in table 2 denotes the value of 

(1s 11 -jo(kr/2) (2s )  
rather than the leading term (1s I k212/24 12s). Because ((kr/2)2) N 0.6 an expansion 
in powers of k2 is only slowly convergent, Moreover, use of the leading term alone 
yields an almost exact cancellation between Ipair, Ik in  and ITet and hence to a rate 
which seems improbably small. 

Inspection of table 2 shows that for the unhindered decays, #'+qc' + y,  $+vc + y, 
where Ipair ,  I k i n  and Iret represent S ( U ~ / C ~ )  corrections to the leading term ' - 1', 
there is not much difference between cases (i) and (ii), the effect being a reduction of 
10-20% of the zero-order rate. However, for the hindered decay T ~ ' + $ +  y ,  the 
computed rates differ by a factor of three, while for #'+qc+y they differ by a factor 
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Table 2. M1 decay rates of psions obtained from a relativistic interaction V which is (i) 
diagonal in Dirac matrices or (ii) a generalised Coulomb-Rreit potential, defined by 
(7.5). The quantity Itot is the sum of the first four entries, as in (6.81) of the text 
and the rate is computed from (6.91) of the text. 

Rate 
Decay Idir' Ipair  I k i n  Iret  Itot (keV) 

4' +?C'  + Y (i) -1 -00 
(ii) - 1 e00 

* - + ' ) C + Y  (i) -1 .OO 
(ii) - 1 a00 

'7c'-+l/l+ y 6) 0 
(ii) 0.071 

*'+')c  + Y 6) 0 
(ii) -0.030 

- 0.082 
0 

-0.047 
0 

0.020 
0 

0.020 
0 

0.164 
0,164 

0.094 
0,094 

0.079 
0.079 

0.079 
0.079 

0.030 
0.030 

0-013 
0.013 

-0.020 
- 0.020 

- 0,0861. 
-0.0861. 

-0.89 10.3 
-0.81 8 . 5  

-0.94 17.2 
-0.89 15.4 

0.079 0.8 
0.130 2.1 

0.013 0.07 
-0.37 0.60 

-t This entry includes some higher-order retardation effects as explained in the text. 

of ten. This illustrates the sensitivity of these decays to the choice of the relativistic 
potential V. 

Another simple example of the sensitivity of hindered M1 decays to the form of V 
is provided by (iii) a relativistic scalar potential V =  /31/3zX,(r). This gives U0 = XS(y), 
USs(r) = 0 and, with X s ( r )  = UY + b, the values of Idir', Ikin and Iret  are as for case (i), 
while : 

Computation yields R( #' +vcf + y )  z 15 keV, R( $+vc + y )  z 36 keV and R(qc'+ $ + y )  
N 0.4 keV, all within a factor of two of the rates for case (i), but R(#'-+qc + y )  z 6 keV 
which is larger than the value found for case (i) by a factor of loot. 

In  this connection it should be noted that the additive constant 'b ' ,  which is 
needed to get a fit to the total mass of the $ and presumably compensates for dynamical 
effects not included in the ur term, enters explicitly into the formulae for the decay 
amplitudes only for the scalar case (iii) and +'+vcf + y ,  $ - + ~ ~ + y ,  via (7.20). Since 
the origin of 'b' is obscure, the numbers for these cases should be viewed with extra 
caution. 

Ipair = ( n f S  I X s / m c  I n S )  = (aEC,t,(l)/mc) + (b/mc) a,,,. (7.22) 

We next consider some physical implications of these results. 

7.2. Comparison with experiment 

The experimental situation with regard to the M1 decays is as follows. On the 
one hand, there is positive evidence for the transition $+Xy, indeed for the very 
existence of the X(2-83), which has been assigned to qc in (7. I), coming from the 
observation of peaks in the energy distribution of three-photon final states which 
can be interpreted as arising from the sequence $-+Xy, X+yy .  Such experiments 
(Braunschweig et al 1977) provide only a value for the product of branching ratios: 

BR(#+X~) B R ( X + ~ ~ ) =  1.2 & 0.5 x 10-4. (7.23) 

t The numbers quoted here and in table 2 are updated and, in a few cases, corrected values for 
results given in Feinberg and Sucher (1975a) and Sucher (1976). 
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There is similar evidence (Whitaker et a1 1976) for the existence of the i=x(3*45), 
assigned to yc in (7.1) and the transitions $'-+fy, g+$y, with a branching ratio 
product given by: 

B R ( $ + ~ )  ~ ~ ( g - + - $ y )  = 0.8 ~f: 0.4 x 10-2. (9.24) 

On the other hand, from study of the inclusive photon spectrum the following 
upper bounds have been obtained (Biddick et a1 1977): 

(7.25) 

BR($'-+X~) < 1% (7.26) 

BR($-+X~) < 1.7%. (7 .27)  

Since I'(#'+all) = 228 F 56 keV and I'($+all)= 67 -t 12 keV are both known it 
is easy to compare these bounds with theoretical expectations from the simple models 
we have considered. From (7.25) one infers that I'(#'+iy) < 5-7 F 1.4 keV which is 
roughly compatible with the rates shown in table 2, about 8-10 keV. Similarly from 
(7.26) one gets r (+ ' - tXy)  < 2.3 & 0.6 keV which is easily compatible with the rates 
0.1-0.6 keV shown in table 2. However, for the ordinary M1 decay $+Xy, (7.27) 
implies I'($+Xy) < 1-1 & 0.2 keV which is smaller than either entry in table 2 by 
more than a factor of ten. 

The other experimental numbers represent difficulties not so much for a composite 
model of the psion per se, but rather for the estimate of hadronic decay widths within 
the QCD framework. From (7.23) and (7,27) one gets a lower bound ~ ~ ( X - t y y )  > 
(0.7 & 0.3)% whereas a QCD estimate (Appelquist and Politzer 1975a,b) is B R ( X + ~ ~ ) N  
0*13%, which is a factor of three to eight smaller than the lower bound. Notice that 
this is independent of any estimate for radiative decay and would remain a difficulty 
even if the theoretical value of I'($-+Xy) were brought down. 

If we further use table 2 to estimate I'($'+TC'y)w10 keV and so to infer 
~ ~ ( # ' - - f ~ ~ ' y ) " k f  2% v?e get, using (7.24), B I ; ( ~ + $ ~ ) N ~ O Y ~ .  This implies, on use 
of the estimate r (g+$y)-  1 keV, that I'(jj+hadrons)- 5 keV-a few hundred times 
smaller than the QCD estimate of 2-4 MeV. 

Our discrepancy factors are not as large as those of, for example, Gottfried (1977), 
w-ho keeps the Y-1  term in (5.6), which we have dropped to simplify the presentation, 
but uses M1 decay rates which iriclude only the retardation effect. As can be inferred 
from table 2, for the case of no Y-1 term, the inclusion of only I r c t  for vc ' - - f#y  would 
yield a decay rate of about 0.05 heV (roughly the same as the 0-1 lieV cited by 
Gottfried) rather than the N 1 keV value shown. Thus for this particular hindered 
transition inclusion of the other effects discussed increases the rate by an order of 
magnitude; further improvement occurs if the Y--I term is kept in the analysis (J S Kang 
1977 private communication, Mang and Sucher 1978). However, the overall con- 
clusion (Chanowitz and Gilman 1976, Jackson 1977, Gottfried 1977) is not changed. 
Assignmcnt of the X aad ~ (3 .45 )  to the rlC and vc' poses a problem for the $ - q C y  
rate and a severe difficulty for the QCD estimate of y,'-thadrons. 

7.3. Suu'vey of presrizt status 

As we have seen, the pioneer model described in $5.1 has turned out to be inade- 
quate from a quantitative point of view. There are difficulties with ( U )  the spectrum 
of states, (b)  the width for some radiative decays, and also with (c) the QCD picture for 
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some hadronic decays, involving cE annihilation into virtual colour gluons followed 
by recombination into the final hadron state. We shall only mention a few of the 
theoretical efforts and suggestions that have been made to deal with these issues. 
First, the El widths have been shown to be strongly afIected by the coupling to other 
channels, above the threshold for production cf charmed particles, which of course 
is not taken into account by the simple potential model; inclusion of this coupling 
reduces the widths considerably, although I’~~1($’+x(3~41) + y )  still exceeds the 
experimental width ( - 17 keV) by a factor of two or so (Eichten et a1 1976, 1977). 
Next, it has been suggested that the quarks have a large anomalous ‘colour moment’ 
( K -  1) as far as their coupling to gluons is concerned; then the large $ - T ~  mass 
difference can be accounted for (Schnitzer 1976b). While the ratio of the P-state 
splittings is also improved, their magnitude becomes too large (Pham and Richard 
1977). Another simple possibility for getting a large spin-spin interaction is the 
exchange of axial vector gluons by the quarks (Feinberg and Sucher 1975a,b). (Axial 
colour gluons arise naturally within unified gauge theories which utilise ‘chiral’ 
colour gauges (Pati and Salam 1975).) A very recent suggestion is that a large spin- 
spin force can arise from the exchange of ‘instantons’ (Wilczek and Zee 1978). The  
idea that the non-relativistic potential gets significant contributions from a relativistic 
scalar interaction has also been further explored (Henriques et a1 1976) and a fit to the 
spectrum using both scalar exchange and a large value of ‘K ’  has been obtained 
(Chan 1977, Carlson and Gross 1978). 

No definitive picture has yet emerged regarding these issues. For comprehensive 
reviews with extensive references see Jackson (1976a, 1977) and Gottfried (1977). 
We mention only some recent work which may be of particular interest to atomic 
physicists also: the derivation of new theorems on the ordering of levels for the 
non-relativistic Schrodinger equation for a wide class of potentials (Martin 1977, 
Grosse 1977) and the application of ancient sum rule and dispersion theory techniques, 
first used in atomic physics, to obtain results of interest for the E l  radiative decays 
(Jackson 1976b) and e+e- annihilation (Novikov et nl 1977a,b, Farrar et al 1977). 

Of course, further investigation of the connection between QCD and the pheno- 
menological binding potential (Duncan 1976, Feinberg 1977, Appelquist et a1 1977, 
Fischler 1977, Poggio 1977) is of considerable general interest. 

8. Concluding remarks 

Relativistic magnetic dipole transitions in H-like and He-like ions offer an intercst- 
ing field of application for quantum electrodynamics. The tools needed for a calcula- 
tion of the decay rates in leading order have been available since the early 1930s. 
However, it appears that only in the present decade, under the stimulus/constraint of 
terrestrial experiments, was the correct value of the rate for even a3 simple a process as 
21Sllz+l1S112+y in hydrogen worked out. The  reader may construct her or his own 
moral from this fact. At present the theory for the lifetime of the 23S1 states, as 
described in 93, is in excellent agreement with beam-foil experimental values, for 
He-like ions, which now cover three orders of magnitude (Z= 16 to %== 36). When 
the measured decay rate for helium itself is included, the agreement extends to fourteen 
orders of magnitude. The  theory may therefore be used with confidence for the 
purpose of calculating rates of interest for astrophysics or solar physics. With regard 
to the latter, it is of interest to note that the initial evidence for 23Sl+llS0+y in 
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He-like ions was in the region Z = 5  to Z= 13, which falls in between 2 = 2  for He 
and 2 = 1 6  for S, the lowest value measured in beam-foil experiments. However, 
there is now also evidence for this transition in He-like Fe ions (Z=26) in the solar 
corona (Bhalla et al 1975) so that one has at least one example of an Earth-Sun 
overlap. 

Although the relativistic M1 transitions P S 1 +  11S0 + y in the helium isoelectronic 
sequence may now be regarded as well understood, there are other areas in atomic 
physics in which similar transitions play a role and which merit further investigation. 
For example, although as mentioned before, the relativistic 21Sl/z+ llSlp + y transi- 
tion in a hydrogenic ion has not yet been seen because the competition with two- 
photon decay requires that 2 be extremely large, an analogous inner-shell x-ray 
transition can be observed in heavy atoms, as reported by Boehm (1970) for T m  
(Z=69). The theoretical calculation of the decay rate (Rosner and Bhalla 1970) 
is then however beset with the usual difficulties encountered in many-electron atoms, 
which require use of Hartree-Fock or related approximation schemes. An interesting 
exception to this is provided by the case of a p-mesic atom, with the muon in a low 
Bohr orbit, so that interaction with the electron cloud is minimal and relatively reliable 
estimates can be made. The 21S1,z-t llSl/z + y decay in such an atom is of particular 
interest because of the possibility of seeing the effects of a parity-violating p-nucleon 
interaction by, for example, detection of a circular polarisation for the emitted photon, 
which could arise from mixing with the 2P state (Feinberg and Chen 1974). The 
search for parity-violating effects in ordinary atoms, a subject pioneered by Bouchiat 
and Bouchiat (1974, 1975), is currently an intense area of investigation. This is 
because in the pioneer unified gauge theory of weak and electromagnetic interactions 
(Weinberg 1967, Salam 1968), which has proved to be very successful in correlating 
high-energy neutrino-nucleon interactions, one expects the existence of measurable 
parity-violating effects in such atoms, arising from neutral currents. The character- 
istics of relativistic M1 transitions enter into the analysis of some of the ongoing 
experiments, involving the circular dichroism of atoms with large 2. The interpreta- 
tion of these is unfortunately again complicated by the need to include many-electron 
effects. For recent reviews of these matters see G Feinberg (1977) and Sandars (1977). 

The definitive state of affairs for M1 transitions in He-like ions may be contrasted 
with the present understanding of the radiative transitions between the narrow reson- 
ances in the 3-4 GeV range, as described in 995 and 7. The study of the hydrogen 
atom (and positronium) gave great confidence in the validity of QED as an extremely 
precise description of the interactions of importance in atomic physics. In  the early 
days it was hoped that the z,h would prove to be the long sought ‘hydrogen atom of 
hadronic physics’, i.e. a system whose properties could be calculated with considerable 
accuracy from an underlying fundamental theory, such as OCD, and thereby do the 
same job for QCD that the H atom did for QED. This hope, although still very much 
alive, has so far not been realised. I t  was based in part on the idea that because of 
the presumably large mass of the c, the motion of the c and E quarks could be 
treated, in a good first approximation, by a simple non- relativistic dynamics. 

Pending derivation of the ‘true potential’ from a fundamental theory, it would be 
useful to search for a phenomenological potential with only a small number of para- 
meters which would give both spectrum and radiative decay rates in agreement with 
experiment. In  such a search the constraints provided by the need to fit the M1 decays 
of the psions will play an important role. The theory of such decays has been presented 
in 96 in a form which largely avoids commitment to a specific choice of relativistic 
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potential, with the hope that it will prove useful in this context as well as in the 
analysis of radiative decays of other physical systems which may admit a description 
as two-body bound states. 

In  this connection it should be mentioned that in the summer of 1977 a new 
narrow resonance-called upsilon (I?)-was observed in a reaction analogous to that 
involving the discovery of the J/+: 

p + nucleus-tT + hadrons r+II+p- 
as a peak in the p+p- spectrum at 9.6 GeV (Lederman 1977, Herb et aZl977). There 
is evidence for at least one and possibly two further peaks at around 10 GeV (Innis 
et a1 1977). The I? and its partners may be interpretable as (b,  6) bound states where 
‘b’ denotes a truly heavy quark, with mb N 5 GeV. In the study of the dynamics of 
such a system M1 radiative decays may again play a significant role, because of their 
sensitivity to structure and hence to assumptions about the binding interactions. Will 
this system prove to be the H atom of hadronic physics? 

Whatever the answer, it seems safe to conclude that, in one way or another, M 1  
transitions of the kind which have been studied in this review will continue to be of 
interest for some time to come, in atomic physics as well as in elementary particle 
physics and especially at the interface of these two fields. 
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