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e The problem of motion, i.e., the problem of describing the dynamics of gravitationally
interacting bodies, is the cardinal problem of any theory of gravity. In general

relativity, the gravitational-wave generation problem also plays a fundamental role.
e Analytical modeling of the two-body problem: from Kepler to Newton to Einstein.

e Have the two-body problem and the generation problem been solved ezxactly in general

relativity? Which analytical approximation tools exist to tackle those problems?

e Is it possible to describe analytically the inspiral, plunge,

merger, and ringdown of comparable mass black holes?

e Why is it relevant in astrophysics and in the search
for gravitational waves to solve those problems

as accurately as possible?
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International network of GW interferometers (frequency band ~ 10-10° Hz)

LIGO at Livingston (LO) =

< LIGO at Hanford (WA)
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LIGO detectors during the most sensitive run (S5)
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Astrophysical reach of the S5 run: [LIGO Scientific Collaboration 08]

NS-NS (1.4Ms + 1.4Mg): 31 Mpc (~ 147 milky-way—equivalent galaxies)
BH-BH (10Ms 4+ 10M4): 125 Mpc (~ 12,000 milky-way—equivalent galaxies)

First inspiral-merger-ringdown search under completion. Results coming out soon!
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Why is it crucial to know in advance the gravitational waveforms of

coalescing binaries?

e The detectors’ noise level prevents observing
the waveforms directly. Match-filtering techniques

are used to dig out the waveforms from the noise.

0.02—~———

0.01f

0.00

-0.01}

-0.020‘ —

e Different shapes, different binary parameters (mi, mo, S1,Ss) =

U

e GWs can tell us how heavy each 030 mer?er |

0.20}

of the black holes was; how fast :
0.10f
they were spinning; the shape of ool

their orbit (circular? elongated?); -0

g riné

) -0.20- N -

where the holes were in the sky, : inspiral A
-0.30[ B

and how far they were from Earth. 00 004 005 006

time (sec)

down

0.04————

-0.04-———

inspiral

‘o‘.11 02
time (sec)

0.3

‘o‘.1_‘ 02
time (sec)

Physics Colloquium, Department of Physics, University of Maryland

0.3



Alessandra Buonanno November 3, 2009

Milestones in understanding the problem of motion
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The problem of motion in Newtonian gravity

e Two-body Hamiltonian: Hyewt = 5-— P2 + 2—7}12 p2+U(r), U(r)=-Smm

2m1 T
e Reduction to one-body Hamiltonian:

__ m]r; + moro _ _ _
rcM = A7 , r=r1—r3, M=mi+mi, p=mimo/M

HNewt — ﬁ p2 + U(T)

® Hyewt(r, p) describes a test-particle of am
=4M

/

L =3.4641 M p

.\ 0.2
mass p orbiting an external mass M i

e Effective radial potential:

U(N /1
o
T

Uege(r) _ 1 L> M : L=3Mp :

m T2 22 T ol / ]

: % o ——

e Bounded orbits are closed I \0/ ]

I | T T B N B R

e For any angular momentum L # O there 0157 8 12/M 16 20 24
I

exists a circular orbit
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General Relativity

e 1907-1915: Einstein develops the theory of general relativity
Spacetime is no longer given a prior: and it is no longer
independent of all material content. Spacetime is a dynamic
entity both influencing and influenced by the distribution

of mass-energy that it contains.

< ds® = n,, dz" dz”

X7 N = (=1, +1,4+1, +1)
‘?\i‘ w,v=0,1,2,3
D
£ £ ds®* = g, (x) dz" dz¥ =
Rigid spacetime geometry in special relativity Elastic spacetime geometry in general relativity

Physics Colloquium, Department of Physics, University of Maryland 7



Alessandra Buonanno November 3, 2009

The problem of motion in Einstein gravity

e Schwarzschild metric (solution of Einstein equations)

ds® = — (1 — 25:]2\4) c? dt? + (1 — 25(:]2\4)_1 dr? + r? dQ?

2 2
Hgehw(r, P) :u\/( — 2M) [1+P_2_¥Z_r}

7
® Hgohyw(r, p) describes a test-particle of LA T -
L A
mass u orbiting a black hole of mass M : : L=45Mu
1.2 | _
: : : [ | -
e Effective radial potential: g | i 1sco = 34641 M 1
= 1 ,
Verr(r) _ oM 1.2 e
,Ll,2 o (1 - T ) 1 —|_ ,u2'r2 >

0.8
e Bounded orbits are not closed

L=3Muyu

\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\

8 10 12 14 16 18 20 22 24
r'M

e There exists an angular momentum Ligco 0.6k

such that for L. < Ligco circular orbits no longer exist
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Gravitational waves: prediction of general relativity

e In 1916 Einstein predicts the existence of gravitational waves: eclastic spacetime
Linearized gravity: g,, = 1 + hy  with Ay, | <1
1 _ 8w 7 _ 167G
e Analogy with Maxwell equations: LA, = —4m J,

e A distribution of mass deforms the spacetime geometry in its neighborhood. Also,
this deformation propagates at finite speed out to infinity in the form of waves

whose oscillations reflect the temporal variation of the matter distribution.

< Ripples of space-time curvature from
two black holes orbiting each other

Ripples of water from a stone

thrown in the water =

Physics Colloquium, Department of Physics, University of Maryland 9
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e A radio pulsar in a close orbit with period

8 hours around an unseen companion
e Discovered in 1974 by Hulse and Taylor

e Long-term radio observations have yielded

objects’ masses and orbital parameters

e The orbital period is slowly decreasing at just

the rate predicted by general relativity

Cumulative shift of periastron time (s)

—10

—15

—20

—25

—30

The binary pulsar PSR1913+16

&

General Relativity prediction /

1975 1980 1985 1990 1995 2000
Year

e The strongest evidence for the existence of gravitational radiation

Physics Colloquium, Department of Physics, University of Maryland

10



Alessandra Buonanno November 3, 2009

The motion and generation problems: solving Einstein equations

numerically
R, —1 R=28GT
e Breakthrough in numerical relativity in 2005-2006 v = 2 Gpv c
Inspiral-merger-ringdown waveform
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Post-Newtonian approximation

e First developed by Einstein, Droste and De Sitter in 1917
e Newtonian gravity is recovered assuming a weak deformation of flat spacetime,

a slowly varying field, and a non-relativistic source:
Ahgo =~ —87CT—4G Too = AU = —47mp
e PN expansion: working within the Newtonian limit and keeping terms of higher
order in the parameter

v GM _ (timederivativeofh)?  (momentum)?
c2r (space derivative of h)2 (energy)2

e PN force of gravitational attraction between two bodies:

2 4 5% 6 7
Fpy = —S74m2 (1+z—2—|—z—4+2—5—i—z—6—|—2—7—|—-~)

I’/i2

v°/c” (2.5 PN order) = radiation-reaction effects

e 1PN prediction tested in solar system (2 ~ 107°-10"*) and binary pulsars (% ~ 1077)

Physics Colloquium, Department of Physics, University of Maryland 12
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How far in the strong-field regime can we push the PN

approximation?

e Circular-orbit energy for a test-particle in Schwarzschild:

., l=2M/r EPN _  _ uM |y _3M _ 2TM> _ 6T5M°
circ — M 1—3M/r circ — M 27 4 r 8 r2 64 r3
miminum of F ;.. gives ISCO = risco = 6 M
l4Fr =
1PN 1PN __ i | ]
2PN 2PN
EZ.. = rigco = 4.019M 100 i_ ]
3PN 3PN __ o =3.4641M u
ECiI‘C :> TISCO — 5.104M E_ : 1SCO
4PN 4PN = 1-
EAPN = PN — 5 5720 5 .
5PN 5PN
ESPN = 5PN — 5,788 M o \
6PN 6PN __
Ecirc = Tisco = 5.892M ' L=3Muy
0.6. TN AR TN N R TR AN T
2 4 6 8 10 1/M 14 16 18 20 22 24
10PN 10PN __ r
EIOPN = RPN — 599201
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The significance of inspiral, merger and ringdown signals for LIGO
[Pan, AB, Pretorius & NASA-Goddard 07]
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Inclusion of merger—ringdown: implications for LIGO detectors
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Combining post-Newtonian and numerical-relativity results: the
effective-one-body (EOB) approach

e EOB approach introduced before NR breakthrough [AB & Damour 99, 00]

PN Theory
conservative dynamics and GW
emission computed as a Taylor

expansion

< ===

Effective one body
conservative dynamics and GW
emission re-written in resummed

and/or factorized form

————»

Numerical relativity
two—-body dynamics and GW
emission computed with all
non-linearities

e The EOB formalism uses the best information available in PN theory, but resums it

in a suitable way to be able to describe accurately the full evolution: inspiral, merger

and ringdown.

e The EOB formalism can also extract higher-order PN terms and non-perturbative

effects in numerical-relativity simulations.

Physics Colloquium, Department of Physics, University of Maryland
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Key idea for building the effective-one-body approach

e PN-expanded Hamiltonian in the center of mass:
1 1
H = HNewt + 2z Hipn + 2 Hapn + - -

The Newtonian approximation Hy..t describes a test-particle of mass u

orbiting around an ezternal mass GM

e The EOB approach is a general relativistic generalization of the forgoing fact.
It builds an effective (or external) spacetime geometry gz;ﬂj(wo‘; G M) such that
the dynamics of a test-particle of mass ;1 moving in gZ;ﬁ/(xa; G M) is equivalent

to the original PN-expanded dynamics.

e The equivalence between the two dynamics can be thought as the equivalence

between the energy spectra (quantized a la Wheeler)
Ereal(N7 J) — f[Eeff(ND J)]

Physics Colloquium, Department of Physics, University of Maryland 17
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Effective-one-body approach in a nutshell
[AB & Damour 99]

Real description

v=pu/M =mi;my/M?

0<v<1/4
my

® Resum so that known test-

mass limit results are

recovered
guv
e Resum the PN expansion m
1
assuming that the equal-mass
limit is a v-deformation of real /I\
the test-mass limit
Jreal

N

m

real

m

2

-
2

Effective description

' |
eff
UV

g

E ot T - —

‘Jeff N}ff

Ereal(N7 J) — f[Eeff(N7 J)]
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Finding the energy for comparable-mass black holes

e Thinking quantum mechanically. the classical Hamiltonian and bound orbits are

replaced by the Hamiltonian operator and quantum bound states.

e Real description:

8% 042 —4v
Brea(N,J) = M2 — 30 [1 42 (& — 150ty | 0= G M p

e Effective description:

1 2 (Cs, Cly,
Eeff(Na‘])::uCQ_ﬁ%{l—I-iQ (Nng—I- ]\?20)+}
e Allow transformation of energy axis:

NR NR ENR1 ENR1 ’
P rea rea
Eeff_E 1+Oé1W+OéQ W +

real ’ Q2 = 0

N

Physics Colloquium, Department of Physics, University of Maryland 19
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Energy for comparable-mass bodies

e Classical gravity [AB & Damour 99] (up to 3PN order)

2 2 E
EZ | =m}+ m3+ 2mimy ( ;ff)

e Quantum electrodynamics (eikonal approximation) [Brézin, Itzykson & Zinn-Justin 70]

1

E \/1+Z2 a2/(n—€j)2

real —

= m? + m3 + 2mq mo

e Considering scattering states (Ereal s)

2 2 2 2 2
(s) = S2miTm2 —(P1+p2)"—mi—m5 __  pi-po
¥ — 2m1mso 2m1 mo mi 1mo

Physics Colloquium, Department of Physics, University of Maryland 20
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In summary, here is the resummed PN conservative dynamics
[AB & Damour 99]

“Effective” description
“Real” description

PN __ 1 1
H, 1 = HNews + 5 Hipn + g Hopn + - -

b= \/A,,@) 1421 (1) 2]

HEOB — M\/l + 2v (% — 1) dsle = —A,(r) dt* + B,(r) dr® + r* dQ*

e Dynamic condensed in A, (r) and B, (r)

e A, (r), which encodes the energetics for circular orbits, is rather simple

3 4 as\Vv ag\V
Ay(r) =1 = 2 20 o (5 - ghn®) 2 4 o 4 e

Physics Colloquium, Department of Physics, University of Maryland 21
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If perturbed, black holes ring or vibrate: quasi-normal modes

[Vishveshwara 70; Press 71; Chandrasekhar et al. 75; Ferrari & Mashoon 84; Schutz & Will 85]
e If black hole size is Rpy = 2G M /c?,

and M = 1MQ® = Rpg = 3km

Travel time of spacetime vibration

= Rpu/c = 10~? msec
e Frequency and decay time of quasi-normal

modes depend only on BH mass and spin
e For each (I, m) = infinite tower of overtones

e If black hole has mass M = 20M.,S = O:

Wogy = 604 Hz, 757, = 1.10 msec

Wag = 960 Hz, 755, = 0.36 msec e Perturbed black-hole spacetime

— 486 Hz, = 0.20 e e - e .
202 %1 7202 msec is intrinsically dissipative

Physics Colloquium, Department of Physics, University of Maryland 22
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EOB inspiral-plunge waveform

sun
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e The plunge is a smooth continuation of the adiabatic inspiral [AB & Damour 00]
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EOB inspiral-merger-ringdown waveforms

0-4 | T | T T | T | T -l T T
Iunge 0.6 | | T T T T T T T :I T | T I_ 646
- inspira g ﬂ 1 i .
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e T {  Boaf QNM 431
= s I ]
= 1 \I\A- S ]
g 0 UV v 8 03f 323
= | ; Iz ]
; O 02f 215
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I ] 0.1F H ~ 107
I [ 2 ]
. \
-04 | I | I | I | I | T I | I | 0.0 L | | | | | | | | T | L
3700 3750 3800 3850 3900 3950 4000 4050 73700 3800 3900 4000
t/M t/M
e Very short transition merger—ringdown ® F,og ~ 2%-12% M c?
e Energy quickly released during merger 1My c® ~ 10°* erg ~ 10°° GeV!
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First comparisons/calibrations between NR and EOB model

[AB, Cook & Pretorius 06] [AB, Pan & NASA-Goddard 07]
HI
Fr T r T rrrrprTr T T T T E
71— NR waveform \ ] 3 (\ /\ /\ /\ |
0.107 - - EOB inspiral-plunge waveform I 7 B 0—'\/' VR ’V\F
H-—-- EOB merger-ringdown waveform n - i ]
i ﬂ! u 1 2
0.05_— i 7] i 0

|

0.00F

-0.05}
i i — NR waveform
i ] '2:‘ — EOB waveform
-0.10 i B _:....l....|....|....|....|.....'
T “£200-1000 -800 -600 -400 200 0
2200 -150 -100  -50 0 50 t/M
(t-t_, )M

Calibrated EOB model at p4PN order
[coded in LIGO software by Ochsner & Pan]

Uncalibrated EOB model at 3PN order
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Most recent calibrations using an extremely accurate simulation

[AB, Pan, Pfeiffer, Scheel, Buchman & Kidder 09]
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see also [Damour & Nagar 09]
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Calibrations for a spinning, non-precessing black-hole binary
[Pan, AB & Caltech-Cornell; Pan, AB, Fujita, Racine & Tagoshi (in preparation)]
_l T I 1T 1T I T 1T I 1T 1T I T 1T T 1T 'l T 17T II:I;: II 646
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Building on recent work [Barausse, Racine & AB 09] = spin

t/M

EOB model [Barausse & AB]
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Gravitational recoil or kick
[Peres 62; Bekenstein 73; Fitchett 83; Fitchett & Detweiler 84; Wiseman 92; Kidder 95; Blanchet et al. 05]

[Damour & Gopakumar 06; Racine, AB & Kidder 08]
" 4
e In atomic physics, free atom recoils when photon -7

: : : Nt
iIs emitted because of momentum conservation. /.

[Merritt et al. 04]
e In general relativity: dPcyi/dt = —dPgw/dt T

1000 |

((;; Vi ~ 12 /T = 15 (2)°

e To produce net recoil we

need asymmelry in mass 10 [

and/or spins, and inspiralling

motion

-20 -25
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Analytical modeling of the kick

[Schnittman, AB & NASA-Goddard 07]

200(

: NR NEgos
150 "~ 77 eN, tmatch'tpeak: -5M

L o 1:match'tpeak: oM

| - tmatch'tpeakz oM

vl (km s™)
=
o
o

50 -
O:H-‘-"‘T‘HH_‘H_
150  -100 -50 0 50

(t'tpeak)/ M

Analytical model describing merger and ringdown as superposition of QNMs
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How the kick builds up throughout inspiral, merger and ringdown

[Schnittman, AB & NASA-Goddard 07] 1?2 = mass quadr., I33 = mass octup.

144

S21 = current quadr., => mass hexad.

Vider| >~ | [\7’ TIPS £V G (1P 1) 4+ V- (1 144)} dt

= T = T T

’HHmH‘HHm‘\H\kuLH_H«‘TH/\HH‘HH\HHE '100:\\\\ T
-200 -100 O 100 200 -100 -50
v, (km s™)
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[Schnittman, AB & NASA-Goddard 07]

Anatomy of the kick and anti-kick

e Magnitude of anti-kick depends on QNM-frequencies associated with dominant modes

300 - ‘NEZ‘f’
: - tot
: Vi
200 - V22’33
F ——— V7
— : \ 3344
‘N 100% _____ V32,33
S g
< E
> 0;
-100 -
2000
-150 -100

1'22 1'33 >|<:

= spiral back inward

MY s large

(t_tpeak)/ M

I22 * SQl ((.UQNM

wd™M) is small

=> drifts off

300; EQ,. o E
i y2L22
200; V22,33 E
—~ g \ 3344
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X :
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-100 - =
2000
-150 -100 -50 0 50
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Distribution of gravitational kicks using analytical modeling

e Using a first example of the EOB model with spins [Schnittman & AB 07]

Random Spil’lS, a; = a2 = 0.9, 1/10 < m2/m1 <1

o 40.06
kaick>500 = 0. 12—0.05

_ 10.021
kaick>1000 — O°027—0.014

v (km/s)

o ...
0.10 0.12 O.

14 0.16 0.18 020 0.22 0.24
n=m1m2/m2

see also [Campanelli et al. 07, 09; Herrmann et al. O07; Baker et al. 08; Lousto et al. 08]
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Conclusions

e The detection of coalescing BHs will open an exciting new era for astronomy.
e We need to prepare the best tools to be able to extract the best science in

astrophysics, general relativity or fundamental physics.
e Two-body problem in Newtonian gravity is far more simple than in GR.

e It is possible to model analytically and understand the coalescence of binary BHs
by: resumming the PN-expansion during inspiral and plunge; using insights from
BH perturbation theory for the ringdown, and results from NR for the merger.

e There is an intriguing simplicity to binary coalescence: details of merger hidden
behind the curvature potential barrier, eventually swallowed by the newborn BH.

e EOB approach condenses dynamics and GW emission in a few crucial functions.
It can be easily calibrated to build highly accurate, full waveforms for spinning,
precessing BH binaries for Advanced LIGO and LISA.

e Merging BHs can get kicks which can also be modeled and understood analytically.
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