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Determinant = volume ratio

The determinant of a linear transformation in n-dimensions is the factor
by which the transformation changes n-volumes. To demonstrate this we
need two facts:

1. The volume of a parallelopiped formed by n vectors Vi...V, in an
n-dimensional space is given by

volVi, ..., V) = €ay. ., Vi ... VI, (1)

where €4, 4, is the volume element, equivalently, its components are
the alternating symbol in an orthonormal basis.

2. The determinant of a linear transformation L satisfies

Lgll e Lg:ealman = detL €by...bp - (2)

Now, compute the volume of the parallelopiped formed by the n vectors
LVy ... LV,:

VOULVA, .., LV,) = €ayan (gl V) o (Ln V) (3)
= detLey, 5, V... VP (4)
= detLvol(Vq,...,V,). (5)



