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1. Nonrelativistic limit of Dirac equation

(a) With Dirac matrices in the representation β = I⊗σz and αi = σi⊗σx, write the
free-particle Dirac equation in terms of the upper two components of the Dirac
spinor ψ+ and the lower two components ψ−. Show that ψ− = 0 for the solutions
with E = m (and zero momentum), and ψ+ = 0 for the solutions with E = −m.

(b) Show that for nonrelativistic positive energy free particle solutions, ψ− is smaller
than ψ+ by a factor of order v/c. Thus ψ+ are called the “large components” in
the nonrelativistic setting.

(c) Again for positive energy free particle solutions, solve for ψ− in terms of ψ+, and
use that to obtain an equation for ψ+ alone. Show that in the limit (E−m)/m→
0 (sometimes thought of as the “c → ∞” limit) one obtains the nonrelativistic
Schrodinger equation.

(d) Now consider a nonrelativistic, positive energy Dirac particle with charge −e in a
magnetic field. Find the Schrodinger equation for ψ+, and identify the magnetic
moment µ from the −µ ·B term in the Hamiltonian. Show that µ = −gsµBS/h̄,
where gs = 2 and µB = eh̄/2m is the Bohr magneton (magnitude of the magnetic
dipole moment of an orbiting electron with an orbital angular momentum h̄).
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