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Introduction
In  this  notebook  I  derive  the  response  functions  for  electroproduction  of  pseudoscalar  mesons  from polarized
nucleon targets.  This notebook is quite similar to that for recoil polarization, differing primarily in the choice of
density matrices; therefore, some of the shared output is suppressed.
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Initialization

à Defaults and packages

ClearAll@"Global`∗"D;
Off@General::spell, General::spell1D;
$TextStyle = 8FontFamily → "Times", FontSize → 12<;

Needs@"Utilities`Notation`"D

Symbolize@M+D; Symbolize@M−D;
Symbolize@E+D; Symbolize@E−D;
Symbolize@S+D; Symbolize@S−D;

à Manipulation of complex quantities

Throughout  this  notebook  I  assume  that  the  only  complex  quantities  are  the  electroproduction  amplitudes
themselves.   Thus,  it  is  useful  to  define  rules  and  functions  which  simplify  expressions  in  which  the  complex
quantities are known to appear in specific patterns.

conjugate::usage =

"A simple method for computing the
conjugate of an object which is explicitly complex.";

conjugateRule = Complex@re_, im_D :> Complex@re, −imD;
conjugate@exp__D := exp ê. conjugateRule;

HermitianConjugate@A_D := Transpose@conjugate@ADD

trigToExp@φ_D = 9Cos@φD �
ÆI φ + Æ−I φ

ccccccccccccccccccccccccc
2

, Sin@φD �
ÆI φ − Æ−I φ

ccccccccccccccccccccccccc
2 I

=;

expToTrig@φ_D = 8EComplex@0,a_D φ → Cos@a φD + I Sin@a φD<;

ContractAmplitudeProducts =

9
c_. A_a_ IA_a_M

∗
� c Abs@AaD2,

d_. + c_. A_a_ IB_b_M
∗

� d + c HRe@Aa HBbL∗D + I Im@Aa HBbL∗DL ê; b > a,

d_. + c_. A_a_ IB_b_M
∗

� d + c HRe@Bb HAaL∗D − I Im@Bb HAaL∗DL ê; b < a,

d_. ReAA_a_  IB_b_M
∗E + e_. ReAC_c_ IB_b_M

∗E � d ReAJAa +
e
cccc
d
CcN HBbL∗E,

d_. ImAA_a_  IB_b_M
∗E + e_. ImAC_c_ IB_b_M

∗E � d ImAJAa +
e
cccc
d
CcN HBbL∗E

=;

2 TargetPolarization.nb



MyRules = 80∗ → 0<; MyAssumptions = 8α ∈ Reals, β ∈ Reals,
γ ∈ Reals, δ ∈ Reals, θ ∈ Reals, φ ∈ Reals, ω > 0, q > ω, Q > 0<;

MySimplify = Simplify@# ê. MyRules, MyAssumptionsD &;
MyFullSimplify = FullSimplify@# ê. MyRules, MyAssumptionsD &;

à Pauli matrices

σ” = 8880, 1<, 81, 0<<, 880, −I<, 8I, 0<<, 881, 0<, 80, −1<<<;

PauliAmp@A : 88_, _<, 8_, _<<, 0D :=

ModuleA8j<, 1
cccc
2

 Sum@APj, jT, 8j, 1, 2<DE;

PauliAmp@A : 88_, _<, 8_, _<<, i_D :=

ModuleA8j<, 1
cccc
2

 Sum@Hσ”PiT.ALPj, jT, 8j, 1, 2<DE ê; i > 0

à Basis vectors

The polar  and azimuthal  angles,  q  and f,  describe the pion cm angle relative to the momentum transfer  vector
and the scattering plane.  

p̂π = 8Sin@θD Cos@φD, Sin@θD Sin@φD, Cos@θD<;
q̂ = 80, 0, 1<;

It is useful to formulate a very general basis for polarization vectors in terms of Euler angles.

rotz@θ_D := 88Cos@θD, Sin@θD, 0<, 8−Sin@θD, Cos@θD, 0<, 80, 0, 1<<;
rotx@θ_D := 881, 0, 0<, 80, Cos@θD, Sin@θD<, 80, −Sin@θD, Cos@θD<<;
roty@θ_D := 88Cos@θD, 0, −Sin@θD<, 80, 1, 0<, 8Sin@θD, 0, Cos@θD<<;
euler@α_, β_, γ_D := rotz@γD.roty@βD.rotz@αD;

The  most  useful  basis  for  recoil  polarization  is  normally  the  ejectile  basis  defined  with  L
`

 along  the  nucleon
recoil momentum, N

`
= q̀≈L

`
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ»q` ≈L

` …  normal to the reaction plane, and  S
`

= N
`

≈ L
`

  within the reaction plane.   

EjectileBasis = ThreadA9Sˆ, N
ˆ
, L

ˆ= → Transpose@euler@0, π + θ, π − φDDE8Sˆ → 8Cos@θD Cos@φD, Cos@θD Sin@φD, −Sin@θD<,
Nˆ → 8Sin@φD, −Cos@φD, 0<, Lˆ → 8−Cos@φD Sin@θD, −Sin@θD Sin@φD, −Cos@θD<<

Similarly, the most useful basis for target polarization is the target basis  defined with L
`

= q̀  along the momen-
tum transfer, N

`
= q̀≈ p̀ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ»q` ≈ p̀…  normal to the reaction plane, and  S

`
= N

`
≈ L

`
  within the reaction plane. 

TargetBasis = ThreadA9Sˆ, N
ˆ
, L

ˆ= → Transpose@euler@0, 0, π − φDDE8Sˆ → 8−Cos@φD, −Sin@φD, 0<, Nˆ → 8Sin@φD, −Cos@φD, 0<, Lˆ → 80, 0, 1<<
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It  is also useful to employ the photon basis  in which z̀  is along the momentum transfer and ỳ  is normal to the
electron-scattering plane.

xyzBasis = ThreadA9Sˆ, N
ˆ
, L

ˆ= → IdentityMatrix@3DE8Sˆ → 81, 0, 0<, Nˆ → 80, 1, 0<, Lˆ → 80, 0, 1<<
 Polarizations  are  determined  here  in  the  barycentric  frame  and  can  be  transformed  to  the  lab  frame  using  a
Wigner rotation later.

à Helicity state vectors

The following notation for the phases is based upon Payerle's notes, although permitting 4 independent phases is
clearly extravagant.  Most results will be based upon the Jacob and Wick (JW) conventions for these phases.

χi,1 = ÆI γ 80, −1<;
χi,2 = ÆI Hγ+δL 81, 0<;
χi = Transpose@8χi,1, χi,2<D;

χf,1 = ÆI α 9SinA θ
cccc
2
E Æ−I φcccc2 , −CosA θ

cccc
2
E ÆI

φcccc2 =;

χf,2 = ÆI H α+βL 9CosA θ
cccc
2
E Æ−I φcccc2 , SinA θ

cccc
2
E ÆI

φcccc2 =;

χf = Transpose@8χf,1, χf,2<D;

phases@JWD = 9α → π −
φ
cccc
2
, β → π + φ, γ → π, δ → π=;

à Virtual photon polarization vectors

a” = 8ax, ay, az<;

rule@a0D = 9ax → 0, ay → 0, az → −
Q
cccc
ω
=;

rule@a1D = 9ax →
− 1

ccccccccccè!!!!
2
, ay →

− I
ccccccccccè!!!!
2
, az → 0=;

rule@a−1D = 9ax →
1

ccccccccccè!!!!
2
, ay →

− I
ccccccccccè!!!!
2
, az → 0=;

Current operator in helicity representation

à General form

The most general form of the current for pion electroproduction operator has been given by CGLN as follows.  
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J
”÷

= Â s”÷÷ F1 + F2 H p̀p.s”÷÷ L s”÷÷ ≈ q̀ + p̀p HÂ q̀ .s”÷÷  F3L + p̀p HÂ p̀p.s”÷÷  F4L + q̀ HÂ q̀ .s”÷÷ F5L + q̀ HÂ p̀p.s”÷÷  F6L
In  order  to  formulate  this  expression properly  using Mathematica,  it  is  useful  to  employ a  generic  vector  s”  in
place of  s”÷÷  first  and  to  substitute  after  the  vector  operations  have  been  evaluated.   [Otherwise,  the  F2  term in
particular becomes troublesome.]  The form below is expressed in the spin basis.

s” = 8sx, sy, sz<;

T@spinD = −I HI s”.a” F1 + F2 Hp̂π.s
”L.Ha” .Cross@s”, q̂DL + p̂π.a

” HI q̂ .s” F3L +

p̂π.a
” HI p̂π.s

” F4L + q̂.a” HI q̂ .s” F5L + q̂.a” HI p̂π.s
” F6LL ê.

8sx → σ”P1T, sy → σ”P2T, sz → σ”P3T< ê. trigToExp@φD êê MySimplify;

The transition operator can now be transformed into the helicity basis.

T@helicityD = HermitianConjugate@χfD.T@spinD.χi êê MySimplify;

à Linear combination of CGLN amplitudes

Fto = 8F1 → 1, F2 → 2, F3 → 3,
F4 → 4, F5 → 5 − 1 − Cos@θD 3, F6 → 6 − 4 Cos@θD<;

toF = 81 → F1, 2 → F2, 3 → F3,
4 → F4, 5 → F1 + Cos@θD F3 + F5, 6 → F4 Cos@θD + F6<;

T@helicityD ê. Fto;

à Transition matrices with general phases

T0 = HT@helicityD ê. rule@a0D ê. Fto ê. trigToExp@φDL êê Simplify;

T1 = HT@helicityD ê. rule@a1D ê. Fto ê. trigToExp@φDL êê Simplify;

T−1 = HT@helicityD ê. rule@a−1D ê. Fto ê. trigToExp@φDL êê Simplify;

à Transition matrices using Jacob-Wick phases

T0 ê. phases@JWD êê Simplify99 Q Cos@ θcccc2 D H5 + 6Lcccccccccccccccccccccccccccccccccccccccccccccccc
ω

,
ÆÇ φ Q Sin@ θcccc2 D H5 − 6Lccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

ω
=,9 Æ−Ç φ Q Sin@ θcccc2 D H5 − 6Lccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

ω
, −

Q Cos@ θcccc2 D H5 + 6Lcccccccccccccccccccccccccccccccccccccccccccccccc
ω

==
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T1 ê. phases@JWD êê Simplify99 ÆÇ φ Sin@ θcccc2 D H2 1 + 2 2 + H1 + Cos@θDL H3 + 4LLcccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 ,

Æ2 Ç φ Sin@ θcccc2 D Sin@θD H3 − 4Lccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 =,9−
Cos@ θcccc2 D H2 1 − 2 2 + H−1 + Cos@θDL H3 − 4LLcccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 ,

−
ÆÇ φ H1 + Cos@θDL Sin@ θcccc2 D H3 + 4Lcccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 ==

T−1 ê. phases@JWD êê Simplify99−
Æ−Ç φ H1 + Cos@θDL Sin@ θcccc2 D H3 + 4Lcccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 ,

Cos@ θcccc2 D H2 1 − 2 2 + H−1 + Cos@θDL H3 − 4LLcccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 =,9 Æ−2 Ç φ Cos@ θcccc2 D H−1 + Cos@θDL H3 − 4Lcccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 ,

Æ−Ç φ Sin@ θcccc2 D H2 1 + 2 2 + H1 + Cos@θDL H3 + 4LLcccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 ==
Relationship between helicity and CGLN amplitudes
The six independent helicity amplitudes are historically numbered as follows.

HelicityToCGLN =

8H1 → T1P2, 2T, H2 → T1P2, 1T, H3 → T1P1, 2T,
H4 → T1P1, 1T, H5 → T0P1, 1T, H6 → T0P1, 2T< êê Simplify;

HelicityToCGLN ê. phases@JWD êê Simplify9H1 → −
ÆÇ φ H1 + Cos@θDL Sin@ θcccc2 D H3 + 4Lcccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 ,

H2 → −
Cos@ θcccc2 D H2 1 − 2 2 + H−1 + Cos@θDL H3 − 4LLcccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 ,

H3 →
Æ2 Ç φ Sin@ θcccc2 D Sin@θD H3 − 4Lccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 ,

H4 →
ÆÇ φ Sin@ θcccc2 D H2 1 + 2 2 + H1 + Cos@θDL H3 + 4LLcccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 ,

H5 →
Q Cos@ θcccc2 D H5 + 6Lcccccccccccccccccccccccccccccccccccccccccccccccc

ω
, H6 →

ÆÇ φ Q Sin@ θcccc2 D H5 − 6Lccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
ω

=
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It is useful to express the transition matrices in terms of simplified helicity amplitudes whose azimuthal dependen-
cies have been extracted.

TH1 = 88EI φ H4, E2 I φ H3<, 8H2, EI φ H1<<;
TH−1 = 88E−I φ H1, −H2<, 8−E−2 I φ H3, E−I φ H4<<;
TH0 = 88H5, EI φ H6<, 8E−I φ H6, −H5<<;

Express response tensor in terms of response functions
In  separate  notes,  I  show that  the  differential  cross  section  for  virtual  photoexcitation  can be  expressed  in  the
form

ds
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
dWN

=
p

ÅÅÅÅÅÅÅÅÅÅ
Kg

Ae L + T +
è!!!!!!!!!!!!!!!!

e H1 + eL  LT + e TT + h 
è!!!!!!!!!!!!1 - e2  TTh + h 

è!!!!!!!!!!!!!!!!
e H1 - eL  LThE

where p  is the momentum, Kg = W2-mN
2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 W  is the equivalent real photon energy (cm),  e  is the polarization of the
virtual  photon,  and h  is  the electron  helicity.   The f-dependent response functions i  are  given by the func-
tions defined below.  

@T_, λ1_, λ2_D :=

IH−1Lλ1+λ2 SumAIHermitianConjugateATλ2 ê. A_a_ → Aa∗E.ρf.Tλ1.ρi ê. phases@
JWDMPk, kT, 8k, 1, 2<E êê ExpandM êê. ContractAmplitudeProducts

L@T_D := 2@T, 0, 0D;
T@T_D := @T, 1, 1D + @T, −1, −1D;
LT@T_D := @T, 0, 1D − @T, 0, −1D + @T, 1, 0D − @T, −1, 0D;
LTh@T_D := @T, 0, 1D + @T, 0, −1D + @T, 1, 0D + @T, −1, 0D;
TT@T_D := −H@T, 1, −1D + @T, −1, 1DL;
TTh@T_D := @T, 1, 1D − @T, −1, −1D;

It is well-known that if the polarization vectors are expressed in a basis with N
`

 normal to the reaction plane, the
azimuthal  dependence  of  the  observables  can  be  extracted  from the  response  functions.   Both  the  ejectile  and
target bases defined above have this property, as would any other basis related to these by a rotation about the
normal to the reaction plane.  However, the precise relationship between the f-dependent response functions and
the more common f-independent response functions,  Ri ,  depends upon the conventions chosen by a particular
author  for  normalizations  and  the  choice  between  longitudinal  and  scalar  amplitudes  —  unfortunately,  many
such conventions are found in the literature.  We have chosen to express the cross section in the form

ds
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
dWN

=
p

ÅÅÅÅÅÅÅÅÅÅ
Kg

AeS HRL@0D + N  RL@NDL + HRT @0D + N  RT @NDL
+

è!!!!!!!!!!!!!!!!!!!!!!2 eS  H1 + eL  HRLT@0D + N  RLT@NDL Cos@fD +è!!!!!!!!!!!!!!!!!!!!!!2 eS  H1 + eL  HL RLT@LD + S  RLT@SDL Sin@fD
+ e HRTT@0D + N  RTT@NDL Cos@2 fD +

è!!!
e  HL RTT@LD + S  RTT@SDL Sin@2 fD

+ h 
è!!!!!!!!!!!!!!!!!!!!!!2 eS  H1 - eL  HRLTh@0D + N  RLTh@NDL Sin@fD +

h 
è!!!!!!!!!!!!!!!!!!!!!!2 eS  H1 - eL  HL RLTh@LD + S  RLTh@SDL Cos@fD

+ h 
è!!!!!!!!!!!!1 - e2  HL RTTh@LD + S  RTTh@SDLE
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where eS = Q2
ÅÅÅÅÅÅÅÅq2  e  in the barycentric frame and where 8S, N , L<  are components of the nucleon polarization.

In  this  representation  it  is  natural  to  express  the  RL  and  RLT  response  functions  in  terms  of  scalar  multipole
amplitudes.   Other  authors  replace  eS  by  eL = Q2

ÅÅÅÅÅÅÅÅw2  e  and  employ  longitudinal  instead  of  scalar  multipoles.
However, additional differences in signs and factors of è!!!2  are common also.

Target-Polarization Response Functions in Target Basis

à Target polarization vector, projection operator, and density matrix

P
ˆ

= PL L
ˆ

+ PN N
ˆ

+ PS S
ˆ ê. TargetBasis8Sin@φD PN − Cos@φD PS, −Cos@φD PN − Sin@φD PS, PL<

 =
1
cccc
2

 IIdentityMatrix@2D + P
ˆ
.σ”M ê. trigToExp@φD êê Simplify;

 êê MatrixFormikjjjj 1cccc2 H1 + PLL 1cccc2 Ç Æ−Ç φ HPN + Ç PSL
− 1cccc2 Ç ÆÇ φ HPN − Ç PSL 1cccc2 H1 − PLL y{zzzz

ρf =
1
cccc
2

 IdentityMatrix@2D;

ρi = HermitianConjugate@χiD..χi êê Simplify;

ρi êê MatrixFormikjjjj 1cccc2 H1 − PLL 1cccc2 ÆÇ Hδ+φL HÇ PN + PSL
1cccc2 Æ−Ç Hδ+φL H−Ç PN + PSL 1cccc2 H1 + PLL y{zzzz

ρi ê. phases@JWD êê Simplify êê MatrixFormikjjjj 1cccc2 H1 − PLL − 1cccc2 ÆÇ φ HÇ PN + PSL
1cccc2 Ç Æ−Ç φ HPN + Ç PSL 1cccc2 H1 + PLL y{zzzz

à f-dependent response functions in terms of helicity amplitudes

L@THD êê Simplify êê Collect@#, 8Px_, f_@a_. φD<D &

Abs@H5D2 + Abs@H6D2 + 2 Im@H5 HH6L∗D PN
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T@THD êê Simplify êê Collect@#, 8Px_, f_@a_. φD<D &

1
cccc
2
HAbs@H1D2 + Abs@H2D2 + Abs@H3D2 + Abs@H4D2L +

1
cccc
2
H−2 Im@H1 HH2L∗D − 2 Im@H3 HH4L∗DL PN

HLT@THD êê ExpToTrig êê MySimplifyL êê. ContractAmplitudeProducts êê
Collect@#, 8Px_, f_@a_. φD<D &

Cos@φD HRe@HH1 − H4L HH5L∗D − Re@HH2 + H3L HH6L∗DL +H−Im@HH1 + H4L HH5L∗D − Im@HH2 − H3L HH6L∗DL Sin@φD PL +

Cos@φD HIm@HH2 + H3L HH5L∗D + Im@HH1 − H4L HH6L∗DL PN +HIm@HH2 − H3L HH5L∗D − Im@HH1 + H4L HH6L∗DL Sin@φD PS
HLTh@THD êê ExpToTrig êê MySimplifyL êê. ContractAmplitudeProducts êê
Collect@#, 8Px_, f_@a_. φD<D &H−Im@HH1 − H4L HH5L∗D + Im@HH2 + H3L HH6L∗DL Sin@φD +

Cos@φD HRe@HH1 + H4L HH5L∗D + Re@HH2 − H3L HH6L∗DL PL +HRe@HH2 + H3L HH5L∗D + Re@HH1 − H4L HH6L∗DL Sin@φD PN +

Cos@φD H−Re@HH2 − H3L HH5L∗D + Re@HH1 + H4L HH6L∗DL PS
HTT@THD êê ExpToTrig êê MySimplifyL êê
Collect@#, 8Px_, f_@a_. φD<D & êê. ContractAmplitudeProducts

Cos@2 φD HRe@H2 HH3L∗D − Re@H1 HH4L∗DL +HIm@H2 HH3L∗D + Im@H1 HH4L∗DL Sin@2 φD PL +

Cos@2 φD H−Im@H1 HH3L∗D − Im@H2 HH4L∗DL PN +HIm@H1 HH3L∗D − Im@H2 HH4L∗DL Sin@2 φD PS
HTTh@THD êê ExpToTrig êê MySimplifyL êê
Collect@#, 8Px_, f_@a_. φD<D & êê. ContractAmplitudeProducts

1
cccc
2
HAbs@H1D2 − Abs@H2D2 + Abs@H3D2 − Abs@H4D2L PL +

1
cccc
2
H−2 Re@H1 HH2L∗D − 2 Re@H3 HH4L∗DL PS
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à f-independent response functions in terms of helicity amplitudes

tempRL =
q2
ccccccc
Q2

 L@THD êê Simplify êê Collect@#, 8Px_, f_@a_. φD<D &;

RL@HD = 8
RL@0D → Select@tempRL, FreeQ@#, Px_D &D,
RL@ND → Coefficient@tempRL, PND < êê Simplify9RL@0D →

q2 HAbs@H5D2 + Abs@H6D2Lcccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
Q2

, RL@ND →
2 q2 Im@H5 HH6L∗D
ccccccccccccccccccccccccccccccccccccccccccc

Q2
=

tempRL =
q2
ccccccc
Q2

 L@THD êê Simplify êê Collect@#, 8Px_, f_@a_. φD<D &;

RL@HD = 8
RL@0D → Select@tempRL, FreeQ@#, Px_D &D,
RL@ND → Coefficient@tempRL, PND < êê Simplify9RL@0D →

q2 HAbs@H5D2 + Abs@H6D2Lcccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
Q2

, RL@ND →
2 q2 Im@H5 HH6L∗D
ccccccccccccccccccccccccccccccccccccccccccc

Q2
=

tempRT =

HT@THD êê ExpToTrig êê MySimplifyL êê Collect@#, 8Px_, f_@a_. φD<D &;
RT@HD = 8

RT@0D → Select@tempRT, FreeQ@#, Px_D &D,
RT@ND → Coefficient@tempRT, PND < êê Simplify9RT@0D →

1
cccc
2
HAbs@H1D2 + Abs@H2D2 + Abs@H3D2 + Abs@H4D2L,

RT@ND → −Im@H1 HH2L∗D − Im@H3 HH4L∗D=
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tempRLT =
i

k

jjjjjjj
$%%%%%%1cccc

2
 
q
cccc
Q

 LT@THD êê ExpToTrig êê MySimplify
y

{

zzzzzzz êê.

ContractAmplitudeProducts êê Collect@#, 8Px_, f_@a_. φD<D &;
RLT@HD = 8

RLT@0D → Select@tempRLT, FreeQ@#, Px_D &DêCos@φD,
RLT@ND → Coefficient@tempRLT, PNDêCos@φD,
RLT@LD → Coefficient@tempRLT, PLDêSin@φD,
RLT@SD → Coefficient@tempRLT, PSDêSin@φD< êê Simplify9RLT@0D →

q HRe@HH1 − H4L HH5L∗D − Re@HH2 + H3L HH6L∗DL
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 Q

,

RLT@ND →
q HIm@HH2 + H3L HH5L∗D + Im@HH1 − H4L HH6L∗DL
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 Q

,

RLT@LD → −
q HIm@HH1 + H4L HH5L∗D + Im@HH2 − H3L HH6L∗DL
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 Q

,

RLT@SD →
q HIm@HH2 − H3L HH5L∗D − Im@HH1 + H4L HH6L∗DL
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 Q

=
tempRLTh =

i

k

jjjjjjj
$%%%%%%1cccc

2
 
q
cccc
Q

 LTh@THD êê ExpToTrig êê MySimplify
y

{

zzzzzzz êê.

ContractAmplitudeProducts êê
Collect@#, 8Px_, f_@a_. φD, f_@a_. θD<D &;

RLTh@HD = 8
RLTh@0D → Select@tempRLTh, FreeQ@#, Px_D &DêSin@φD,
RLTh@ND → Coefficient@tempRLTh, PNDêSin@φD,
RLTh@LD → Coefficient@tempRLTh, PLDêCos@φD,
RLTh@SD → Coefficient@tempRLTh, PSDêCos@φD< êê Simplify9RLTh@0D →

q H−Im@HH1 − H4L HH5L∗D + Im@HH2 + H3L HH6L∗DL
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 Q

,

RLTh@ND →
q HRe@HH2 + H3L HH5L∗D + Re@HH1 − H4L HH6L∗DL
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 Q

,

RLTh@LD →
q HRe@HH1 + H4L HH5L∗D + Re@HH2 − H3L HH6L∗DL
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 Q

,

RLTh@SD →
q H−Re@HH2 − H3L HH5L∗D + Re@HH1 + H4L HH6L∗DL
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccè!!!2 Q

=
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tempRTT =

HTT@THD êê ExpToTrig êê MySimplifyL êê Collect@#, 8Px_, f_@a_. φD<D &;
RTT@HD = 8

RTT@0D → Select@tempRTT, FreeQ@#, Px_D &DêCos@2 φD,
RTT@ND → Coefficient@tempRTT, PNDêCos@2 φD,
RTT@LD → Coefficient@tempRTT, PLDêSin@2 φD,
RTT@SD → Coefficient@tempRTT, PSDêSin@2 φD< êê

Simplify êê. ContractAmplitudeProducts8RTT@0D → Re@H2 HH3L∗D − Re@H1 HH4L∗D, RTT@ND → −Im@H1 HH3L∗D − Im@H2 HH4L∗D,
RTT@LD → Im@H2 HH3L∗D + Im@H1 HH4L∗D, RTT@SD → Im@H1 HH3L∗D − Im@H2 HH4L∗D<
tempRTTh = HTTh@THD êê ExpToTrig êê MySimplifyL êê.

ContractAmplitudeProducts êê Collect@#, 8Px_, f_@a_. φD<D &;
RTTh@HD = 8

RTTh@0D → Select@tempRTTh, FreeQ@#, Px_D &D,
RTTh@ND → Coefficient@tempRTTh, PND,
RTTh@LD → Coefficient@tempRTTh, PLD,
RTTh@SD → Coefficient@tempRTTh, PSD< êê Simplify9RTTh@0D → 0, RTTh@ND → 0,

RTTh@LD →
1
cccc
2
HAbs@H1D2 − Abs@H2D2 + Abs@H3D2 − Abs@H4D2L,

RTTh@SD → −Re@H1 HH2L∗D − Re@H3 HH4L∗D=
à f-independent response functions in terms of CGLN amplitudes

tempRL =
q2
ccccccc
Q2

 L@TD êê Simplify êê Collect@#, 8Px_, f_@a_. φD<D &;

RL@D = 8
RL@0D → Select@tempRL, FreeQ@#, Px_D &D,
RL@ND → Coefficient@tempRL, PND < êê Simplify9RL@0D →

q2 HAbs@5D2 + Abs@6D2 + 2 Cos@θD Re@5 H6L∗DL
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

ω2
,

RL@ND → −
2 q2 Im@5 H6L∗D Sin@θD
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

ω2
=
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tempRT = HT@TD êê Simplify êê Collect@#, 8Px_, f_@a_. φD<D &L;
RT@D = 8

RT@0D → Select@tempRT, FreeQ@#, Px_D &D,
RT@ND → Coefficient@tempRT, PND < êê

Simplify êê. ContractAmplitudeProducts9RT@0D →
1
cccc
4
H4 Abs@1D2 + 4 Abs@2D2 + Abs@3D2 + Abs@4D2 −

Abs@3D2 Cos@2 θD − Abs@4D2 Cos@2 θD − 8 Cos@θD Re@1 H2L∗D +

2 Re@2 H3L∗D − 2 Cos@2 θD Re@2 H3L∗D + 2 Re@1 H4L∗D −

2 Cos@2 θD Re@1 H4L∗D + Cos@θD Re@3 H4L∗D − Cos@3 θD Re@3 H4L∗DL,
RT@ND →

1
cccc
2
H2 Im@1 H3L∗D − 2 Cos@θD Im@2 H3L∗D + 2 Cos@θD Im@1 H4L∗D −

2 Im@2 H4L∗D − Im@3 H4L∗D + Cos@2 θD Im@3 H4L∗DL Sin@θD=
tempRLT =

i

k

jjjjjjj
$%%%%%%1cccc

2
 
q
cccc
Q

 LT@TD êê ExpToTrig êê MySimplify
y

{

zzzzzzz êê

Collect@#, 8Px_, f_@a_. φD<D & êê. ContractAmplitudeProducts;
RLT@D = 8

RLT@0D → Select@tempRLT, FreeQ@#, Px_D &DêCos@φD,
RLT@ND → Coefficient@tempRLT, PNDêCos@φD,
RLT@LD → Coefficient@tempRLT, PLDêSin@φD,
RLT@SD → Coefficient@tempRLT, PSDêSin@φD< êê Simplify9RLT@0D →

−
1
cccc
ω

 Hq HRe@2 H5L∗D + Re@3 H5L∗D + Cos@θD Re@4 H5L∗D + Re@1 H6L∗D +

Cos@θD Re@3 H6L∗D + Re@4 H6L∗DL Sin@θDL,
RLT@ND → −

1
cccccccc
2 ω

 Hq H2 Im@1 H5L∗D − 2 Cos@θD Im@2 H5L∗D +

Im@4 H5L∗D − Cos@2 θD Im@4 H5L∗D + 2 Cos@θD Im@1 H6L∗D −

2 Im@2 H6L∗D − Im@3 H6L∗D + Cos@2 θD Im@3 H6L∗DLL,
RLT@LD → −

q HIm@2 H5L∗D + Im@1 H6L∗DL Sin@θD
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

ω
,

RLT@SD →

−
1
cccc
ω
Hq HIm@1 H5L∗D − Cos@θD Im@2 H5L∗D +

Cos@θD Im@1 H6L∗D − Im@2 H6L∗DLL=
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tempRLTh =
i

k

jjjjjjj
$%%%%%%1cccc

2
 
q
cccc
Q

 LTh@TD êê ExpToTrig êê MySimplify
y

{

zzzzzzz êê

Collect@#, 8Px_, f_@a_. φD, f_@a_. θD<D & êê.
ContractAmplitudeProducts;

RLTh@D = 8
RLTh@0D → Select@tempRLTh, FreeQ@#, Px_D &DêSin@φD,
RLTh@ND → Coefficient@tempRLTh, PNDêSin@φD,
RLTh@LD → Coefficient@tempRLTh, PLDêCos@φD,
RLTh@SD → Coefficient@tempRLTh, PSDêCos@φD< êê Simplify9RLTh@0D →

1
cccc
ω

 Hq HIm@2 H5L∗D + Im@3 H5L∗D + Cos@θD Im@4 H5L∗D + Im@1 H6L∗D +

Cos@θD Im@3 H6L∗D + Im@4 H6L∗DL Sin@θDL,
RLTh@ND → −

1
cccccccc
2 ω

 Hq H2 Re@1 H5L∗D − 2 Cos@θD Re@2 H5L∗D +

Re@4 H5L∗D − Cos@2 θD Re@4 H5L∗D + 2 Cos@θD Re@1 H6L∗D −

2 Re@2 H6L∗D − Re@3 H6L∗D + Cos@2 θD Re@3 H6L∗DLL,
RLTh@LD →

q HRe@2 H5L∗D + Re@1 H6L∗DL Sin@θD
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

ω
,

RLTh@SD →

q HRe@1 H5L∗D − Cos@θD Re@2 H5L∗D + Cos@θD Re@1 H6L∗D − Re@2 H6L∗DL
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

ω=
tempRTT = HTT@TD êê ExpToTrig êê MySimplifyL êê

Collect@#, 8Px_, f_@a_. φD<D & êê. ContractAmplitudeProducts;
RTT@D = 8

RTT@0D → Select@tempRTT, FreeQ@#, Px_D &DêCos@2 φD,
RTT@ND → Coefficient@tempRTT, PNDêCos@2 φD,
RTT@LD → Coefficient@tempRTT, PLDêSin@2 φD,
RTT@SD → Coefficient@tempRTT, PSDêSin@2 φD< êê Simplify9RTT@0D →

1
cccc
2
HAbs@3D2 + Abs@4D2 +

2 HRe@2 H3L∗D + Re@1 H4L∗D + Cos@θD Re@3 H4L∗DLL Sin@θD2,
RTT@ND →

1
cccc
2
H4 Im@1 H2L∗D + 2 Im@1 H3L∗D − 2 Cos@θD Im@2 H3L∗D +

2 Cos@θD Im@1 H4L∗D − 2 Im@2 H4L∗D −

Im@3 H4L∗D + Cos@2 θD Im@3 H4L∗DL Sin@θD,
RTT@LD → HIm@2 H3L∗D + Im@1 H4L∗DL Sin@θD2,
RTT@SD → H2 Im@1 H2L∗D + Im@1 H3L∗D −

Cos@θD Im@2 H3L∗D + Cos@θD Im@1 H4L∗D − Im@2 H4L∗DL Sin@θD=
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tempRTTh = HTTh@TD êê ExpToTrig êê MySimplifyL êê
Collect@#, 8Px_, f_@a_. φD<D & êê. ContractAmplitudeProducts;

RTTh@D = 8
RTTh@0D → Select@tempRTTh, FreeQ@#, Px_D &D,
RTTh@ND → Coefficient@tempRTTh, PND,
RTTh@LD → Coefficient@tempRTTh, PLD,
RTTh@SD → Coefficient@tempRTTh, PSD< êê Simplify9RTTh@0D → 0, RTTh@ND → 0,

RTTh@LD →
1
cccc
2
H−2 Abs@1D2 − 2 Abs@2D2 + 4 Cos@θD Re@1 H2L∗D − Re@2 H3L∗D +

Cos@2 θD Re@2 H3L∗D − Re@1 H4L∗D + Cos@2 θD Re@1 H4L∗DL, RTTh@SD →H−Re@1 H3L∗D + Cos@θD Re@2 H3L∗D − Cos@θD Re@1 H4L∗D + Re@2 H4L∗DL
Sin@θD=

Parallel/antiparallel kinematics

à Nucleon parallel to q

Hparallel = HelicityToCGLN ê. phases@JWD ê. 8θ → π, φ → 0< êê Simplify9H1 → 0, H2 → 0, H3 → 0, H4 → è!!!2 H1 + 2L, H5 → 0, H6 →
Q H5 − 6Lccccccccccccccccccccccccccc

ω
=

RL@HD ê. Hparallel9RL@0D →
q2 Abs@ Q H5−6Lccccccccccccccccccω D2
cccccccccccccccccccccccccccccccccccccccccccc

Q2
, RL@ND → 0=

RT@HD ê. Hparallel8RT@0D → Abs@1 + 2D2, RT@ND → 0<
RLT@HD ê. Hparallel êê MySimplify9RLT@0D → 0, RLT@ND → −

q Im@H1 + 2L H Q H5−6Lccccccccccccccccccω L∗D
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

Q
,

RLT@LD → 0, RLT@SD → −
q Im@H1 + 2L H Q H5−6Lccccccccccccccccccω L∗D
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

Q
=
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RLTh@HD ê. Hparallel êê MySimplify9RLTh@0D → 0, RLTh@ND → −
q Re@H1 + 2L H Q H5−6Lccccccccccccccccccω L∗D
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

Q
,

RLTh@LD → 0, RLTh@SD →
q Re@H1 + 2L H Q H5−6Lccccccccccccccccccω L∗D
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

Q
=

RTTh@HD ê. Hparallel êê MySimplify8RTTh@0D → 0, RTTh@ND → 0, RTTh@LD → −Abs@1 + 2D2, RTTh@SD → 0<
à Nucleon antiparallel to q

Hantiparallel = HelicityToCGLN ê. phases@JWD ê. 8θ → 0, φ → π< êê Simplify9H1 → 0, H2 → è!!!2 H−1 + 2L, H3 → 0, H4 → 0, H5 →
Q H5 + 6Lccccccccccccccccccccccccccc

ω
, H6 → 0=

RL@HD ê. Hantiparallel9RL@0D →
q2 Abs@ Q H5+6Lccccccccccccccccccω D2
cccccccccccccccccccccccccccccccccccccccccccc

Q2
, RL@ND →

2 q2 Im@ Q H5+6L 0∗
cccccccccccccccccccccccω D

cccccccccccccccccccccccccccccccccccccccccccccccc
Q2

=
RT@HD ê. Hantiparallel8RT@0D → Abs@−1 + 2D2, RT@ND → 0<
RLT@HD ê. Hantiparallel êê MySimplify9RLT@0D → 0, RLT@ND →

q Im@H−1 + 2L H Q H5+6Lccccccccccccccccccω L∗D
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

Q
,

RLT@LD → 0, RLT@SD →
q Im@H−1 + 2L H Q H5+6Lccccccccccccccccccω L∗D
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

Q
=

RLTh@HD ê. Hantiparallel êê MySimplify9RLTh@0D → 0, RLTh@ND →
q Re@H−1 + 2L H Q H5+6Lccccccccccccccccccω L∗D
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

Q
,

RLTh@LD → 0, RLTh@SD → −
q Re@H−1 + 2L H Q H5+6Lccccccccccccccccccω L∗D
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

Q
=

RTTh@HD ê. Hantiparallel êê MySimplify8RTTh@0D → 0, RTTh@ND → 0, RTTh@LD → −Abs@1 − 2D2, RTTh@SD → 0<
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Target-Polarization Response Functions in Photon Basis

à Target polarization vector, projection operator, and density matrix

P
ˆ

= Pz L
ˆ

+ Py N
ˆ

+ Px S
ˆ ê. xyzBasis8Px, Py, Pz<

 =
1
cccc
2

 IIdentityMatrix@2D + P
ˆ
.σ”M ê. trigToExp@φD êê Simplify;

 êê MatrixFormikjjjj 1cccc2 H1 + PzL 1cccc2 HPx − Ç PyL
1cccc2 HPx + Ç PyL 1cccc2 H1 − PzL y{zzzz

ρf =
1
cccc
2

 IdentityMatrix@2D;

ρi = HermitianConjugate@χiD..χi êê Simplify;

ρi êê MatrixFormikjjjj 1cccc2 H1 − PzL − 1cccc2 ÆÇ δ HPx + Ç PyL
− 1cccc2 Æ−Ç δ HPx − Ç PyL 1cccc2 H1 + PzL y{zzzz

ρi ê. phases@JWD êê Simplify êê MatrixFormikjjjj 1cccc2 H1 − PzL 1cccc2 HPx + Ç PyL
1cccc2 HPx − Ç PyL 1cccc2 H1 + PzL y{zzzz

à f-dependent response functions in terms of helicity amplitudes

sigma0 = ε L@THD + T@THD +
è!!!!!!!!!!!!!!!!!!!

ε H1 + εL  LT@THD +

ε TT@THD + h 
è!!!!!!!!!!!!!
1 − ε2  TTh@THD + h 

è!!!!!!!!!!!!!!!!!!!
ε H1 − εL  LTh@THD;

sigma0 êê. 8H1 → 0, H2 → 0, H3 → 0, H5 → 0, φ → 0< êê MySimplify

1
cccc
2I2 Hε Abs@H6D2 − h è!!!!!!!!!!!!!!!!!!!!!!!!!−H−1 + εL ε Re@H4 HH6L∗D Px + è!!!!!!!!!!!!!!!!!!!!ε H1 + εL Im@H4 HH6L∗D PyL +

Abs@H4D2 I1 − h è!!!!!!!!!!!!!1 − ε2 PzMM
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sigma0 êê. 8H1 → 0, H3 → 0, H4 → 0, H6 → 0, φ → 0< êê MySimplify

1
cccc
2I2 Hε Abs@H5D2 + h è!!!!!!!!!!!!!!!!!!!!!!!!!−H−1 + εL ε Re@H2 HH5L∗D Px − è!!!!!!!!!!!!!!!!!!!!ε H1 + εL Im@H2 HH5L∗D PyL +

Abs@H2D2 I1 − h è!!!!!!!!!!!!!1 − ε2 PzMM
ü Parallel kinematics

L@THD ê. 8H1 → 0, H2 → 0, H3 → 0, H5 → 0< êê MySimplify

Abs@H6D2
T@THD ê. 8H1 → 0, H2 → 0, H3 → 0, H5 → 0< êê MySimplify

1
cccc
2
Abs@H4D2

LT@THD êê. 8H1 → 0, H2 → 0, H3 → 0, H5 → 0, φ → 0< êê MySimplify

Im@H4 HH6L∗D Py
TT@THD êê. 8H1 → 0, H2 → 0, H3 → 0, H5 → 0, φ → 0< êê MySimplify

0

LTh@THD êê. 8H1 → 0, H2 → 0, H3 → 0, H5 → 0, φ → 0< êê MySimplify

−Re@H4 HH6L∗D Px
TTh@THD êê. 8H1 → 0, H2 → 0, H3 → 0, H5 → 0, φ → 0< êê MySimplify

−
1
cccc
2
Abs@H4D2 Pz

ü Antiparallel kinematics

L@THD êê. 8H1 → 0, H3 → 0, H4 → 0, H6 → 0, φ → 0< êê MySimplify

Abs@H5D2
T@THD êê. 8H1 → 0, H3 → 0, H4 → 0, H6 → 0, φ → 0< êê MySimplify

1
cccc
2
Abs@H2D2
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LT@THD êê. 8H1 → 0, H3 → 0, H4 → 0, H6 → 0, φ → 0< êê MySimplify

−Im@H2 HH5L∗D Py
TT@THD êê. 8H1 → 0, H3 → 0, H4 → 0, H6 → 0, φ → 0< êê MySimplify

0

LTh@THD êê. 8H1 → 0, H3 → 0, H4 → 0, H6 → 0, φ → 0< êê MySimplify

Re@H2 HH5L∗D Px
TTh@THD êê. 8H1 → 0, H3 → 0, H4 → 0, H6 → 0, φ → 0< êê MySimplify

−
1
cccc
2
Abs@H2D2 Pz

à f-dependent response functions in terms of CGLN amplitudes

L@THD ê. Hparallel êê MySimplify

AbsA Q H5 − 6Lccccccccccccccccccccccccccc
ω

E2
T@THD ê. Hparallel êê MySimplify

Abs@1 + 2D2
LT@THD ê. Hparallel ê. 8φ → 0< êê MySimplifyè!!!2 ImAH1 + 2L J Q H5 − 6Lccccccccccccccccccccccccccc

ω
N∗E Py

LTh@THD ê. Hparallel ê. 8φ → 0< êê MySimplify

−è!!!2 ReAH1 + 2L J Q H5 − 6Lccccccccccccccccccccccccccc
ω

N∗E Px
TT@THD ê. Hparallel ê. 8φ → 0< êê MySimplify

0

TTh@THD ê. Hparallel ê. 8φ → 0< êê MySimplify

−Abs@1 + 2D2 Pz
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Multipole expansions

à Multipole expansion of CGLN amplitudes

Here  we  quote  the  traditional  expansions  of  CGLN amplitudes  in  terms  of  multipoles.   The  expressions  were
obtained  from  Dennery  and  are  widely  quoted  in  the  literature,  but  I  have  not  checked  them  independently.
[Actually, I  did derive amplitudes 1-4 a long time ago, but  my notes are somewhat sketchy and have not  been
reviewed recently.  Nevertheless, I am confident that these expressions are correct.]

CGLN1@_D = 9
1 → Sum@
H M+@D + E+@DL P+1� @xD + HH + 1L M−@D + E−@DL P−1

� @xD, 8, 0, max<D,
2 → Sum@HH + 1L M+@D +  M−@DL P

�@xD, 8, 0, max<D,
3 →

Sum@HE+@D − M+@DL P+1� @xD + HE−@D + M−@DL P−1
� @xD, 8, 0, max<D,

4 → Sum@HM+@D − E+@D − M−@D − E−@DL P
�@xD, 8, 0, max<D,

5 →
ω
cccc
q

 Sum@HH + 1L S+@D P+1
� @xD −  S−@D P−1

� @xDL, 8, 0, max<D,

6 →
ω
cccc
q

 Sum@HH S−@D − H + 1L S+@DL P
�@xDL, 8, 0, max<D

=;

Note that is simplest to allow the sums to begin with  = 0 and to eliminate nonphysical amplitudes later.

rule@mpD = 8M−@0D → 0, E−@0D → 0, S−@0D → 0, M+@0D → 0, E−@1D → 0, 0∗ → 0<;
It is useful to combine these rules with expansions for the complex conjugates.  We include rules for expanding
products of sums also.

ExpandAmplitudeProducts = 8
Abs@a_D2 → a HaL∗,

Re@HA_. a_ + B_. b_L HC_. c_ + D_. d_L∗D →

A C Re@a HcL∗D + A D Re@a HdL∗D + B C Re@b HcL∗D + B D Re@b HdL∗D,
Im@HA_. a_ + B_. b_L HC_. c_ + D_. d_L∗D →

A C Im@a HcL∗D + A D Im@a HdL∗D + B C Im@b HcL∗D + B D Im@b HdL∗D,
Re@HA_. a_ + B_. b_L HC_. c_L∗ D → A C Re@a HcL∗D + B C Re@b HcL∗D,
Im@HA_. a_ + B_. b_L HC_. c_L∗ D → A C Im@a HcL∗D + B C Im@b HcL∗D<;

ExpandCGLN =

Join@8Sum@A_, 81_, 1min_, 1max_<D Sum@B_, 82_, 2min_, 2max_<D �

MySum@Expand@A BD, 81, 1min, 1max<, 82, 2min, 2max<D <,
CGLN1@1D, CGLN1@2D ê. 8a_ → HaL∗, M+@a_D → HM+@aDL∗,

E+@a_D → HE+@aDL∗, S+@a_D → HS+@aDL∗, M−@a_D → HM−@aDL∗,
E−@a_D → HE−@aDL∗, S−@a_D → HS−@aDL∗<D;

The following rules expand the Legendre polynomials and their derivatives.
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ExpandLegendre = 8Pλ_@xD → LegendreP@λ, xD,
Pλ_

� @xD → D@LegendreP@λ, xD, xD, Pλ_
� @xD → D@LegendreP@λ, xD, x, xD<;

The following rules are designed to expand expressions to the form ⁄ai f @A B*D  where f  is Re , Im, or Abs and
where amplitudes products A B*  are unique with a prescribed ordering hierarchy.

AnyMP = M− » M+ » E− » E+ » S− » S+; AnyMP− = M− » E− » S−; AnyMP+ = M+ » E+ » S+;

ExpandMultipoleProducts = 8
Ha_ Hx : AnyMPL@m_DL∗ → a Hx@mDL∗,
Re@a_. x_ Hx_L∗D → a Abs@xD2,
Im@a_. x_ Hx_L∗D → 0, Abs@f_@θDD2 → f@θD2,
Abs@a_. Hb_ + c_LD2 → Abs@aD2 HAbs@bD2 + Abs@cD2 + 2 Re@b c∗DL,
Abs@a_. Hx : HAnyMPLL@m_DD2 → a2 Abs@x@mDD2,
Hf : HRe » ImLL@a_. Hb_ + c_LD → f@a bD + f@a cD,
Hf : HRe » ImLL@a_. HHb_ + c_L d_.L∗D → f@a Hb dL∗D + f@a Hc dL∗D,
Hf : HRe » ImLL@a_ Hx : AnyMPL@m_D HHy : AnyMPL@n_DL∗D →

a f@Hy@nDL∗ x@mDD,
Re@HHx : HM− » M+LL@m_DL∗ Hy : HE− » E+ » S− » S+LL@n_DD → Re@Hy@nDL∗ x@mDD,
Im@HHx : HM− » M+LL@m_DL∗ Hy : HE− » E+ » S− » S+LL@n_DD →

−Im@Hy@nDL∗ x@mDD,
Re@HHx : HE− » E+LL@m_DL∗ Hy : HS− » S+LL@n_DD → Re@Hy@nDL∗ x@mDD,
Im@HHx : HE− » E+LL@m_DL∗ Hy : HS− » S+LL@n_DD → −Im@Hy@nDL∗ x@mDD,
Re@Hx : M+@m_DL∗ y : M−@n_DD → Re@y∗ xD,
Im@Hx : M+@m_DL∗ y : M−@n_DD → −Im@y∗ xD,
Re@Hx : E+@m_DL∗ y : E−@n_DD → Re@y∗ xD,
Im@Hx : E+@m_DL∗ y : E−@n_DD → −Im@y∗ xD,
Re@Hx : S+@m_DL∗ y : S−@n_DD → Re@y∗ xD,
Im@Hx : S+@m_DL∗ y : S−@n_DD → −Im@y∗ xD,
Re@Hx : AnyMPL@m_D HHx : AnyMPL@n_DL∗D ê; Hn < mL → Re@x@mD∗ x@nDD,
Im@Hx : AnyMPL@m_D HHx : AnyMPL@n_DL∗D ê; Hn < mL → −Im@x@mD∗ x@nDD

<;

à Functions which perform multipole expansion of response functions

To  obtain  tractable  expressions,  it  is  necessary  to  specify  the  maximum  angular  momentum.   The  following
function constructs a multipole expansion for a specific response function and attempts to perform simplification.

ExpandR@Rα_@a_D, lmax_Integer ê; Hlmax ≥ 0LD := Module@8<,
 =

HRα@aD ê. Rα@D êê. ExpandCGLN ê. 8max → lmax, MySum → Sum<L êê.
rule@mpD ê. ExpandLegendre ê. x → Cos@θD êê Simplify;

MySimplify ê@ H êê. ExpandMultipoleProducts êê
Collect@#, 8Abs@_D, Re@_D, Im@_D<D & LD

The following function eliminates terms which do not involve particular multipoles.  
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Clear@MyFreeQD;
MyFreeQ@x_, y_ListD := And @@ HFreeQ@x, #D & ê@ y L;
MyFreeQ@x_, y_D := FreeQ@x, yD

AbbreviateMultipoleExpansion@expr_, choices_D := Simplify ê@

HHIf@MyFreeQ@#, choicesD, 0, #D &L ê@ Expand@exprD êê Simplify êê
Collect@#, 8Abs@_D, Re@_D, Im@_D<D &L

For example, we can enforce M+@1D  for p production near D  resonance.

AbbreviateMultipoleExpansion@ ExpandR@RT@0D, 1D, M+@1DD

1
cccc
4
Abs@M+@1DD2 H7 − 3 Cos@2 θDL + 2 Cos@θD Re@M+@1D E+@0D∗D +

3
cccc
2
H1 + 3 Cos@2 θDL Re@M+@1D E+@1D∗D −

1
cccc
2
H1 + 3 Cos@2 θDL Re@M+@1D M−@1D∗D

à Results for selected response functions

ü Expansions through s and p waves

ExpandR@RL@0D, 1D êê FullSimplify

Abs@S−@1DD2 + Abs@S+@0DD2 + 2 HAbs@S+@1DD2 H5 + 3 Cos@2 θDL +

Cos@θD HRe@S−@1D∗ S+@0DD + 4 Re@S+@1D∗ S+@0DDL +H1 + 3 Cos@2 θDL Re@S−@1D∗ S+@1DDL
ExpandR@RT@0D, 1D êê FullSimplify

Abs@E+@0DD2 +
1
cccc
4H4 Abs@M−@1DD2 + Abs@M+@1DD2 H7 − 3 Cos@2 θDL + 9 Abs@E+@1DD2 H3 + Cos@2 θDL +

8 Cos@θD H−Re@M−@1D E+@0D∗D + Re@M+@1D E+@0D∗D + 3 Re@E+@0D E+@1D∗DL −

2 H1 + 3 Cos@2 θDLH3 Re@M−@1D E+@1D∗D − 3 Re@M+@1D E+@1D∗D + Re@M+@1D M−@1D∗DLL
ExpandR@RL@ND, 1D êê FullSimplify

−2 HIm@S−@1D∗ S+@0DD − 2 Im@S+@1D∗ S+@0DD + 6 Cos@θD Im@S−@1D∗ S+@1DDL Sin@θD
ExpandR@RT@ND, 1D êê FullSimplify

3 HIm@M+@1D E+@0D∗D + Im@E+@0D E+@1D∗D −

Cos@θD HIm@M−@1D E+@1D∗D − 4 Im@M+@1D E+@1D∗D + Im@M+@1D M−@1D∗DLL Sin@θD
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mpRLTh@LD = ExpandR@RLTh@LD, 1D êê FullSimplifyHRe@E+@0D S−@1D∗D + Re@M−@1D S+@0D∗D + 2 Re@M+@1D S+@0D∗D −

2 Re@E+@0D S+@1D∗D + 3 Cos@θD HRe@E+@1D S−@1D∗D + Re@M+@1D S−@1D∗D +

2 H−Re@E+@1D S+@1D∗D + Re@M−@1D S+@1D∗D + Re@M+@1D S+@1D∗DLLL Sin@θD
mpRLTh@SD = ExpandR@RLTh@SD, 1D êê FullSimplify

−Re@M−@1D S−@1D∗D − 2 Re@M+@1D S−@1D∗D + Re@E+@0D S+@0D∗D +

Cos@θD HRe@E+@0D S−@1D∗D + 3 Re@E+@1D S+@0D∗D −

Re@M−@1D S+@0D∗D + Re@M+@1D S+@0D∗D + 4 Re@E+@0D S+@1D∗D +

3 Cos@θD HRe@E+@1D S−@1D∗D + Re@M+@1D S−@1D∗D + 4 Re@E+@1D S+@1D∗DLL −H1 + 3 Cos@2 θDL Re@M−@1D S+@1D∗D + 4 Re@M+@1D S+@1D∗D
mpRTTh@LD = ExpandR@RTTh@LD, 1D êê FullSimplify

1
cccc
2
H−2 Abs@E+@0DD2 − 2 Abs@M−@1DD2 + Abs@M+@1DD2 H1 − 3 Cos@2 θDL −

2 Cos@θD H9 Abs@E+@1DD2 Cos@θD − 2 Re@M−@1D E+@0D∗D + 2 Re@M+@1D E+@0D∗D +

6 Re@E+@0D E+@1D∗DL + 3 H1 + 3 Cos@2 θDL Re@M−@1D E+@1D∗D −

12 Re@M+@1D E+@1D∗D + H1 + 3 Cos@2 θDL Re@M+@1D M−@1D∗DL
mpRTTh@SD = ExpandR@RTTh@SD, 1D êê FullSimplify

3 HRe@M+@1D E+@0D∗D − Re@E+@0D E+@1D∗D +

Cos@θD H−3 Abs@E+@1DD2 + Abs@M+@1DD2 + Re@M−@1D E+@1D∗D +

2 Re@M+@1D E+@1D∗D − Re@M+@1D M−@1D∗DLL Sin@θD
AbbreviateMultipoleExpansion@mpRLTh@LD, M+@1DD êê FullSimplifyH2 Re@M+@1D S+@0D∗D + 3 Cos@θD HRe@M+@1D S−@1D∗D + 2 Re@M+@1D S+@1D∗DLL Sin@θD
AbbreviateMultipoleExpansion@mpRLTh@SD, M+@1DD êê FullSimplifyH−2 + 3 Cos@θD2L Re@M+@1D S−@1D∗D +

Cos@θD Re@M+@1D S+@0D∗D + 4 Re@M+@1D S+@1D∗D
AbbreviateMultipoleExpansion@mpRTTh@LD, M+@1DD êê FullSimplify

1
cccc
2
HAbs@M+@1DD2 H1 − 3 Cos@2 θDL − 4 Cos@θD Re@M+@1D E+@0D∗D −

12 Re@M+@1D E+@1D∗D + H1 + 3 Cos@2 θDL Re@M+@1D M−@1D∗DL
AbbreviateMultipoleExpansion@mpRTTh@SD, M+@1DD êê FullSimplify

3 HRe@M+@1D E+@0D∗D +

Cos@θD HAbs@M+@1DD2 + 2 Re@M+@1D E+@1D∗D − Re@M+@1D M−@1D∗DLL Sin@θD
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ü P33  dominance

Here we display expansions based upon M+@1D  dominance, retaining only s and p waves.

mpBrief@P33, R_, angle_: θD :=

AbbreviateMultipoleExpansion@ExpandR@R, 1D, 8M+@1D, E+@1D, S+@1D<D ê.
8θ → angle< êê MyFullSimplify

mpBrief@P33, RL@0DD

2 HAbs@S+@1DD2 H5 + 3 Cos@2 θDL +

4 Cos@θD Re@S+@1D∗ S+@0DD + H1 + 3 Cos@2 θDL Re@S−@1D∗ S+@1DDL
mpBrief@P33, RT@0DD

1
cccc
4
HAbs@M+@1DD2 H7 − 3 Cos@2 θDL + 9 Abs@E+@1DD2 H3 + Cos@2 θDL +

8 Cos@θD HRe@M+@1D E+@0D∗D + 3 Re@E+@0D E+@1D∗DL − 2 H1 + 3 Cos@2 θDLH3 Re@M−@1D E+@1D∗D − 3 Re@M+@1D E+@1D∗D + Re@M+@1D M−@1D∗DLL
mpBrief@P33, RLT@0DDH−3 Re@E+@1D S+@0D∗D + Re@M+@1D S+@0D∗D + 2 Re@E+@0D S+@1D∗DL Sin@θD −

3 HRe@E+@1D S−@1D∗D + Re@E+@1D S+@1D∗D +

Re@M−@1D S+@1D∗D − Re@M+@1D S+@1D∗DL Sin@2 θD
mpBrief@P33, RTT@0DD

−
3
cccc
2
H−3 Abs@E+@1DD2 + Abs@M+@1DD2 +

2 H−Re@M−@1D E+@1D∗D + Re@M+@1D E+@1D∗D + Re@M+@1D M−@1D∗DLL Sin@θD2
mpBrief@P33, RLT@NDD

−3 Cos@2 θD Im@E+@1D S−@1D∗D − Im@M+@1D S−@1D∗D −

Cos@θD H3 Im@E+@1D S+@0D∗D + Im@M+@1D S+@0D∗D + 4 Im@E+@0D S+@1D∗DL −

3 H3 + Cos@2 θDL Im@E+@1D S+@1D∗D +H1 + 3 Cos@2 θDL HIm@M−@1D S+@1D∗D − Im@M+@1D S+@1D∗DL
mpBrief@P33, RLTh@SDD

−2 Re@M+@1D S−@1D∗D +

Cos@θD H3 Re@E+@1D S+@0D∗D + Re@M+@1D S+@0D∗D + 4 Re@E+@0D S+@1D∗D +

3 Cos@θD HRe@E+@1D S−@1D∗D + Re@M+@1D S−@1D∗D + 4 Re@E+@1D S+@1D∗DLL −H1 + 3 Cos@2 θDL Re@M−@1D S+@1D∗D + 4 Re@M+@1D S+@1D∗D
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mpBrief@P33, RLTh@LDDH2 HRe@M+@1D S+@0D∗D − Re@E+@0D S+@1D∗DL +

3 Cos@θD HRe@E+@1D S−@1D∗D + Re@M+@1D S−@1D∗D +

2 H−Re@E+@1D S+@1D∗D + Re@M−@1D S+@1D∗D + Re@M+@1D S+@1D∗DLLL Sin@θD
mpBrief@P33, RTTh@SDD

3 HRe@M+@1D E+@0D∗D − Re@E+@0D E+@1D∗D +

Cos@θD H−3 Abs@E+@1DD2 + Abs@M+@1DD2 + Re@M−@1D E+@1D∗D +

2 Re@M+@1D E+@1D∗D − Re@M+@1D M−@1D∗DLL Sin@θD
mpBrief@P33, RTTh@LDD

1
cccc
2
HAbs@M+@1DD2 H1 − 3 Cos@2 θDL −

2 Cos@θD H9 Abs@E+@1DD2 Cos@θD + 2 Re@M+@1D E+@0D∗D + 6 Re@E+@0D E+@1D∗DL +

3 H1 + 3 Cos@2 θDL Re@M−@1D E+@1D∗D −

12 Re@M+@1D E+@1D∗D + H1 + 3 Cos@2 θDL Re@M+@1D M−@1D∗DL
It  is  also  useful  to  examine severely truncated  multipole expansions for  parallel  versus  antiparallel  kinematics.
Here  we  assume  M1+  dominance  and  define  a  few  functions  which  facilitate  comparisons  between  parallel
(qp = p) and antiparallel (qp = 0) kinematics.

mpVeryBrief@P33, R_, angle_: θD :=

AbbreviateMultipoleExpansion@ExpandR@R, 1D, 8M+@1D<D ê. 8θ → angle< êê
MyFullSimplify

fbsum@P33, R_D :=

HmpVeryBrief@P33, R, θD + mpVeryBrief@P33, R, θ − πDL êê Simplify

fbdiff@P33, R_D :=

HmpVeryBrief@P33, R, θD − mpVeryBrief@P33, R, θ − πDL êê Simplify

fb@P33, R_D := Module@8f, b<,
f = mpVeryBrief@P33, R, πD;
b = mpVeryBrief@P33, R, 0D;
Hf − bLêHf + bL êê SimplifyD

Selected response functions for M1+  dominance are given below.

mpVeryBrief@P33, RT@0DD

1
cccc
4
HAbs@M+@1DD2 H7 − 3 Cos@2 θDL + 8 Cos@θD Re@M+@1D E+@0D∗D −

2 H1 + 3 Cos@2 θDL H−3 Re@M+@1D E+@1D∗D + Re@M+@1D M−@1D∗DLL
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mpVeryBrief@P33, RLT@0DDHRe@M+@1D S+@0D∗D + 6 Cos@θD Re@M+@1D S+@1D∗DL Sin@θD
mpVeryBrief@P33, RTT@0DD

−
3
cccc
2
HAbs@M+@1DD2 + 2 HRe@M+@1D E+@1D∗D + Re@M+@1D M−@1D∗DLL Sin@θD2

mpVeryBrief@P33, RLT@NDD

−Im@M+@1D S−@1D∗D − Cos@θD Im@M+@1D S+@0D∗D −H1 + 3 Cos@2 θDL Im@M+@1D S+@1D∗D
mpVeryBrief@P33, RLTh@SDDH−2 + 3 Cos@θD2L Re@M+@1D S−@1D∗D +

Cos@θD Re@M+@1D S+@0D∗D + 4 Re@M+@1D S+@1D∗D
mpVeryBrief@P33, RTTh@SDD

3 HRe@M+@1D E+@0D∗D +

Cos@θD HAbs@M+@1DD2 + 2 Re@M+@1D E+@1D∗D − Re@M+@1D M−@1D∗DLL Sin@θD
mpVeryBrief@P33, RLTh@LDDH2 Re@M+@1D S+@0D∗D + 3 Cos@θD HRe@M+@1D S−@1D∗D + 2 Re@M+@1D S+@1D∗DLL Sin@θD
mpVeryBrief@P33, RTTh@LDD

1
cccc
2
HAbs@M+@1DD2 H1 − 3 Cos@2 θDL − 4 Cos@θD Re@M+@1D E+@0D∗D −

12 Re@M+@1D E+@1D∗D + H1 + 3 Cos@2 θDL Re@M+@1D M−@1D∗DL
Observing that  the S0+  and S1+  contributions to RLT  have opposite  symmetries with  respect  to  qØp-q,  we can
separate those terms using

fbsum@P33, RLT@0DD

6 Re@M+@1D S+@1D∗D Sin@2 θD
fbdiff@P33, RLT@0DD

2 Re@M+@1D S+@0D∗D Sin@θD
Similarly, observing that the S0+  contribution to RLTh@SD  changes sign relative to the S1-  and S1+  terms
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mpVeryBrief@P33, RLTh@SD, πD

Re@M+@1D S−@1D∗D − Re@M+@1D S+@0D∗D + 4 Re@M+@1D S+@1D∗D
mpVeryBrief@P33, RLTh@SD, 0D

Re@M+@1D S−@1D∗D + Re@M+@1D S+@0D∗D + 4 Re@M+@1D S+@1D∗D
we find that the S0+  contribution can be extracted by averaging RLTh@SD  for parallel and antiparallel kinematics.

fbsum@P33, RLTh@SDDH−1 + 3 Cos@2 θDL Re@M+@1D S−@1D∗D + 8 Re@M+@1D S+@1D∗D
fbdiff@P33, RLTh@SDD

2 Cos@θD Re@M+@1D S+@0D∗D
Finally,

mpVeryBrief@P33, RTTh@LDD

1
cccc
2
HAbs@M+@1DD2 H1 − 3 Cos@2 θDL − 4 Cos@θD Re@M+@1D E+@0D∗D −

12 Re@M+@1D E+@1D∗D + H1 + 3 Cos@2 θDL Re@M+@1D M−@1D∗DL
fbsum@P33, RTTh@LDD

Abs@M+@1DD2 H1 − 3 Cos@2 θDL −

12 Re@M+@1D E+@1D∗D + H1 + 3 Cos@2 θDL Re@M+@1D M−@1D∗D
fbdiff@P33, RTTh@LDD

−4 Cos@θD Re@M+@1D E+@0D∗D
the E0+  contribution can be obtained by averaging RTTh@LD .  Alternatively, the following expressions

fbsum@P33, RLTh@LDD

3 HRe@M+@1D S−@1D∗D + 2 Re@M+@1D S+@1D∗DL Sin@2 θD
fbsum@P33, RTTh@SDD

3 HAbs@M+@1DD2 + 2 Re@M+@1D E+@1D∗D − Re@M+@1D M−@1D∗DL Sin@2 θD
yield  redundant  determinations  of  these  interference  products;  this  redundancy  can  be  used  to  test  for  and
minimize model dependence.
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However, we must still assess the contributions of other multipoles more quantitatively.

1
cccc
2

 HmpBrief@P33, RLTh@SD, 0D + mpBrief@P33, RLTh@SD, πDL êê Simplify

3 Re@E+@1D S−@1D∗D + Re@M+@1D S−@1D∗D +

4 H3 Re@E+@1D S+@1D∗D − Re@M−@1D S+@1D∗D + Re@M+@1D S+@1D∗DL
1
cccc
2

 HmpBrief@P33, RTTh@LD, 0D + mpBrief@P33, RTTh@LD, πDL êê Simplify

−9 Abs@E+@1DD2 − Abs@M+@1DD2 +

6 Re@M−@1D E+@1D∗D − 6 Re@M+@1D E+@1D∗D + 2 Re@M+@1D M−@1D∗D
More  generally,  it  is  advantageous  to  measure  response  functions  at  complementary  angles  in  order  to  exploit
the fact that even and odd partial waves have opposite symmetries with respect to qØp-q.

ü S11  dominance

Here I compare multipole expansions for S11  dominance with results from KDT, retaining just S11 , P11 , and D13

multipoles.  Note that my  9S` , N
`

, L
` =  correspond to their 8- x̀£, ỳ£, - z̀£<  .

mpBrief@S11, R_D :=

AbbreviateMultipoleExpansion@ExpandR@R, 2D, 8E+@0D, S+@0D<D êê.
8x : HE+ » M+ » S+L@_ ê;  > 0D → 0< êê MyFullSimplify

mpBrief@S11, RL@0DD

Abs@S+@0DD2 + 2 Cos@θD Re@S−@1D∗ S+@0DD + H2 + 6 Cos@2 θDL Re@S−@2D∗ S+@0DD
mpBrief@S11, RT@0DD

Abs@E+@0DD2 +
1
cccc
2
HH1 + 3 Cos@2 θDL Re@E+@0D E−@2D∗D − 4 Cos@θD Re@M−@1D E+@0D∗D −

3 H1 + 3 Cos@2 θDL Re@M−@2D E+@0D∗DL
mpBrief@S11, RLT@0DD

−HRe@E+@0D S−@1D∗D + Re@M−@1D S+@0D∗D + 3 Cos@θDH2 Re@E+@0D S−@2D∗D − Re@E−@2D S+@0D∗D + Re@M−@2D S+@0D∗DLL Sin@θD
mpBrief@S11, RTT@0DD

−3 HRe@E+@0D E−@2D∗D + Re@M−@2D E+@0D∗DL Sin@θD2
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mpBrief@S11, RLT@NDD

1
cccc
2
H−2 H1 + 3 Cos@2 θDL Im@E+@0D S−@2D∗D +H1 − 3 Cos@2 θDL Im@E−@2D S+@0D∗D − 2 Im@E+@0D S+@0D∗DL +

Cos@θD H−Im@E+@0D S−@1D∗D + Im@M−@1D S+@0D∗D + 3 Cos@θD Im@M−@2D S+@0D∗DL
mpBrief@S11, RLTh@SDDH1 + 3 Cos@2 θDL Re@E+@0D S−@2D∗D + Re@E−@2D S+@0D∗D + Re@E+@0D S+@0D∗D +

Cos@θD HRe@E+@0D S−@1D∗D − Re@M−@1D S+@0D∗DL − 3 Cos@2 θD Re@M−@2D S+@0D∗D
mpBrief@S11, RLTh@LDDHRe@E+@0D S−@1D∗D + Re@M−@1D S+@0D∗D +

6 Cos@θD HRe@E+@0D S−@2D∗D + Re@M−@2D S+@0D∗DLL Sin@θD
mpBrief@S11, RTTh@SDD

3 Cos@θD HRe@E+@0D E−@2D∗D + Re@M−@2D E+@0D∗DL Sin@θD
mpBrief@S11, RTTh@LDD

−Abs@E+@0DD2 −
1
cccc
2
H1 + 3 Cos@2 θDL Re@E+@0D E−@2D∗D +

2 Cos@θD Re@M−@1D E+@0D∗D +
3
cccc
2
H1 + 3 Cos@2 θDL Re@M−@2D E+@0D∗D

Using the following trig identities and accounting for  differences between polarization bases,  we obtain agree-
ment with KDT.

1 + 3 Cos@2 θD == −2 H1 − 3 Cos@θD2L êê Simplify

True

H1 − 3 Sin@θD2L == H3 Cos@θD2 − 2L êê Simplify

True
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