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A long corrugated tube open at both ends sings notes which depend on the flow velocity of air 
flowing through the tube. The notes it sings are natural harmonics of the tube. In 1974, 
Crawford suggested an explanation for this: A given note will sing when the flow velocity is such 
that the "bump frequency" equals the frequency of the note, provided also that the flow velocity 
is sufficiently high to induce turbulent flow. He suggested two theories to explain the singing in 
terms of turbulence. One assumed that the onset of turbulence agrees with the classic Reynolds 
number for smooth tubes (Rsmooth:::::2000) in which the characteristic length of the object that 
has air flowing in is equal to the diameter. The second assumed the characteristic length of the 
object was equal to the distance between the corrugations. Crawford reported having good 
agreement between the classic diameter-induced turbulence theory and experiment for some 
pipes. However, for other tubes he observed singing at Reynolds numbers that were much 
smaller than the classical result of 2000. For these, he could not establish if he was observing 
corrugation-induced turbulence. (He stated he did not have sufficient pipes.) After looking at a 
variety of tube diameters and corrugation lengths, we also observed (as Crawford reported) that 
some of the data agreed with the classic diameter-induced turbulence, and some did not. Iron
ically, the hypothesis Crawford introduced (and rejected) as an alternative possibility seems to 
fit ALL of our data quite well. A new Reynolds number associated with the onset of turbulence 
for corrugated pipes is presented: Rcorr:::::500. 

I. INTRODUCTION 

Singing corrugated pipes provide an excellent way to 
captivate the student's imagination. 1 When you swing the 
flexible corrugated tube around your head, a loud and clear 
tone is produced. If you whirl it faster, it jumps to higher 
tones. It is a great way to demonstrate harmonics using 
sound. However, there are some interesting subtle prob
lems. 

First of all, the fundamental does not sing! This should 
not come as a surprise to anyone who read Frank Craw
ford's excellent article2 on singing corrugated pipes almost 
20 years ago. He reported there is nothing fundamental 
about the fact that the fundamental did not sing. The tube 
he was using was simply too long for the onset of the 
turbulence needed for singing at the flow velocity at which 
excitation of the fundamental would have been expected. 
With a shorter tube, Crawford did hear the fundamental. 

Crawford suggested two theories which may explain 
why the corrugated pipes sing in terms of turbulence. He 
began by discussing the importance of the corrugations. (A 
smooth plastic tube of the same length and diameter as the 
corrugated tube does not sing when you swing it.) He then 
came up with a most interesting connection between the air 
flow velocity through the tube v, the corrugation distance 
d, and the frequency of the sound produced. He hypothe
sized that the air velocity was related to the frequency and 
the corrugation distance (distance from one corrugation 
crest to the next) by the relation 

v=df· (1) 

A given note, he explained, will sing when the flow velocity 
is such that the "bump frequency" (frequency at which the 
air bumps into the corrugations) matches one of the har
monics of the tube, provided also that the flow velocity is 
sufficiently high to induce turbulent flow. (This relation 
turns out to be easy to verify.) 
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For a smooth uncorrugated tube the transition between 
laminar flow and turbulent flow occurs at a certain value of 
Reynolds number 

R=pvD/J-L , (2) 

where p= 1.2 kglm3 is the density of air, J-L= 1.84x 10-5 

kg/m(s) is the viscosity, v is the air velocity, and the char
acteristic length of the object that has air flowing past it or 
in it is equal to the tube diameter D. (Because of the 
corrugations, the diameter is defined as the average of the 
outside diameter and inside diameter.) According to the 
classic theory of turbulence, R must be greater than ap
proximately 2000 to get singing. Substituting Eq. (1) into 
Eq. (2) and solving for the frequency f, we obtain a pre
diction for the lowest frequency f min for which the tube 
can sing 

f min = RsmoothfL/ pdD. (3) 

Notice that the minimum frequency is independent of the 
length of the tube. This is true only if sufficiently long tubes 
are used. 

Crawford proposed a second e~planation for the singing: 
Perhaps the characteristic distance in Eq. (2) should be 
the corrugation length d instead of the diameter D. In that 
case we can no longer assume the lower limit of R for 
turbulence is Reynolds limit, Rmin :::::2000, since the mech
anism for inducing turbulence is completely different. With 
this second hypothesis the corresponding lowest frequency 
for which the tube can sing is 

(4) 

where (Reorr) has to be experimentally determined. 
Which theory is correct? Crawford reported, "The fact 

that I did nJ>t observe corrugation-induced turbulence for 
the I-in. diameter tubes does not preclude its occurrence at 
other values of d and D." His experimental results with the 
Hummer agreed with the diameter-induced turbulence, 
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Table I. Corrugated singing pipe data and calculated Reynolds numbers associated with the two theories. 
(Crawford's data are shown as solid squares in the figures.) 

Corrugation Reynolds No. Reynolds No. 
Diameter Length distance Frequency Rsmooth= Rcorr= 

Pipe D (m) (ft) d'(m) f (Hz) f· p'd' D'/"" f'p'd'd'/"" 

Hummer (Crawford) 0.0270 12 0.0064 218 2457 582 
Sound tube 0.0297 12 0.0063 214 2611 554 
Gas pipe (1 in.) 0.0290 16 0.0061 234 2700 568 
Sump pump 0.0359 12 0.0058 263 3571 577 
Gas pipe (3/4 in.) 0.0226 12 0.0050 333 2454 543 
E-ftat Bugle (Crawford) 0.0119 3.8 0.0040 465 1444 485 
Gas pipe (1/2 in.) 0.0170 16 0.0039 500 2162 496 
Gas pipe (3/8 in.) 0.0129 16 0.0036 566 1714 478 

Eq. (3). He suggested that it might be possible to observe 
singing due to corrugation-induced turbulence for d> D. A 
clear indication that this was happening, he suggested, 
would be if singing occurred with Eq. (3) giving Rsmooth 

less than 2000, so that diameter-induced turbulence could 
not occur. 

In order to distinguish experimentally between the two 
theories, he obtained some metal vacuum hose with an 
average diameter of D=0.024 m and corrugation distance 
of d=O.OO44 m. His results again agreed with the 
diameter-induced turbulence. But he then reported a pos
sible observation of corrugation-induced turbulence. Using 
a piece of 40 in. spiral copper tube, which he called an 
E-flat gas-pipe bugle, (D=0.012 m, d=0.0040 m), he ob
tained a diameter-induced Reynolds number equal to 1430, 
which was below 2000! The corrugation-induced turbu
lence gave a Reynolds number of (Rcorr) =490. Was he 
really observing corrugation-induced turbulence? He did 
not know. In order to establish that corrugation-induced 
turbulence was observed, he suggested an experiment 
where Eq. (4) would hold and Eq. (3) would not, but he 
was unable to find suitable pipe to carry out the experi
ment. 

The purpose of this note is to report that this author 
found the suitable pipes and the results are surprising. 

III. EXPERIMENTAL TECHNIQUES 

Our approach was rather simple. We found a number of 
corrugated pipes3 which had different diameters and cor
rugation distances and attempted to determine which (if 
either) equation, Eq. (3) or Eq. (4), fit the data. 

A. Measuring the flow velocity of air 

We experimentally verified Crawford's hypothesis that 
the bump frequency /, the flow velocity v, and the corru
gation distance d were related by Eq. (2). We used his 
technique: take a large plastic pail; cut a hole in its bottom; 
stick one end of the singing tube through the hole; invert 
the basket into a large tube of water; push the pail down or 
pull it up to force air through the tube, and listen to the 
harmonics. By measuring how fast the pail moved down or 
up combined with knowing the ratio of the cross-sectional 
areas of the pail and the tube for a particular tone, it is 
relatively easy to verify that the air velocity is related to the 
frequency and the corrugation distance by the relation 
v=d/ in Eq. (1) to within an uncertainty of ± 5%. 
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B. Measuring the frequency 

We used a combination of a microphone, two preampli
fiers, an oscilloscope, and an xy recorder to determine fre
quencies for all our measurements. We placed a micro
phone near one end of the tube, and used Crawford's 
technique discussed in Sec. III A to control the air speed 
through the corrugated tubes. The uncertainty (as mea
sured by taking many measurements at a single frequency) 
was approximately ±2%. [Crawford's method took ad
vantage of his musical skills, "I made the measurement(s) 
by estimating by ear the relative pitches'" ."] 

C. Experimental results 

If the diameter-induced turbulence theory is responsible 
for the singing, then a graph of the minimum frequency 
versus the inverse of the diameter times the corrugation 
distance should give a straight line. On the other hand, if 
the corrugation-induced turbulence theory is responsible 
for the singing, a graph of the minimum frequency versus 
the inverse of the corrugation distance squared should give 
a straight line. In either case, the straight line should go 
through the origin. 

The data along with calculated values of the diameter
induced turbulence Reynolds number (Rsmooth) from Eq. 
(3) and the corrugation-induced turbulence Reynolds 
(Rcorr) from Eq. (4) are shown in Table I. Which theory 
does the data support? Graphs of Eqs. ( 3) and (4) are 
shown in Figs. 1 and 2, respectively. (Crawford's two data 
points are indicated by solid squares. Two other data 
points reported by Crawford are not included. We have no 
explanation why they did not seem to fit either theory.) 

Since the flow velocity was experimentally verified to be 
equal to the product of the frequency times the corrugation 
distance [see Eq. (1)], then when lid goes to zero, the 
frequency / must go to zero since the flow velocity v is 
nonzero. Both graphs must go through the origin. With 
that in mind, two straight lines were drawn associated with 
the classic Reynolds number Rsmooth = 2000 for the 
diameter-induced turbulence theory and a corrugation
Reynolds number Rcorr= 500 for the corrugation-induced 
turbulence theory. How do we determine which fit is bet
ter? A least-squares regression and a chi-squared goodness 
of fit test assumes two constraints, the slope and the y 
intercept. We assume the graphs go through the origin. 
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Diameter-Induced Turbulence 
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Fig. 1. Minimum frequency as a function of the inverse of the diameter 
times the corrugation distance. The straight line corresponds to the classic 
Reynolds number Rsmooth = 2000 associated with the transition between 
laminar ftow and turbulent ftow for smooth uncorrugated pipes. 

Using the same "least-squares" approach, the data seem to 
fit the corrugation-induced turbulence theory better than 
the diameter-induced turbulence theory. 

Another way to analyze the data is to consider the cal
culated Reynolds numbers for the two cases. If the 
diameter-induced turbulence theory is correct, then the 
values of Rsmooth should have a nice tight distribution 
around some average value, and if there are no experimen
tal biases, that average value should be R smooth ::::2000. The 
values of Reorr will not have a tight distribution. If the 
corrugation-induced turbulence theory is correct, however, 
the values of Reorr should have a nice tight distribution 
around some average value, and the value of Rsmooth will 
not have a nice tight distribution. Graphs of the two Rey-

Corrugation-Induced Turbulence 
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Fig. 2. Minimum frequency as a function of the inverse of the corruga
tion distance squared. The straight line corresponds to a new Reynolds 
number Rcorr =500 associated with the onset of turbulence for 
corrugated pipes. 
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Reynolds Number vs Corr. Distance 
for the two theories 
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Fig. 3. Reynolds number as a function of corrugation distance. The open 
squares correspond to the diameter-induced turbulence theory, and the 
horizontal line corresponds to the classic Reynolds number R.mOOlh 

=2000. The symbols at the bottom of the page correspond to the 
corrugation-induced turbulence theory, and the horizontal line corre
sponds to the new Reynolds number Rcorr=500 associated with the onset 
of turbulence for corrugated pipes. 

nolds numbers are plotted versus corrugation distance in 
Fig. 3. Clearly the Rcorr distribution is nice and tight while 
that for Rsmooth is much broader. The corrugation-induced 
turbulence wins! 

IV. CONCLUSION 

We have experimentally verified that the singing is 
caused by corrugation-induced turbulence. Crawford re
ported he had not observed corrugation-induced turbu
lence for a 1 in. diameter Hummer tubes. This appears to 
be incorrect, even though the diameter-induced turbulence 
Reynolds numbers agree with the classic value R min ::::2000 
for 1 in. diameter tubes. When a relatively large number of 
diameters and corrugation lengths are used, however, the 
experimental data strongly support the corrugation
induced turbulence theory. This reinforces the fact that 
general conclusions should not be based on one or two data 
points. We believe Crawford based his conclusions on in
sufficient data. He reported that he did not observe 
corrugation-induced turbulence with the Hummer since 
the data agreed with the classic Reynolds number. We 
believe he actually did observe corrugation-induced turbu
lence, but did not realize it! 
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3Several criteria were needed to obtain a good pipe. The corrugations are 
essential. (A smooth plastic tube did not "sing.") The corrugated pipes 
could be smooth on the outside, but not smooth on the inside. (A 
vacuum hose for a shop vac did not work since it was "reamed out.") 
The pipes had to be long enough to obtain the minimum resonance 
frequency. (I found that the gas pipes found in most hardware stores 
were not long enough to obtain the minimum frequency associated with 
a particular corrugation distance.) Also, the distance between corruga-

tions had to be uniform. (One pipe that did not work was a child's 
"whistle straw." Perhaps the corrugation distances were not uniform 
enough.) Thus the tubes which worked the best were a sump-pump 
hose, "second pipes" [corrugated tubes which were sold by a company 
which provides physics demonstrations (see Ref. 1)], and new flexible 
corrugated gas lines (Japan Wardflex Fuel Gas) which have recently 
been introduced to the market. 
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A harmonic oscillator where the force is dictated not by the current position but the position at 
a slightly earlier time is considered and shown to be unstable. This and closely related systems 
are called time-delay oscillators and the instability, when it is present, is called a time-delay 
instability. A simple, easy to construct demonstration is presented and analyzed. A discussion of 
the robust nature of the instability is also given. 

I. INTRODUCTION 

Consider an undriven, undamped, simple harmonic os
cillator consisting of a mass on a spring. If the spring con
stant is k and the mass is given by m we have 

mX=-kx. 

Suppose there is something a little unusual about this 
spring and the force does not depend on the current posi
tion x(t) but x at an earlier time t- T where T is a positive 
constant giving 

mi(t) = -kx{t- T). (1) 

If the interval T is sufficiently small so that x does not vary 
too rapidly over the time interval T, one may approximate 
x{t-T) with 

x(t- T) =x(t) - Tx(t) 

and Eq. (1) with 

mi= -kx+kTx. 

(2) 

(3) 

Since kT is positive this is a damped oscillator with nega
tive damping or an unstable oscillator. Of course, if such a 
system is to exhibit an instability, there must be a source of 
energy. Thus, this system cannot consist of an isolated 
spring and mass. However, such systems can be found. 

Before continuing, an important mathematical point 
must be dealt with. Some care must be taken with the 
seemingly innocent substitution of Eq. (2). To appreciate 
the problem note that the initial conditions required for 
Eq. (2) are x(t) for -T,t,O and X(O), while Eq. (3) 
only requires x(O) and X(O). In addition Eq. (2) cannot be 
thought of as the first approximation of the expansion 

N Tnx(n)(t) 
x(t-T)= L I ' 

n=O n. 
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which can be carried out with successively larger N's. Had 
we taken N = 3, 

and substituted it into Eq. (1) the order of the equation 
would change to three, we would solve for x' in terms of x, 
x, and i, and the small quantity T3 would appear in the 
denominator. All of this would be viewed with suspicion. 
Warnings about approximations such as that in Eq. (3) are 
given by Driver! and El'sgol'ts and Norkin2

• 

Now that these concerns have been raised, how can one 
feel comfortable with the substitution in Eq. (2)? If the 
initial conditions x=O and X=O for -T,t<O and 
x(O) =0 and X(O) =vo are employed to model a small ini
tial disturbance, then a generic equation which includes 
Eq. (1) as a special case can be solved exactly. When this 
solution is compared with the solution of the correspond
ing equation with the substitution of Eq. (2) one finds 
satisfactory agreement. This is carried out in Appendix A. 

It is now time to return to the main line of the presen
tation. Time delay systems are not new. Examples of such 
systems may be found in control theory,3 biology,4 eco
nomics,5 and physics.6 Several additional examples are de
scribed in Sec. 21 of Ref. 1. The goal of this paper is to 
make a wider audience aware of this phenomenon through 
a simple, easy to construct demonstration. The apparatus is 
described and analyzed in Sec. II. The last section, Sec. III, 
contains some concluding remarks. 

II. THE DEMONSTRATION 

Although it is difficult to find a common spring with the 
behavior described in Sec. lone can easily construct sys-
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