Quantization of a General Dynamical System by Feynman’s Path Integration Formulation*

K.S.Cheng

Institute for Theoretical Physics, State Universily of New York, Stony Brook, New York 11790
(Received 7 July 1972)

The Schrédinger equation is obtained by Feynman's path integration method of quantization for a general dyna-

mical system. The meaning of the results is discussed.

1. INTRODUCTION

We present a derivation of the “Schrodinger equation”
for a general dynamical system using Feynman's
path integrall method of quantization. The result
differs from the “usual Schriodinger equation” in that
there is an additional term proportional to the total
curvature R of the coordinate space defined with a
geometry given by the kinetic energy. This result
had been given before by DeWitt.2 In a curved space
or in cases of constraints where R # numerical con-
stant, the presence of this additional term would
change the energy spectrum of the whole system. In
Sec.IIl we discuss the meaning of this additional
term.

II. DERIVATION OF THE SCHRODINGER EQUATION

We will give a detailed derivation of the Schridinger
equation for a general mechanical system by using
the path-integral method of Feynman. For a given
mechanical system described by a set of coordinates
q (q1,q2,--- q¥),let the Lagrangian be

L), q) = 38, (at) a* 97, (1)

Following Ref. 1, we can generalize Egs. (1)-(18) to
the above system, that is,

Yt + €),t + €) = (1/A) [ exp[(i/H)S(a(t + €), q(t))]
X Y(q(t), t)Vglqt)da®), (2)

where Y(g(t + €),t + €) and §(q(¢), !) are, respectively,
wavefunctions at time £ + € and ¢, S(g(¢ + €),q(?)) is
the classical action, that is,

Lig(t),

S@(t + €),q(t)) = minimum of J," a)ar (3)

with the boundary conditions

Q(t')lt':t:q<t); q(t')|t':t+e:q(t+€)' 4)
A is a normalization factor to be determined later
and g is the determinant of (g,]) Taking the limit of
Eq. (2) when € — 0, we can derive the Schridinger
equation. Now as € — 0,the factor exp|[(¢/7%)S(q(f + €),
q(#))] oscillates very rapidly. Only the vicinity of the
stationary point of S(q(f + €), ¢(¢)) contributes to the
integral in Eq. (2). The stationary point is

q@t) = q(t + €). (5)
As we shall see the region which contributes to the
integral in Eq. (2) is |Aql=]q(t) — q@t + €)| S el/2,
Thus we can expand S(g(t + €), q(t)) as a power series
of Aq. This is done in Appendix A and gives

S(gt + €),q@) = g”(q(t + €))
[ Aqiagl — 3 : % Agiagmagr
1

tz

i
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3OIB€ AgTAgrAG* Aq

1723
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We also need the following expansions:
g
Vg@(®) = Vglglt + €) — a¢? aqg
2
+ tagisg 2 .@_ + (7
dqtaql
i oY
+iagian 2 L ()
dqiogqi
In these equations
Ag =q(t+¢€)—q@) (9)
and mn$ is the Christoffel symbol,
i X
ot =& € [mn, ], (10)
1 /0 0g 98,
[mn,k]:—< gmk+ /Lk_ mz> (11)
2 ogr  og™ ag*

and (g%*) is the inverse matrix of (gzk) Keeping the
zero-order term (l/Ze)g, AgiAgi in the exponential
and expanding higher- order terms into power series,
we get from Eq. (2)

(gt + €}t +€) =3 fexp<2ﬁ€ 80 Aqf)

x )
{1 2h’e &ii Ymn AgIAqTAg
i 7
+ .. Agm n o B
8ﬁeg” mn\ JafB e A
i d i ) o .
Gﬁe gij <a_ql wmn al n >AqJAquq"Aql
_gingt ’ N AgiAqtAgmAgr AGO A B+..]
872€2 lmn) lag PATAImATAT™AY
* <'g(q(t T €)) — Agt an + 3 agiags 2208 >
0q 0qiaqi
x (wq(t +o,)—ag X
oqt
+tagag 2t aeqy - dae®). (2)
aqoq’
The following are two useful identities:
JIZ o [exp (2 — gUAqM> d(aq) = (inhe)¥/2 g~ 1/)2
13

S fexp(z,7 2,09 Aq>

x Ag*tag®e. .. Ag¥emd(ag)

= (inhe)wzg—l/2 (ihe)™ {g1%2g%3%a . .. g “2m=1%m
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+ terms with other possible permutations of

o PR P (14)

There are altogether (2m —1)(2m—3) - --5-3-1terms,.
Using the two identities, we can easily find out the co-
efficients of Y(q(t + €),t), a0y /aq™, 92y /3q™dqr. The
calculations are in Appendix B.

Here we just write down the results, Equation (12)
becomes

wwa+exn+eé%+.“

d
UL 5!w(q(t +e), 1)

h —_— = ——— \/ mn TV _ [
where
R :ginij’ (16)
By =Rije (17)
and
RL _ 8 | _ @8 {1y ’asz(’_aslg
9E T 5qr (i) ogi lik) * i ks ‘Z.k% it (18)

Compare the coefficient up to order € in Eq. (15). We
get

A = (inke)N/2 (19)
and
2 — 2
il %:_h_}:ﬁ_ Vg gme ﬂ>+@¢. (20)
ot 2 Vg oqm aq” 6

Equation (20) is the “Schrodinger equation” using
Feynman's path integration formulation of quantum
mechanics.

ol. DISCUSSION

(a) Equation (20) above is different from the “usual
Schridinger equation” in which the term 72R/6 is ab-
sent. Notice that both equations are convariant under
any coordinate transformation gt--- ¢¥ — @1 .- @V,

(b) In case the curvature R vanishes, one does not
have to discuss which of the two equations is to be
preferred, since they are the same. Such is the case
when the kinetic energy is that of a collection of non-
relativistic particles in Euclidean space where N = (3
times the number of particles).

(¢) IfR = 0,it may seem at first sight that canonical
quantization rules will yield the “usual Schrodinger
equation.” That is incorrect! In fact, only in the case
g;; = constants are the canonical quantization rules

[P;,q7) = — 6,7

unambiguous and independent of coordinate transfor-
mations (if they maintain g;; = const). R # 0,
“canonical quantization rules” are ambiguous.

(d) The limit # — 0 of both equations give? the same
results as classical mechanics, since the term

— K2R/6 is an equivalent potential energy and app-
roaches 0 as 7 approaches 0.

() If R # 0,one can always embed the coordinate
space g1 --- ¢V as a curved subspace in a Euclidean
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space S of larger dimension. Does canonical quanti-
zation in the larger space S lead to a unique Schro-
dinger equation in the subspace ? The answer to this
question is no. To analyze this question, one would
have to investigate first the constraint to be applied
to the system in S so as to restrict the motion to the
subspace. This constraint is to confine motion to a
thin layer of “thickness” A(gl--.¢%) around the sub-
space and then to approach the limit A — 0. In classi-
cal mechanics any nondissipative constraint would
yield the same result in the limit A — 0, The limit-
ing trajectories would satisfy the Lagrangian equa-
tions for the ¢'s, and one need not concern oneself
with the larger space S. In particular the thickness
A can depend on g1 ---¢V, E.g.,one could have

A=Agt---qV)e + O(e?), 21)

and take the limit € — 0.

In quantum mechanics, however, the constraint pro-
duces a zero point energy. The limit for the Schro-
dinger equation would then depend on precisely how
the limit A — 0 is taken. If one takes (21), and the
fact that A # const, the Schrddinger equation would
acquire an infinite term a(A€) 2 which varies wildly
over the ¢'s. Consequently, the Schriodinger equation
approaches no definite limit. If, on the other hand,
one takes A = const, then everything depends on the
higher order terms in O(€2) in (21).

(f) To summarize,for a case R # 0, canonical quan-
tization does not produce a unique Schrddinger equa-
tion, and embedding the system in a higher-dimen-
sional Euclidean space would not help to produce a
unique Schrodinger equation. The correspondence
limit also does not uniquely determine a Schrodinger
equation. Feynman's path integration formulation of
quantization, however, does produce a unique equation,
which is Eq. (20) above. The “usual Schridinger
equation” appears to be foundationless.
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APPENDIX A

In this appendix, we want to expand S(g (¢ + €),¢(t)) as
a power series of Aq. The equations of motion are

. og. . 0 og ., .\ - -
gm'qj:_l<gm] + gm-oc_ gdf)qaqj (Al)
J 2 \age aqi aqm
or | Bl . .
B B

Gk =— 1} p 47a" (A2)
Via Eq. (A2) it is not very difficult to prove

d 1 25y

7 28,4°¢) = 0. (A3)
That is,
Sttt + ©),q@) = [\ Lat

=[28,@ + )it + )it + )]e.  (Ad)

Now if we know g¢(f + €) as a series of Ag, we know
S(g(t + €),q()). In order to find out gi(t + €), we need
‘q*. From Eq. (A2), we find
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3 \k k E)
PR -2 qoq6qr. A5)
4 (8617 ?aﬁ gmﬁ (
Now for small € and [Ag|S €12, we can write
qi(t) = qi(t + €) — €qi{t + €) + (e2/21)qt (¢ + €)
— (€3/31)qi(t +€)+ --- (AB)
or ﬂ
] , .. €2 N
- — &) 8
() =qit + €) — €q (1 + €) — 5y laf q%q
3 ; ; e .
§ G okl -
3! \ogr lap mpBy |ay
(AT)
From Eq. (A7) we get
it + ) =2L_ 132 ngmagn
€ 2¢ |mn
1/20 i i o
+ AgTmAGrA l+..._
66<aql mn alz mn%) E

(A8)
Substituting Eq. (A8) into Eq. (A4), we get

1 : il .
S(g(t + €),q@)) = 2—€gi]. l:quAqJ —_ gm”§ AgiAg™Aq

1y (Ys
43mn§ af

VAN
3 \agt |mn

This is Eq. (6).

AgmMAGrAqrAgB

LJilfe

lal) lmn

(A9)

APPENDIX B
In this appendix, we calculate the coefficients of ¢,
oy /0q, 0%y /3qdq by using Egs. (12)-(14).
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In obtaining Eq. (B2) we use the identities
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Equation (B4) can be derived from
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Thus Eq. (B7) becomes + l( B {\al L% B £> (mn):'
. _ 2 \{mpB\ |nao ogr |(mf
(B7) = (RO (iﬁ€)x|:<—_gzy e - (__i”’“)N”(— lhe)(i my_ 3 gm%
B} {om| A 6 /\og™ lap) oq=|pm
9 |1 1 i {\m mi\n{ \m|{n B B8
s&i0 3473 Bg 12 &% %m %;By>x (@fre) ¥ mn% ap)  lma gnﬁ >g ' .
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In a recent paper the author showed how multiplicative stochastic processes lead to a potentially comprehensive
theory for nonequilibrium phenomena. In this paper an“ H theorem” is proved from results obtained using

multiplicative stochastic processes.

INTRODUCTION

In another paper,! the theory of multiplicative stoch-
astic processes was explained, and it was shown how
such a mathematical theory leads to a formalism for
nonequilibrium thermodynamics: In this paper the
thermodynamical “H function” will be introduced, and
a proof of an “H theorem” will be presented.

RECAPITULATION

The Schrodinger equation for nonrelativistic quantum
mechanics may be written in matrix form as

1200 =T Myq Cnl), (1)

where M, = M} ,which is the condition of Hermit-
icity, and 25, C. (£)C,(¢) = 1, which is the condition of
conservation of total probability. The Hermiticity of
M, in (1) is necessary and sufficient for the con-
servation of total probability. Suppose that a fluctua-
ting contribution to the Hamiltonian is considered.

Then (1) becomes
120, (1) = DoMqrCorlt) + I Moo (0C (0, ()

where M, (t) = M}, (1), and the following properties

hold for the averaged moments of M, (£)1:

(Mo (1)) = 0, (3)
(M, () Mg ,(5)) = 2Q, s 0(f — ), (4)
<1‘7I,11y1(t1)' : '1‘71,12”_1,,2"‘1(1/‘2,,_1» =0 forn=1,2,...,
(5)
(M, (t) -1, (2,))
.
- z'zln! pe?” LR PR
x (tp(2j—1))Mpp(2j)up(2 o2
= 2:,” pesa, el 2Qu, 2 5-1) Yples- Hp(aVpCa
X 8(ty25) — L@ ) (6)
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where S, is the symmetric group of order (2n)! The
properties given by (3)—(6) are those appropriate for
a purely random, Gaussian, stochastic matrix.

A density matrix representation for the Schrédinger
equation is obtained in terms of the density matrix
Pup, Which is defined by

Pas(t) = CLHICH(1). (7)
I Lgoe and L g.g(¢) are defined by

Losors = OuqMper — B0 M,

oo’ o

= - ~ . 8

L oporgr(t) = 6,0Mpg(t) — Oggr Mol (2), ®)
then Eq. (2) may be used to directly verify

. d ~

Zd_tpaa(t) :g; %[Laﬂa'ﬂ' + Logorpr (D] grpe (D). (9)

This is the density matrix equation. By averaging
over the stochastic contribution by means of pro-
perties (3)—(6), an equation for the averaged density
matrix, { p,5(¢)), may be obtained, although only after
significant computationl:

d )
E(paﬁ(t» = - l? Z@Laﬁa131<palﬂr(t)>
- Z: BERaBalﬂl<palBr(t)> . (10)
al '
The matrix R g .5, Which appears in (10) is defined
byl
Ryparsr = aowc'%) @poes T+ 565'29) Qoaare
(11)

- QBB'cx’cx - Qa’cxﬁﬁ"

It is also provable that for arbitrary complex mat-
rices X 4,

20232220 XopRogarg X g = 0 (12)
a B o B

and
2 Ropy = 0. (13)

Conditions (12) and (13) lead to irreversible behavior
in (10) with the equilibrium state being proportional



