
Phys624 Quantization of Dirac Field Homework 5

Homework 5 Solutions

5.1 - Anti-commutators of Dirac Fields
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5.2 - Momentum operator

Part (i)

The Dirac Lagrangian,

L = ψ̄(i/∂ − m)ψ (1)

The stress energy tensor for this Lagrangian is,

T µ
ν =

∂L

∂(∂µψ)
∂νψ +

∂L

∂(∂µψ̄)
∂νψ̄ − L δµ

ν (2)

= ψ̄iγµ∂νψ − ψ̄iγµ∂µψ δµ
ν + mψ̄ψ δµ

ν (3)

This does not look symmetric in µ and ν. But just like we showed for the stress-energy tensor
for the Lagrangian for electrodynamics in Homework 1, we can add a “total divergence” term
to the stress-energy tensor and make it manifestly symmetric. We do not need to do that
here.

The linear momentum operator is the conserved charge for spatial translation,

P i =

∫

d3xT 0i (4)

= −i

∫

d3x ψ̄γ0∂iψ (5)

Remembering that ψ̄ = ψ†γ0 and (γ0)2 = 1,

P i = −i

∫

d3x ψ†∂iψ (6)

Part (ii)

Writing in terms of creation-annihilation operators and expanding,

P i = −i

∫

d3x
d3p d3p′

(2π)3
√

2Ep2Ep′

∑

s,s′

(f †
s′('p

′)u†
s′('p

′)eip′·x + f̂s′('p′)v
†
s′('p

′)e−ip′·x)

× ∂i(fs('p)us('p)e−ip·x + f̂ †
s ('p)vs('p)eip·x) (7)

= −

∫

d3x
d3p d3p′

(2π)3
√

2Ep2Ep′
pi

∑

s,s′

(f †
s′('p

′)u†
s′('p

′)eip′·x + f̂s′('p′)v
†
s′('p

′)e−ip′·x)

× (−fs('p)us('p)e−ip·x + f̂ †
s ('p)vs('p)eip·x) (8)

= −

∫

d3p d3p′

(2π)3
√

2Ep2Ep′
pi

∑

s,s′

∫

d3x (−f †
s′('p

′)u†
s′('p

′)fs('p)us('p)e−i(p−p′)·x

+ f †
s′('p

′)u†
s′('p

′)f̂ †
s ('p)vs('p)ei(p+p′)·x

− f̂s′('p′)v
†
s′('p

′)fs('p)us('p)e−i(p+p′)·x

+ f̂s′('p′)v
†
s′('p

′)f̂ †
s ('p)vs('p)ei(p−p′)·x) (9)
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The x-integration over the plane-wave factors yields δ-functions for the momenta, which
helps get rid of one momentum integration,

P i = −

∫

d3p

2Ep

pi

∑

s,s′

(−f †
s′('p)u†

s′('p)fs('p)us('p) + f †
s′(−'p)u†

s′(−'p)f̂ †
s ('p)vs('p)

− f̂s′(−'p)v†
s′(−'p)fs('p)us('p) + f̂s′('p)v†

s′('p)f̂
†
s ('p)vs('p))

(10)

We can now use the normalization conditions for spinor coefficients,

u†
r('p)us('p) = v†

r('p)vs('p) = 2Epδrs (11)

v†
r('p)us(−'p) = u†

r('p)vs(−'p) = 0 (12)

This kills off the second and third term in the expression above. Thus,

Pi =

∫

d3p pi

∑

s

(f †
s ('p)fs('p) − f̂s('p)f̂ †

s ('p)) (13)

=

∫

d3p pi

∑

s

(f †
s ('p)fs('p) + f̂ †

s ('p)f̂s('p) − {f̂ †
s ('p), f̂s('p)}) (14)

The anti-commutator of the creation-annihilation operators is symmetric in 'p, so that term
multiplied with pi drops out on integration. This appeared earlier on the homework, when
we concluded that we do not need to normal order the momentum operator (unlike the
Hamiltonian, where the vacuum has an infinite energy, and hence has to be normal ordered
away).

Pi =

∫

d3p pi

∑

s

(f †
s ('p)fs('p) + f̂ †

s ('p)f̂s('p)) (15)

Part (iii)

To calculate the momentum of a given state, we act on it with the momentum operator,

Pi f †
s ('p) |0〉 =

∫

d3p′ p′i
∑

s′

(f †
s′('p

′)fs′('p′) + f̂ †
s′('p

′)f̂s′('p′)) f †
s ('p) |0〉 (16)

Remember, f and f̂ anti-commute, so we can pay a negative sign and flip the order of f and
f̂ whenever we want.

Pi f †
s ('p) |0〉 =

∫

d3p′ p′i
∑

s′

f †
s′('p

′)fs′('p′) f †
s ('p) |0〉 + f̂ †

s′('p
′)f̂s′('p′) f †

s ('p) |0〉 (17)

=

∫

d3p′ p′i
∑

s′

f †
s′('p

′)fs′('p′) f †
s ('p) |0〉 − f̂ †

s′('p
′) f †

s ('p)f̂s′('p′) |0〉 (18)

=

∫

d3p′ p′i
∑

s′

f †
s′('p

′)fs′('p′) f †
s ('p) |0〉 (19)
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Now, using the anti-commutator for f with f ,

Pi f †
s ('p) |0〉 =

∫

d3p′ p′i
∑

s′

f †
s′('p

′)({fs′('p′), f †
s ('p)} − f †

s ('p) fs′('p′)) |0〉 (20)

=

∫

d3p′ p′i
∑

s′

δss′δ
3('p − 'p′)f †

s′('p
′) |0〉 (21)

= pi f †
s ('p) |0〉 (22)

Therefore, the given state is an eigenstate of the momentum operator with the eigenvalue
pi.

Part (iv)

We can repeat the same steps for the anti-particle state. It is clear from the form of the
momentum operator that f → f̂ leaves the momentum operator invariant. Thus, all the
previous steps are identical for this case.

Pi f̂ †
s ('p) |0〉 = pi f̂ †

s ('p) |0〉 (23)

This sign is opposite to the “sign” of the vs spinor. The plane wave e+ip·x describes a
propagation with momentum −'p.
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5.3 - Dirac propagator

5.3.1 - Formula for Green’s function
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5.3.2 - Relating Green’s function to fields
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5.4 - Parity transformation of Dirac and scalar fields

5.4.1 - Fermion and anti-fermion states have opposite (intrinsic) parity
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5.4.2 - “Selection rules”
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