Phys624 Dirac Equation Homework 4

Homework 4 Solutions

4.1 - Weyl or Chiral representation for v-matrices
4.1.1: Anti-commutation relations

We can write out the v* matrices as

where

The anticommutator is
0 ot 0 o¥ 0 o¥ 0 ot
TS
{7’7}_<a“ 0)(0” O>+(a” 0)(0” 0)
_ (ota” 0 n ol 0
o 0 otV 0 o
0
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0 oto? + g¥ot

Consider the upper-left component, o#c"” + ca*. For u=rv =0,
o5 + 0% =2 x 1,
For =0 and v # 0,
0’5" +0'd" =0
For p # 0 and v # 0, we get
o'e? + 075" = —0'0? —olo’ = —{ai,aj} = —26%

Putting all of these together, we get

ota” + a”at = 2g" x 1,
In exactly the same way,

ota” + a"ct = 2g" x 1,
SO

{47} =29" x 1,
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4.1.2: Boost and rotation generators

We can write

v Z v Z v v Z v v
S =" = (0T = 2 = 56 =) (1)
And,
vou_ (0 o”\(0 o
T = e o)\ 0
_fo"d" 0
N 0 o“%*

v i guv_oz/5u 0

- 2
Then,
(3 7 1 _O_i O

K'=5" _5( 0 0,) (3)
gk éeijksij ()

1 1 (g9 — gigt 0
- 2E 2( 0 g — 0302> (5)
T ’ < 0 0901> (6)

_lg(le?0’ ] 0
5 < 0 07, 0] (7)
g (20 0

~ 5 < 0 2ifmom (8)
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4.2 - General representation of y-matrices
4.2.1: Lorentz group algebra

In order to have a compact notation, let us evaluate the following,
[SHY, SP7] (10)

We look at this because the Lorentz generators are made out of S*”,and their commutation
will follow from the quantity above. We can write

i ? {
st =0 = ({0 = 2 = 59" =) (11)

Now, since ¢g" is implicitly multiplied with the identity spinor space, the commutator we
are after is

(57,577 = —3[g"" = A", 9" — 7] = 11V
The strategy to evaluate this commutator is roughly as follows. We keep anti-commuting
the y-matrices in the first term, till we get the second term. Each anti-commutation gives

us something in the form g"’~v*~y?. We collect all these terms in the end, and rewrite them
in terms of S#*”. Carrying out the calculation,

(S, 57°] =

(VYA =)
(2977 = YY)V = 4" 4"v°")

(027 e e Tl ke S s Ll e e e

(297P9 " = AP(29° — V"7V = A7)

(2977 = 2¢7 VP + AP T = A TAP)

(29797 = 267y M + 429" — ¥Y7) = )
(

(

(

(

29°P " = 297 Pt 4 297y — AP YT — A R P)
297y M = 2g7 Pt + 297 Py — (267 — AP IV — A P)
297 = 29700y + 297 Py = 297N+ YT — )
297Py A = 297 P + 297y Py — 297 M7
+ 97 (29" — VP )T = AAT)
= 1(297P A" = 297 PN 4 297HPyY — 297 AT 4 2971y AT
— VYT = A HyTAP)
= 1297y M = 297 A 4 2971 APy = 297 YT 4 2971 T
— VY2977 — 7)) = ")
= 1(297Py 9t = 297 Pt 4 297K Py = 2P M7+ 297Ky T — 2gP7 A
+ VYA = A yP)
= —3(g"7Y" = ¢+ g7 = g A0)

o

e L Ll N N L e e e LN N N

Now we can add ¢"?g”* — g"”¢°” and ¢"Pg°" — gH? g"":
(51, 877] = i[—£(g" — ¥"7")g" + ("7 —+"7")g"”
(97" = "v7)g"" + 5(97 — ") g""]

z
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Using the above and the fact that S* is antisymmetric, we get

[SMV7 SPU] _ '(gllpsmr — ghPSVT — gvISHe 4 gHUSVP)

In principle, we are done already, because one can show that this is the same commutation
relation that the J* matrices (defined in Problem 4.2.2) satisfy, and hence S*” satisfies the
same commutation relation as Lorentz transformation generator.

However, let us calculate the commutators explicitly in terms of J?, K etc.

S 1 S
J'J| = =Py Smn S 12
[ 4
— iemniéqu (gnpsmq . gmpan . gnqsmp 4 gmqsnp) (13>
= —jemmiepal gmp Gna (14)
— jemmimal gna (15)
- Z ((an(sij - 5jn5iq) an (16)
— —i0jn0iq S™ (17)
,i T
= =5 (Ojndig = 9540in)S™ (18)
= %eijke”qkan (19)
= ik J* (20)
where we have used the e-tensor contraction identity
ek gimn — 0imOkn — 0jnlkm (21)
and the anti-symmetry of S*” in the above derivation.
The other two commutation relations follow from similar manipulations.
(K, K9] = [S%,5%] = —iSY = —ie* J* (22)
o 1 . .
[Kl, J]] — §€mn] [SOZ7 Smn] (23)
= LIS — g5 (24)
= —je™I gon (25)
= ie/" (26)
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4.2.2: Meaning of y index on ~*

We have the commutator

loa Z loa g
", 87 = 5", 977 =]
Ly 47
2 )

¢ g g

= =370 T+

= —i{y7(¢"" —"*) + (8" =)}

= —ig"’y" —1ig" " + i £ i

= —ig""7 —ig"7" + 2ig""7 — i P + iy TP

= ighPyT — ighTP
We can write the right-hand side down in the same form by substituting the explicit repre-
sentation of (J°7)":

(TP )" =ig"* (050, — 6a60)7"
= ig"* 0007 y" —ig"*og007"
— ighPyT — ig"P
Thus,
(v, 577 = (TP7)by"

4.2.3: Chirality projection operator

Following the steps in Problem 4.2.1, we can write,

i
S =5 (g™ = ") (27)

Note that v° anti-commutes with all the v*.

{7 =i+ 0y ) (28)
For a given value of u, we can anti-commute the v* in each term all the way to the corre-
sponding v in 7°. In each anti-commutation, we pick up a negative sign. There are even
anti-commutations in one term, and odd in the other, and thus they always cancel. Let us
do the steps for p = 1.

{7 =10+ ) (29)

=i((=1)*°v""*7? + (= 1)) (30)
(31)
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Therefore,

[, 5]

/l: v 12
= 5[75, (g™ = +")]
i

5 [v°, v#9"]

/l: v v
= —5[75,7“]7 + 77,7

Z v v
= —5[75,7“]7 +7*[v°, 7]
= —i(VPHy” + )
= —i(Y°y"y” = ¥°y*) =0
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4.3 - Lorentz Transformations
4.3.1: Modified spinor (Ex 4.6 Lahiri and Pal)

Please ignore the text above the line in the scan.
Rewll t  {o7, i}, = 281 @—)
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4.3.2: Bilinears

Part (i) Ex 4.5 Lahiri and Pal

» rblem 422 / LEP Ex £ @
it i e -
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Part (ii)
We have that
Yt — il
In infinitesimal form, this reads
W= T [1+ Lw,, (S")1]
If we define

we have the transformation

Y = U1+ 0 (5]

. 1 .70 0

ig . — gk

S —26 (0 0k>
we have (S¥)T = (S%). Also,

[70,5“1%6“’“{(? (1)) (f fk)‘(%k fk) <(1) é)}

Since S¥ is given by

In terms with @ or v zero, we have
i (o
SOZ _
5" =5

Oz _1
5 =5(%

Now consider the anti-commutator,
0 1 0 a0 0 1
02 o ) ]
=3 0) (0 )+ (0 ) (0]
_ 3 0 —of n 0 ot
—2|\at 0 —ot 0
=0

)

0
) ==

Therefore,
(515" = 4°(5")
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and the transformation for ¢ becomes
1 = 1 [1 4 fw (5*)]

For finite rotations, this is just

From this relationship, we immediately see that
Y — PAT ALY
2

SO

vip — i

that is, ¢ transforms like a Lorentz scalar.
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4.4 - Gordon identity

We begin with the following two equations,

(p —m)u(p) =0 (38)
u@)(p —m) =0 (39)
Multiplying with appropriate spinors and adding these two together,
u(p)V* (p — mu(p) + u(p’)(p' — m)y*u(p) =0 (40)
= u(p) (Y pa + 7Y Do ulp) — 2mu(p’ )y u(p) = 0 (41)

We can write the first term as,

u(p) (v*y ;((pa +1,) 4 (pa —13)) + 7“7“%((19& +0,) — (pa — 1)) u(p) (42)
= 2 e+ P)EE) 7 Dulp) + 3 (e — PR A ) (13)
= (pu + p,)u(p)u(p) — ic"*(pa — py,)u(p )u(p) (44)
Therefore, Gordon identity,
u(p) [(pu + 1) — 10" (pa — 1) u(p) — 2ma(p’)y*u(p) =0 (45)

Since the equation for the v spinor looks exactly like the u spinor case except for a relative
negative sign on the mass parameter m, it is simple to write down the Gordon identity for
v.

u(p') [(pu + p),) — i0"*(pa — P))] w(p) + 2ma(p’)y*u(p) = 0 (46)

4.5 - Completeness of spinors
Part (i) Ex 4.8 Lahiri and Pal

This is a special case of the Gordon identity. For completeness’ sake, we do the calculation
fully. We are given the following equations,

(p —m)u(p) =0 (47)
u(p)(p —m) =0 (48)
Proceeding as suggested in the problem,
u(p)y*(p — m)u(p) + a(p)(p — m)y*u(p) = 0 (49)
= pat(p) (V" + Y u ()—2mU()“U(p)=0 (50)
= plu(p)ulp) — mu(p)y*ulp) = (51)

The same calculation with the v spinors yields,

p"o(p)v(p) + mo(p)y*v(p) =0 (52)
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If we put © = 0 in the u equation, we get,

L
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Part (ii) Ex 4.10 Lahiri and Pal

problen 43/ L&P B4so (7
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4.6 - Helicity and chirality projection operators

2 2 - L (oo R )

i
TLe D[rm 97‘&&11;*“ f:r Inaes /cs( ‘f'ErHIm, P
F1o-o

7 = PR LR

= - !
=59 = 23 3f 2 _

[ ] 23
=i e o 3l 2 :
= FEe R, v Fit SRR +R%RR) P
(hn‘f’g gl U_:;: ll-],lrg j {)__H: : Y;},r, Q"z: 1\}/[er
i u [ I 2 2 2 2t
— Y2 R b PR, iy B spn
P [ X r J\7+Y}’)’ﬁg +}1ny7’+? !

2B 1,2 2
+ R TR 'Y’%zw%f;]'%

- ? T

= fY"’erlY;@l}"

= Yg"{"

; L -
Tt‘f‘“f‘-““’—: 1(112}’)%‘: i(ltK;)"y"‘ ﬁh’ Prasclege fe,—m.]
“ity

15



