Phys624 Quantization of Scalar Field - I Homework 2

Homework 2 Solutions

Problem 2.1: Toy Model for radiation field

[PrYs 624 Salutios Hw@ (2

@/&x L% P

. 2evoth  Step A
TLE L aotan Tk b ,?——LE 2_ s 9% *
e B )= ()

CRe. RS e = 24
2 (ool L 2L u) ~ X

The Bl @7w%'a.4 h

“U\ 9(9ui> "

Thi de 4 2 Ao iy s
16 €£¢ < b 9{21{ ¢ 5?_0/{,«}[1&4;7@;%

He wove e,?m-ﬁ‘oh /

.Q F?Yﬁ-}' we ‘neeJ G Wr’f‘7L€ f Sa Terme 0-7() ?K ﬂw{ ?
&

fo(x[(Z‘?sh ) @(zmm )J
USe ~the ﬁifbwf} ot eg :
fAX CMA\ Bt clx 0@[ :gé‘lﬁ . f&x frsiug cssujﬁﬂ{]/

kAc¢
net W= ——
( < e < )




Phys624 Quantization of Scalar Field - I

Homework 2

we ovrive at

i-, Eé(? wkfr:)

e=(

TL\‘SVL we  Can 72'-(—

N S
E/Q?K ’{?K

A b\) TL\C Hami(+ontan s
- 2(Bt-7)
[¢ z
= ’i‘%(——%’ 'f”{wtz?}< )

) e B Lo ™ eq ]

T&= {‘[.K; {@[Q:e ~G € 'W"f]

WQ C an Ywvert "H\c:e o €7kﬁ+f0n§ 7[" je+

QJ W TWet [?k' —/k]
Olic W =t [ﬂ-f-._.-—.

H\ch W Can ‘jﬂ'* the C,om"‘?bd?rf'oq ’rgfarfa,,f

Cﬂ: Ol,j: fJKJ —[@“;-W) +_’ﬁ§
4 a3 [wkf 5wt Y

] 5

&



Phys624 Quantization of Scalar Field - I

Homework 2

(b, & 7 = {m e [,.’Lg“, 18} '
g:m:[ar{H( f_ dfj ; &J—f] =

: 01) The Heowltonian ic
H = k‘ (/-_qu[/d ?{c )

e

2 ke 2 et
i %?(ﬁge +qkz wa"‘f’

A T e o
TR (e Ol
= qkﬂ 4&4&)
- 'ka( a‘f'a e W ‘Z‘_’tf]w (q+ /
‘.:7 l"t e Z & Ayt qu‘q.‘:)’ k 2 kak+_£)
[oF
‘fo) . __,. [arr) g alepy 6‘% )
‘?’u"
T R
MTwa= I§ qu% (far?)g *af(F)ePﬁ)
? G
‘K Ay
‘/PL(k): ff“ e Prx) = EJ_x—i* [atme'(‘k"m iy 612
(o oo e

= N(_—:&;:- (a(k}+a+(-r<i)



Phys624 Quantization of Scalar Field - I

Homework 2

Problem 2.2: Commutation relations for a,a'

Please ignore the text above the line.
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Problem 2.3: Momentum Operator
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(ii) Exercise 3.5 b) of Lahiri and Pal
We know that

and
P, = / d*k a' (k)a(k)k,
Therefore,
_ / ﬁ &k by (¢ [a(p), af (B)a(k)] + €7 [al(p), al (K)a(k)])
~ [t b e ) 60 )+ 0 [, )
-/ —(%)ggp T R (78 (5~ Rya(k) — €755 — F)al (k)
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Problem 2.4: More examples
(i) Lahiri and Pal - Exercise 3.3
As before,

) — L—i T e—ipy_aT Py
90 (y) / )i iE, pi [a(p) (p)e™]

Assuming z° = y° = ¢, we want to calculate,
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. d*p &k
a0t = =i | S [

a(p)e ™" + a' (p)e®™, a(k)e™ ™Y — a' (k)e™]

(12)
:_Z,/ &p / L
(n)iy2E, ] enivaE:

([alp)e ™, —a® (k)e™™] + [a' (p)e™*, a(k)e~™])

(13)
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(14)
. d3 —ip-(x— ip-(x—
zz/ﬁpi(e P y)+€P( y)) (15)
P
2
. pdde —ip-(x— ip-(x—
:Z/Wpi(e p(a=y) 4 ip( y)) (16)

All factors in the integrand except p; are even in p, therefore, the integral itself is odd. Since
the integration is from —oo to 400, an odd integrand will integrate to 0.

(ii) Lahiri and Pal - Exercise 3.6

The number operator is defined as,

N = / @p ot (p)a(p) (17)

in analogy with usual quantum mechanics. The commutation relations of this operator are
easy to derive,

N, al(k)] = / &*p [a'(p)a(p),d’ (k)] (18)
_ / &p a'(p) [alp), a' (k)] (19)
— [ @) - F) = al k) (20)
N.a(h) = [ @ [a(pa(p),alk) (21)
— / &*p [at(p),al (k)] a(p) (22)
_ / &p a(p) 87— K) = —a(k) (23)

To show that this counts the number of particles in a state, consider the following state,

[prp2, ) = al(pa) - a'(p2)al (p1) |0) (24)
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Clearly,
Nlp1,p2, .. on) = NCLT(?n)aT(pn—l) o ‘GT(p2)aT(p1) 0) (25)
= V. (pn)]a’ (pa-1) - - @' (p2)a’ (1) [0)
+a(pa)Nal (pns) - - - al (p2)al (p1) |0) (26)
= |p1,p2; -, Pn) + aT(pn)/\/ [P1, D2, -+ s Pn1) (27)
= 2|p1,p2, -, n) + @ (pn)a’ (pn_1)N [p1, 12, - ., Pr2) (28)

= n|p1,pa, - pa) + @ (p)al (pua) - a¥(pa)a (pr )N ]0) (29)
:n|p17p27"'apn> (30)
where [d®p af(p)a(p) |0) = 0 has been used.

There is one term we get for commuting N past each creation operator, therefore we are
counting the number of creation operators, and hence the number of particles in the state.



