PHYS606, Spring ‘09, Homework 2 Solutions Instructor: Prof. Bedaque

Note: In the following solutions to the homework, you may find errors. In some cases they
may be minor typos and in other cases, the errors could be more severe. If you believe a
solution is wrong, discuss it with your peers. If you still believe a solution is wrong, talk to
the grader during his office hours (Justin Wilson, PHYS 4219, T 2:00-3:30 or F 10:00-11:30),
so that the solution can be fixed. On the other hand, if it is just a typo, send an e-mail to
the grader at: jwilson.thequark@gmail.com.

Notation/Convention:

Gaussian units with ¢ # 1 are used throughout. (Let the grader know if this is violated,
so that it can be corrected.)

The metric used is as follows:

1 0 0 0
w [0 -1 0 0
7"Z1lo 0o -1 0
0O 0 0 -1
The coordinate 2% = ct.
For derivatives 0y = % = %% and 0; = %. Care needs to be taken since &/ = —0,

with the metric we are using.

Summation over repeated Lorentz indices is done when one is up and the other is down.
Summation over Cartesian coordinates is done when two are repeated no matter their
location.
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Problem 1. Angular Momentum

One point that was not emphasized in class is that conservation laws are a consequence
of symmetries of Nature. For instance, translation symmetry leads to the conservation
of momentum and energy, gauge invariance leads to conservation of charge, ... Rotation
invariance, being a symmetry of the electromagnetic action, should lead to the existence of
a conserved quantity: angular momentum.

a. Show that the angular momentum tensor M*A = T — g¥TH satisfy O\ M =
1/c(xt J F — x¥ J, Fo).

b. Write down the equation derived above in 3-dimensional notation and describe the
physical interpretation of each term.
Solution
Part a.
The angular momentum tensor is given as M** = x#T" — 2T so we have
MM = O\ (xH T — 2T
= TH 4 ghO\T" — TH — 2O\ TH
= gHONT" — 2 O\TM.

In the above, we have used the symmetric version of the energy momentum tensor (see
Jackon pp. 605-610 for its construction):

1
T = — (gWFMFAV + Zgﬂ”mﬁF“B) .
m

Also, note that Maxwell’s equations (two of the four) can be written as

O\FM = 4—7TJ“.
C

Using this, it is a straightforward exercise to establish
NIM = —Lpra g, (1)
We can return to our first calculation now:

MM = L (=gt FY ], + 2 1 J,)

(2, F — ¥ J, W)

1
c
1
c

The last line above follows from anti-symmetry of F*¥ and we have arrived at the result we
needed.
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Part b.

First, let us deal with some hairy math that is not very enlightening. We need to use the
following facts (see the previous homework solutions, Eq. (1) and Eq. (2) for the fact about
the electromagnetic field F):

T = u,

T = S;/c,
T = -1,
F' = E,

FY = —€;j, By

We have used u for the energy-density (E? + B2)/8m, S for the Poynting vector, and 7'
for the Maxwell stress tensor.

It is hard to interpret the 9y M%* component since it is essentially some “rotation” in a
time-spatial plane (much like an x and a y corresponds to rotation in the zy-plane). Although

from the analysis, you can find the usual energy-momentum conservation equations for the
e/m field.
That aside, we concentrate on 9y M%* and take special note of the following facts:

Mij)\ — xiTj)\ . iji)\ — (5il5jm . 5jl5im)l,le)\ — EkijEklml'leA.

Now, if we look at €7 M**, we see that we just get: 2€™7M9* = enmz!T™A 4 cross product
of sorts! In the same exact fashion it can be shown that

21 nij (ZE’JFQJ—ZL']J Faz) — :.: nlm lJ Fam

so we can put this together to get that the equation derived in part a implies

a}\(enlmxle)\) — %enlml,l JaFam

10 0

2ot TS <€nlmxlT$’f)> = ="t (pE™ + ey /By
12% (rxS)— xnﬁak <e"lmxlT$f)> =-rx (pE+ %J x B).
c

If we re-arrange the above, we get

rxS)+rx(pE—|—%J><B):f(ni

p (e"lmzleélA,f)) ) (2)

201
Now, if we integrate this over some volume, we see that the term on the right-hand side is

a divergence, so by Gauss’s theorem we can write it as an integral over the surface of our
volume (with normal ny). Thus, we can write

0
/d?’:cxna - (e"lmxlTT%I)> = %fc nim lT(k n, dA
T S
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As for the other terms, note that (pE + 1J x B) = %—I; where p is the momentum density.
Then, the last term is %r X P, the time derivative of the angular momentum density. If we

integrate over the volume, we simply get the time derivative of the total angular momentum
for the charges and currents. In summary, we have

dLmeCh
dt

:/d% v (pE + 13 x B)].

As for the first term, S is related to the momentum of the magnetic field since if we consider
waves propagating, it points in the direction of propagation, so we can consider r x S/c? to
be the angular momentum density of the electromagnetic field, and upon integrating it over
the volume we have

dLem 1

0
R 3_
T dxat(rxS).

Thus, we have shown that Eq. (2), when integrated over all space corresponds to

d

E [Lem + Lmech] = f )A(nenlml'lTr(n]Z)nk dA.

S

This can be analyzed in much the same way as the equivalent for momentum. The left is
obviously the rate of change of the total angular momentum and the term in the integral on
the right is the torque per unit area flowing across the surface S.
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Problem 2. Stress-tensor in action

Consider two parallel, infinite charged planes with (surface) charge density equal to o and
—0.

a. Calculate the electric field generated by them.

b. Calculate the potential generated by them.

c. Using the result in b), calculate the force (per unit area) between the planes.
d. Calculate the stress tensor.

e. Using the conservation of momentum law, calculate the force between the planes by
integrating the stress tensor over a surface separating the two planes.

Solution

Part a.

First consider one infinite plane of charge o and we draw a Gaussian surface over it shown
(with variables defined) in Fig. 1. It is the a straightforward calculation:

E=FEy

E=—FEy

Figure 1: The Gaussian surface about our infinite plane of charge. Symmetry tells us that
the electric takes the form shown in the figure.

/E ‘ndA = 47 Qenc
2EA = 4no A,

from which we have:
2moy, > 0,
Eone plate — ~ Y
—2roy, y <0,

for one plane of charge. Putting two together just requires s-s-superposition. And we see
that if they are equal and opposite, we get zero field outside and double fiend inside, so
in between the plates we have (assume the o sheet is at a lower y coordinate than the —c
sheet):

E = 4noy. (3)
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Part b.

A perfectly reasonable way to get the potential is to just guess its form, and we need some-

thing such that

—Vo¢ = 4roy,

so we can already see it’s independent of z and z, and it must give a constant in the y

direction. Thus, we can simply make it:
¢(x> Y, Z) = —47T0'y.

Part c.
To find the force per unit area, we can appeal to the energy density (with B = 0)

1 2 2
p— :2
U 87T(V¢) To”,

and if integrate it over space we get the energy

L
U:/ dy/d2x27T<72,
0

du = /dzx 2o,

then the force is given by

dL
If the plates have area A then we can find the force per unit area

F 1dU
— = = —270°2,

A AdL
the force is attractive, as one would expect.

Part d.

To find the stress tensor we have the general form:

o _ 1 1 2 2
T =1 EZ-EJ»+BZ-BJ-—§5M(E +B%) |,

Since we only have a y component of E and no B, we will have a purely diagonal 7™

we get
o0 —qon - L g oo
xrx zZ 87T ?
1
M) __ 2 2
T = g B = 2m0”.

(4)

), s0
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Part e.

Now, to find the force between them we have the conservation law:
g[P + Pe) :%T.(.M)n»dA
dt mech em]|; < i J )

and we can complete the surface around one of the plates (the lower one, so that the normal
is just y in between the plates), but since the field is zero outside the only contribution will
be from the portion directly in between which we take to be a flat plane constant in y. Thus,
we get (since Py = 0),

F = / M2
1 zy )
where d2z is over 2 and z and so we have the only non-zero component of the force being
F, = 2n0°A,

but we need to be careful with the intepretation here. In part c. we got a negative sign
which indicated an attractive force (L got smaller). In this problem, we have drawn our
surface around the lower plate (the positively charged one), so this indicates that the lower
plate has a force of 2ro?A pulling it up, which decreases the distance between the plates,
just as expected.

NOTE: One might ask the question: What if the charge densities aren’t equal and opposite?
In this case the force per unit area on one plate is easily found to be F/A = —27w005 (let’s
say one has charge o, and the other —oy). On the otherhand, the total electric field between
the plates is 27(01 + 02), so the energy density between the plates is

s
u:§(01+a2)2,

and blindly going through the same procedure as before we get

. (WRONG).

A 2
This is clearly not the same as the force we can calculate between the two plates, so what is
missing? Well, we neglected the fact that when the plates move closer together, the energy
density outside the plates changes as well (a point not needed if the charge densities are
equal since it is always zero outside). The total energy is infinite though, so we need a way
to get a finite force from it, so we call the energy zero when the plates are a distance Lg
apart. Considering this, outside the electric field has a magnitude 2w (01 — 03), so when the
plates are a distance L apart, we have the total energy (per unit area):

U « T
Z = 5 (0’1 +O’2)2 (L — LO) + 5 (0'1 — 0’2)2 (L() — L),
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and we can now differentiate to get the force per unit area:

g = —g [(01 + 02)2 — (o — 02)2} | = —270109,

the result we got before! The key was recognizing that the energy density outside the plates
changed.

Such a procedure is important in finding things like the Casimir effect (where there is
a force due to quantum fluctuations in the electromagnetic field which causes two parallel,
conducting, electrically neutral plates to attract). In the Casimir effect, if the QED vacuum
energy outside of the plates is not included, the results one gets are not only nonsense, they
are infinite! Including the energy density outside the plates, one gets a nice finite force which
has been experimentally observed.



PHYS606, Spring ‘09, Homework 2 Solutions Instructor: Prof. Bedaque

Problem 3. Multipole expansion

Consider a linear distribution of charge along the z-axis where the charge density from z = 0
toz=L/2is A and from z=0to z = —L/2 is —\.

a. Calculate the potential by direct integration.

b. Calculate the total charge, dipole moment and quadrupole moment of the charge dis-
tribution.

c. Calculate the potential using the multipole expansion up to third (quadrupole) order.

d. Compare the results in a) and c) and verify that they agree to the order they should
agree.

Solution

The charge density for this problem is given by

0, z>L/2,
Ao(z)o(y), O0<z<L/2

—A6(x)d(y), —L/2<z<0,
0, z < —L/2.

[ L2 ds’ 0 ds’
- /0 |x—zfz\_/_L/2|x—zfz|

L/2 ds L/2 d
— _ 9 _ 4z
/0 |x — 2'% /0 |x + 27|

We can evaluate the integral as follows:

L2 gy L/2 W
/0 Ix — 7'z _/0 Vr2 4+ 22 — 2rz cos 6

L/2 dz’
o +/r2sin?f + (2 —rcosf)?
/ arcsinh(L/2rsinf—cot8) o} 0,

— arcsinh(cot 6) \V/ Sil’lh2 v+1 7

/arcsinh(L/27’ sin §—cot )

2 —rcosf = rsinfsinhv,

dv

— arcsinh(cot 6)

i cot 9] + arcsinh (cot 6) .

= arcsinh [
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Similarly,

L/2 dZ/ L
/ — = arcsinh — + cotf| — arcsinh (cot 0) .
o |x+ 2z 2r sin 0

Thus, we have for the potential

| . L . L
H(x) = A [2 arcsinh (cot §) — arcsinh (cot 0+ o sin@) — arcsinh (cot 60— o sin@)} - (5)

This can be put in terms of logarithms and such, but that will just complicate matters.
Besides, the arcsinh function is a well-defined function, unlike arcsin which needs its range
carefully defined (and indeed, unlike log since log is not defined for negative numbers without
appeal to complex analysis).

Part b.

The multipole expansion up to third order takes the form

o0 = 2+ X B L o), ©)

where we have the moments given by

p= / x'p(x')d%’

L2
= 2)\/ 2z dz
0

1
p =\,

and
Qi = /(3$;£L’; —1r258;;)p(x') A’
== /dZ(?)Z/z(Sizéjz - Z/25ij))\(z/)-

In the expression for ();; above, we see that we have a line integral of an even function times
an odd function (A(z’) is odd), so we have

Qi = 0.
Thus, we have the expansion for the potential (note that ¢ = 0, total charge is zero):
A2z 4
60x) = o+ O(1/rY),
or if we plug in spherical coordinates
AL? cos 6
P(x) = 2 T O(1/r"). (7)

10
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Part c.

We can do this expansion without appeal to logarithms. Remember from calculus way back
in the day that we have the property for inverse functions

1 1

~ coshlarcsinh(y)]’

dy arcsinh(y) = d(sinh z)/dx

x=arcsinh(y)

so we can find the second derivative
d2

e arcsinh(y) = —
Y

Y
cosh®[arcsinh(y)]”

Thus, we have the Taylor expansion

2
. . € ye 3 4
h = h _ A
arcsinh(y + ¢) = arcsinh(y) + coshlarcsinh(y)] 2 cosh®[arcsinh(y)] T AW+ 0,
and from this it is clear that
. . . y € 4
arcsinh(y + €) + arcsinh(y — €) = 2 arcsinh(y) — + O(€%).

cosh®[arcsinh (y)]

Now, we need to put in that y = cot and € = L/2rsinf. To see what cosh[arcsinh(y)] is
we observe that (letting = arcsinh(y))

cosh?z = sinh?z + 1 =y + 1,
and when y = cot? 6, we have
cosh? z = 1/sin” 6,

and since # only ranges from 0 to w, we can take the square root and keep the positive root.
Thus, if we plug in the appropriate stuff the expansion becomes
2
) + O(€")

il inh(y — €) = 2 inh(cot §) — cot §sin® 4
arcsinh(y + €) + arcsinh(y — €) arcsinh(cot #) — cot 6 sin <2rsin 0

L2
= 2 arcsinh(cot ) — cos Hﬂ +O(L/r)%
r

If we take this expansion and plug into Eq. (5) we obtain

o) = 0 L oLy, ®)

4r2

Part d.
Observe that Eq. (7) and Eq. (8) are equal up to the required order.

11
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Problem 4. Most of vector analysis

The components notation (“indices galore”) and tensors are also useful in 3 dimensions. The
trick is to write the vector product with the help of the 3-D €¥* tensor as

(A x B)' = €9k A B*,
a. Show that ekeim = §ilgkm — §imgkl (hint: what else could it be?)
b. Show that eiikeiim = 25km,
c. Show that

A- BxC)=B-(CxA)=C-(AxB)
V(A-B)=AXx(VxB)+Bx (VxA)+(A-V) B+ (B-V)A
V. (AxB)=B-VxA-A-VxB
V- VxA=0
VxVf=0
Vx(VxA)=V(V-A)- VA,

where A, B and C are vector fields and f a scalar field (all well behaved enough).

Solution
Part a.

This clearly only needs to be checked when j # k and [ # m since otherwise, it is clear that
it works. Also, we need either 7 =1 and k = m or j = m and k = [ since otherwise the sum
over ¢ will never produce a non-zero result, and by anti-symmetry, these two cases are the
same. So we have only one case to test with a # b (no sum over a and b in what is to follow,
furthermore let ¢ be the only remaining component not equal to a or b)

6iabeiab — (Ecab)2 — 1= 5aa5bb o 5ab5ab‘
Thus, we have established
6ijkeilm — 5jl5km o 5jm6kl‘ (9)
Part b.
This sum is a simple application of Eq. (9):

¢iikeiim — siigkm _ simgki — 3gkm _ ghm — ggkm (10)

12
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Part c.

The following vector identities are all proven with index notation. The only thing difficult
is wrapping one’s head around relating a given vector identity to it’s component analog and
how to algebraically handle the indices.

A-(BxC)=Al"pipk = ik AipiCk, (11)

We can see from Eq. (11) that we can cyclically permute A, B, and C' and with some relabel-
ing of dummy indices, obtain the same expression (this in fact justifies using determinants
to evaluate cross products, since Eq. (11) is just the determinant of the matrix with A, B,
and C as rows), so we have

A- BxC)=C-(AxB)=B-(CxA).
Moving along,

[A X (V xB)+B x (V x A)] = *Alkmg B™ 4 ¢k giehma, A™
= Mihm (A79,B™ + B'9,A™)
= (6" — §'¢’") (AV9,B™ + B/ A™)
= A9;B’ — A10,B' + B9, A’ — B'9; A"
= 0;,(AB’) — A'0,B' — B9, A’
=[V(A-B)-(A-V)B-(B-V)AJ].

So re-arranging things we have,
V(A-B)=(A-V B+ (B- V) A+ AXx(VxB)+Bx(V xA).

Note that this rule tells us that the BAC'—CAB rule does not work when there is a gradient
in the mix (unless there are two gradients, and then because they commute with each other).
Moving along,

V(A x B) = 9; (/54 B¥)
= €9*(9; A7) B 4 1% A1 (0, B)
= BFeF g, AT — AJIRY, B
=B-VxA—A-VxB.
V-V x A= 0%, A
= eijkajOiAk
= —0;e"* 9 AF
=-V-VxA
V-VxA=0
V x Vf =é*9,0,f

13
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= eijkakajf

= —e"0,0; f

=-VxVf
V xVf=0.

And finally, we have

[V x (V x A)]} = €7kg;eMmo A™
— EkijeklmajalAm
— (5il5jm . 5im5jl)ajalAm
= 0,0;A7 — 0,0, A
= [V(V-A) - VA"
And we thus have,

Vx(VxA)=V(V-A)- VA,

14
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Problem 5. Be creative

a. Invent a problem on the stuff we are studying in class, or related to it. Prizes will be
given for fanciness and originality.

b. Solve the problem in a).

Solution

The problem should not be trivial (like finding the electric field of a point charge, simple
Gaussian surface problems, etc.). In theory, it should not be copied out of some book like
Jackson or something, but I can’t check that so I'll just trust you guys.

Part a.

Grade your homework. I know, not very creative, but they don’t pay me enough for that
(as you know :-P).

Part b.

This’ll be solved when you get your homework back.

15



