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The basic postulates of statistical mechanics are used to derive and explain the laws of thermodynamics.
Our approach relies upon the information-theory concept of disorder and identifies the disorder within a
statistical ensemble with thermodynamic entropy.
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Ensemble averaging

According to quantum mechanics, the state of an isolated system is represented by a state vector ¥ which may be
expanded in a complete orthonormal basis according to
l»[’ = Z Ay é: o
a

where

aq = o | <§[3 | &q) = 6a,ﬁ

Suppose that we prepare an ensemble consisting of a very large number of identical systems, all prepared in the same
quantum state ¥, and perform the same measurement upon each member of the ensemble. An observable quantity 4 is
represented by a hermitian operator A . Unless the system is prepared in one of the eigenstates of A , these measurements
will produce a distribution of results {A4;, k£ = 1, N} whose average value

A N R 1 N
A =W 1) =) asag &4 |§a>=]$ijr;ﬁz/1k
@.f k=1

approaches the quantum mechanical expectation value in the limit of large N. Even though the state vector obeys a
completely deterministic equation of motion

o .
0 _
b THY

the quantum mechanical measurement process is inherently statistical, such that observable quantities require statistical
averaging even if the quantum state is known perfectly.

Often it is not possible to prepare an ensemble in which every member is represented by precisely the same quan-
tum state. For example, suppose that a polarized ion source is used to produce a beam of protons. The source may be
designed to produce more protons with spin up than with spin down, but it is usually not possible to guarantee that every
proton has spin up. Therefore, we consider a statistical ensemble consisting of many similar, but necessarily identical,
systems and let P; represent the probability, or relative frequency, with which a state y; appears within the ensemble. If
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our polarized source is very good, Py should be close to unity and P, should be small. Each state ¢; in the ensemble can
be expanded in a complete orthonormal basis according to
vi= Z Ao éo

a

To obtain the ensemble average of the expectation value of 4, we must weight the expectation value (4,) with the fre-
quency P; for the corresponding wave function ;. Hence, the ensemble average becomes

A =Y Pidi= Y Pl A1) = 3. > Pragaas’ €| A 1&)
i i i ap

where the overline indicates ensemble averaging with respect to states and angle brackets denote quantum-mechanical
averaging. Notice that <§ 3| A| §a> is independent of the properties of the ensemble. Therefore, it is useful to define a
density operator

p= Z | i) Pi s |

with matrix elements

Pap = Eal P 1) = D G lUD PiWil &) = )\ Prdig aiy’

that describes the statistical properties of the ensemble. Recognizing that the probabilities P; are real, we observe that the
density operator is hermitian because the matrix elements satisfy

Ppa = Pap = FA)T =p

The ensemble average for the expectation value of 4 can now be expressed in the form

() = D Pl A gy = Trpa

because

Trpd =) G lpA &Y =) Gl 1€ EpIA 1E) = ). Piaigaig™ €l A 1E0)
a B Lo.,p

Thus, the statistical matrix p, g facilitates ensemble averaging of quantum mechanical expectation values.

The density operator can be expressed in an arbitrary representation as

P = 1) Papiésl
a.p

where

Pa,p = Eal P |€B> = pﬁ,a*

are matrix elements with respect to the basis denoted by | &,). The diagonal matrix elements p, , represent the probability
for state | &,), whereas the magnitudes of off-diagonal matrix elements | o, g | represent the probabilities for spontaneous
transitions between states | &,) and | £g). The symmetry | pog|= | pgao | is known as the principle of detailed balance,
which states that transition probabilities for both forward and backward processes, @ <> 3, are equal. Detailed balance is a
consequence of time-reversal invariance of the hamiltonian.

Consider another basis, denoted by | ¢,), obtained by a unitary transformation U satisfying UU" =1 wherel is
the unit matrix. These bases are related by
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1E) = ) Uap g, 16p) = > Uk, 18)
B 4

Matrix elements of the density operator in these two representations are then related by

@alp19py = . (ew | Una D Uby | &)
ap

Therefore, the density operator transforms according to

E—U¢p = p—UpU'

under a unitary transformation of the basis states. Nevertheless, because the trace of any operator is independent of basis,
the equation (4) = Tr pA can be used in any basis, diagonal or not. To verify that the trace is independent of basis, we
note that
TrBA = Y BijAji= ) 4By =TrdB = TrUAU =Tt AU U = Tr
iJ L
for any unitary transformation satisfying U" U = 1. Furthermore, because a hermitian matrix can be diagonalized by
means of a unitary transformation, there exists at least one representation in which the density operator is diagonal. There-

fore, in a diagonal representation represented by the complete orthonormal basis | 77,), the density operator takes the
simple form

i\) = Z |77(1>Pa<770z|
a

where the coefficients P, are real eigenvalues satisfying

p|na>=P0z|7]a>

From the original definition of the density operator it is clear that P, = 0 is positive definite and represents the frequency
with which state |7,) appears in the ensemble.

Although it is often difficult to construct a diagonal representation explicitly, the mere existence of such a represen-
tation greatly simplifies formal derivations. Furthermore, it is often inconvenient, particularly in numerical simulations, to
enforce the normalization of the density operator. Under those circumstances we express the ensemble average in the form

= Tr pA
4y =

Trp

where the denominator renormalizes the density operator. We will soon find that the density matrix provides a convenient
and powerful method for studying the statistical properties of quantum ensembles and is easily generalized to include
classical ensembles also. Beyond thermodynamics, density-matrix methods find widespread applications to many topic,
including scattering theory, beam transport, and measurement theory.
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Pure and mixed ensembles

Suppose that we could prepare a pure ensemble in which every member is represented by the same wave function,
Y. If we happen to choose a representation in which that state is one of the basis states, we would find that one of the
diagonal matrix elements of the density operator would be unity and that all other matrix elements would vanish. How-
ever, if we are working with a representation in which
U= au
07

appears to be a nontrivial linear superposition of basis states, the density matrix would appear to be much more compli-
cated and it might appear, at first glance, that the ensemble contains a mixture of states. Nevertheless, one can distinguish
a pure ensemble from a mixed ensemble by means of a simple statistical test. The ensemble average of any operator 4 can
be evaluated according to

) =Tepd = Y Pl A 1)

and is simplest in a diagonal representation. Consider the ensemble average of the unit operator. If we let 4 — i, we find
Trp = 3; P; =1 for a properly normalized ensemble. On the other hand, if we let 4 —» p, we find

Trp® = ZPE < Trp
i

where equality pertains only for a pure ensemble for which there exists a representation in which only a single P; is
nonzero. More general ensembles composed of more than one unique stationary state are known as mixed ensembles
andcannot be reduced to a single state vector in any representation. Therefore, we the rules

,bz =p = pure ensemble
Tr f)z <Trp = mixedensemble
distinguish between pure and mixed ensembles independently of representation.

Unfortunately, one commonly finds pure or mixed ensembles described as pure or mixed states. This terminology
is misleading because any state can be represented as a linear superposition of basis states, and hence seems to be mixed,
but an ensemble formed from a single state vector is pure no matter how that state vector is distributed among the basis
states. The difference is that a mixed ensemble can never be formed from a single state vector, no matter how complex its
representation, while any pure ensemble contains only a single state vector no matter how complex its density matrix.

m Example: density matrix for spin %

Consider a pure state described by the Pauli spinor

whose density matrix is
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a (4 *b*_aa*ab*
p=1wwi=(y)@ =50 )

The polarization P = Tr p @ is the expectation value of the spin operator, where
01 0 —i
(”“(1 0) ‘Ty‘(u' 0)
in the Pauli representation. Direct computation yields

(a )(1 0)(b)_ &4 a

—(d b 0 —i\[(a ] i .
Wlo, 19 = (a )(. O)(b)=—ﬂ(ba b

[/

1 0
"z‘(o —1)

W lox 19y

Wlo. 1) = (@ b*)(1 0 )(a)zaa*—bb*
: 0 -1)\b
so that
2Re (b a*)
P =|2Im(ba*)
lal* - 1b”

is the polarization for a pure state. Alternatively, we could employ the trace method, whereby
R aa® ab*\(0 1 ab* aa*
Px=Trp0'x=Tr(ba* bb*)(l O)=Tr(bb* ba*)=ba*+ab*
R aa®* ab*\(0 —i iab* —iba*
Py=Trpoy = Tr(ba* bb* )( i 0 ) - r(zibb* —iba’

P —Trpe e[ 24 GO (1 O\ (9t at f - bb*
. =Trpo, = r(ba* bb*)(o _1)— I'(ba* _bb*)—aa —

):—li(ba* —ab®)

in agreement with the previous result.

The polarization vector for any pure state must have unit magnitude because the particle definitely has spin % .

|PP?=|ba" +ab |* + |ba" —ab |* + |laa" - bb* |

=2lal? |bP+2Re(ab ba’) + 2|al? |b?-2Re(ab ba*) + |al*+|b|1*=21al |b)?

=lal*+[b1*+2|al? |b?
=(laP+1bP’
=1

Therefore, any pure state is completely polarized in some direction. A few examples follow.

v P I8 spin direction

0

1 5 10 A

(0) ( 0 0) e
1
0

0 . 0 0 A

(1) ( 0o 1 ) _Z
-1
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Any other direction can be obtained using an appropriate linear combination of basis states.
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Given that the space of 2x2 matrices is spanned by the set of matrices {l, T}, an arbitrary density matrix can be
represented in the form
1 - 1( 1+P, P.—iP,
=—=(1+P-0)= =
p=50+P0) 2(Px+iPy 1P, )
such that Tr p = 1 as required by the normalization of the wave function. Recognizing that & is hermitian, hermiticity of p
requires that P be real. Also note that Tro; = 0. To determine the requirements for a pure ensemble, we evaluate

1 o 2 1 —~ . =
p2:2(1+2P-0'+(P-0') ) =Z(1+2P-0'+|P|2)

so that
1

Trp?= = (1+|PF

pr=5 (1+1PP)

Therefore, a pure ensemble requires | P |* = 1, as expected, whereas Tr p? < 1 for a mixed ensemble requires |P|* < 1.
Hence, P must be a real vector with |P| < 1. Finally, upon evaluation of the ensemble average

(@) =Trpo = %Tr(?+ﬁ-ﬁ'6‘) =P

we conclude that P represents the average polarization for an ensemble. Clearly, | P | = 0 corresponds to an unpolarized
ensemble while density matrices with |P| < 1 describe mixed ensembles with partial polarization.

Ordinarily, one visualizes an unpolarized beam as a stream of particles whose spin orientations are random, equally
likely to be found in any direction, but we have found that an unpolarized beam is described by a density matrix that is
simply proportional to the unit matrix, such that P=0 = p = % 1 for spin % . More generally, such a beam can be
composed of equal admixtures of oppositely polarized beams because the density matrices for +2, + J, or +% add to the
unit matrix. However, such beams may not be constructed simply by adding the corresponding spinors because a unique
spinor implies unit polarization. For example, superposing spin up and spin down with positive phase

o)+ (1= 0)

yields a pure state polarized in the X direction. The difference between adding density matrices and adding spinors is
found in the phase relationships among the basis states — the phases for members of an ensemble are random and unre-
lated. Suppose that we add two spinors with relative phase ¢, such that



8 Statistical Postulate.nb

_1(1) 6_1(1(‘5) _ 110
V=g ) = A= e =7=3(0.)

is the corresponding density matrix. If the phase is random, varying rapidly in time or between different members of the
ensemble, the off-diagonal elements, **®, must average to zero so that p — % I for an unpolarized beam. More generally,
we can represent an arbitrary spinor using two real amplitudes a, b and a relative phase 6

L ) (s
“beid POIZ apeis 2 =10 »

such that the density matrix is diagonal whenever the phases are random. In most situations, such as a beam of particles, it
is not possible to maintain coherence between members of an ensemble. Therefore, one normally invokes the postulate of
random phases and employs a diagonal density matrix comprised of relative probabilities for each basis state.

Stationary ensembles

Thermodynamic equilibrium requires the macroscropic properties of a system to be independent of time. From a
quantum mechanical point of view, thermodynamic equilibrium requires the ensemble average

= TrpA
4) =

Trp

for expectation values of the operators representing those macroscopic properties to be independent of time. Assuming
that the operator A carries no explicit time dependence, a stationary observable then requires the density matrix to be
independent of time also. The time dependence of p can be obtained most easily using a diagonal representation, here
simply denoted by |i). Using the Schrodinger equation we find

—=Z{( (e 1)+ 10 (i @)+ St 1ol |

—Z[ (B 11 = 1 G1A) + i Tl

such that

The first term describes the evolution of the ensemble due to the evolution of the state vectors themselves and, hence, is
governed by the hamiltonian of the system. The second term describes the possible time dependence of the state probabili-
ties P;[¢] due to changing conditions of the environment. However, because we usually maintain the environment in a
steady state, or with very slow variation, the second term is usually negligible. Furthermore, we assume that the hamilto-
nian does not depend explicitly on time so that the energy of each system is conserved (in a macroscopic sense). Thus, in
the energy representation we find

dp 0p

F_ZF 0
dr ot

p=plH] = [H, p]=0 =
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Therefore, equilibrium is represented by a stationary ensemble whose density matrix is an explicit function of a time-
independent hamiltonian.

The canonical ensemble, familiar from elementary statistical mechanics, stipulates a density operator of the form
p=cbl

This density operator satisfies the conditions required for a stationary ensemble — it is an explicit function of A and,

hence, is stationary if H has no explicit time dependence. Using an energy representation, ensemble averages then take the

familiar form

- TrpA e PEi 4,
QD = pA _ e i
Trp > e PE

in which states are weighted by the Boltzmann factor e #%. Thus, the canonical ensemble is based upon a particularly
useful example of a stationary density operator, but we will find that other density operators are also useful.

Disorder

Consider an experiment consisting of N independent random trials with n possible outcomes for each trial. For
example, there are n = 6 possible outcomes for each cast of a standard die. In the absence of information to the contrary,
we assign equal a priori probabilities to each possible outcome, such that {P; = n~!, i = 1, n}. Thus, a uniform probability
distribution represents the situation in which we possess the least information about the system: we know only the number
of possible states of the die. From the probability distribution {P;} we can use standard combinatorial techniques to
compute the probability for any particular outcome of the N trials.

Alternatively, we can determine objective probabilities by measuring the frequency f; = N;/ N for each possible
outcome. In the limit of many trials, the frequency approaches a limiting value identified as the objective probability

Pi: lim =
N-oo N

If, for example, we discovered that P; = 1 and {P; = 0, i = 2, n}, we could then predict the outcome of subsequent trials
with nearly complete certainty. Our information about the system is maximized when the probability distribution exhibits
the least disorder (it is the most asymmetric). We describe an unbiased die as fair in part because no one can possess more
information about its properties than we, whereas a biased die is unfair to the gambler who lacks the information that is
potentially available. Intermediate situations in which the predictability of the outcome for each trial is neither completely
certain nor completely uncertain are characterized by probability distributions which are neither completely concentrated
nor completely uniform. Hence, we seek an objective measure of the disorder D within a probability (or frequency)
distribution with the following properties.

1) The measure of disorder should be defined entirely by the distribution {P;, i =1, n}.
2){Pi=1, Pj4; =0} = D =0 is minimized
3) {Pi=n"', i=1,n} = D = Dy, is maximized

4) Dpnax 1s 2 monotonically increasing function of .
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5) The disorder should compound additively, such that D[/ |J II] = D; + Dy where I and II represent statistically
independent experiments.

It can be shown that these requirements determine the disorder function

n
D = —ZPl- InP,
i=1

uniquely, up to an arbitrary multiplicative scale factor chosen here to be unity. Although we will not provide the unique-
ness proof, it is worth demonstrating that the proposed definition for disorder satisfies each of the requirements above.

Obviously, D vanishes if any P; = 1. Furthermore, we can use the method of Lagrange multipliers to prove that D
is maximized for a uniform probability distribution. At an extremum of D infinitesimal variations 0 P; in the probabilities
should produce no first-order change 6D, such that

5 9D N
5D=Za_1>iépi:0 = > (1+InP)P; =0
=

i=1

The constraint
n n
ZPi=1 == 25P1=0
i=1 i=1
is enforced using a Lagrange multiplier A, such that
n n
D +InP)SP; + X Y 5Pi=0
i=1 i=1
where the variations 6 P; can now be treated independently, so that
1 +InP;+A =0 = InP;=—(1+A) foralli

Thus, we obtain maximum disorder for a uniform probability distribution:

(Pi=n"', i=1,n} = D =Dy =1nn

Finally, if

Dy =- Zn:Pi In p;
p

Dy =~ qu'lnl]j
=1

are partial disorders for two independent experiments with probability distributions {p;, i =1, n} and {g;, j =1, m}, the
composite disorder within the combined experiment would be

D==pigin(pigp =~ . (pi(g;Ing)+q;(pilnpy))

ij 5

assuming statistical independence, P; ; = p; q;, applies. Hence, using >; p; =1 and }};q; =1, we find

D=Dy+D,

and conclude that disorder is additive for statistically independent systems.
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Therefore, the function D = -}, P; In P; satisfies all the characteristics required to measure disorder. It is also
useful to observe that D can be interpreted as an ensemble average of In P;, whereby

D = (-InP) = —ZP,»lnP,»

Of course, P; is itself defined as the frequency with which state i occurs in the ensemble.

Correlations Reduce Disorder

Suppose that two systems interact and let P; ; represent the probability that system 1 is found in state i while system
2 is simultaneously found in state j, such that 3, ; P; ; = 1. Further, let P(l) be the probability that system 1 is found in
state i independent of the state of system 2, whlle P;z) is the probability for state j of system 2 independent of system 1,

Pi = Pi,j Pj = Pi,j

ijg” - Z PP = ZPU =1

i

The combined disorder is

- ZP,‘,‘/' lnP,'jj
Lj

whereas the individual disorders would be
Dy == P inpP Dy == PPmpy
i J
if the two systems were isolated and had the same distributions as when interacting. To compare these disorders, we note
that

D-Dy-Dy=Y PP’ + 3 PPmpPP - 3PP
i J iJ
= > (PP + Py PP — Pyyinp,)
i

p p@
D-D,-D, = g P;;ln ———
Pl,]

iJ

such that

Recognizing that

(1) (2)
nx<x—1 = E Pijln _Z(P“> PP -pP =0
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we discover that

D=<D;+D,

where equality requires statistical independence (P; ; = Pf»l) P;-z)). Therefore, correlations between subsystems reduce the
composite disorder; disorder is greatest for independent, noninteracting subsystems.

For many systems considerable insight can be obtained using an ideal approximation that neglects interactions
between elements or subsystems. For example, the ideal approximation treats a fluid as a collection of noninteracting
particles within a container distributed among single-particle energy levels; this is a good approximation for a low-density
gas and remains useful even as the condensation phase transition is approached. Similarly, ideal paramagnetism neglects
spin-spin interactions between atoms; this is a good approximation for paramagnetic salts in which only a relatively small
fraction of the atoms carry magnetic moments and the separation between magnetically active atoms is large. For other
systems we might be able to determine the spectrum of normal modes of vibration or excitation and to treat these normal
modes as statistically independent subsystems. Therefore, ideal systems consisting of N noninteracting, statistically
independent elements or subsystems represent an important limiting case. We now demonstrate that additivity of disorder
for statistically independent subsystems can be generalized to N elements.

Let o; represent the quantum numbers needed to specify the state of element j. The probability Py[{c;}] for a
particular configuration of N statistically independent elements, represented by the set of state variables {o;, j=1, N}, is
simply the product of the probabilities P;[c";] that each element is found in its specified state, such that

N
Pyloy, o, .oyl = [ | Pilory)
j=1

The disorder is the summation over all possible N -body configurations

N
ZP[ o} 1n Pl{o ;)] Z[{ﬂp UJ]ZInPk o-k]\] ZZ(lnPk[O'k]nPj[O'j]]
o) k=1 J

Each term in the product with j # k£ can be summed over all values of o, reducing to a factor of unity. There are N terms
with j = k, such that the total disorder reduces to a summation over the separate contribution of each element

statistical independence = D = ZD where D; = ZP o;jllnP;lo;]

j=1 o

where the summation in D; spans the states available to element j. If each element has the same spectrum of states and
the same probability d1str1but10n the net disorder is simply N times the disorder for a single element.

N identical elements — D =ND; where D;= —Z Pilo]In Py[o]

a1

Postulates of Quantum Statistical Mechanics

In quantum mechanics we analyze the behavior of a system by dividing the universal hamiltonian H into three parts
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H=H+0H +A0

where A describes the system of interest, A’ describes its environment (the remainder of the universe), and AH describes
the coupling between them. Let ;[x] = (x | ;) represent a complete orthonormal set of wave functions spanning the
Hilbert space defined by A in terms of the set of coordinates x describing the system and let ¢ [yl =(y | ¢;) represent a
complete orthonormal set of wave functions for the Hilbert space defined by £ " in terms of the environment variables V.
The universal wave function

W, y, 1] = ) el gilx] 61y]

ii

can then be expanded in terms of product states y; ¢; with coefficients

cij=Wig; V)

Alternatively, we can focus our attention upon the system by absorbing the environment wave function into the expansion
coefficients by defining

Y, v, 1 = ) ey, 1yl

1

where

cily, il = Zci,j[f] @iyl

J

hides our ignorance about the state of the universe in an implicit dependence of ¢; upon y, which is treated as a random
multidimensional variable.

Let the hermitian operator 4 acting only upon the system variables x represent an observable property of the
system and consider an ensemble consisting of many identical universes prepared in the same quantum state ¥. The
average value of the observable A obtained from instantaneous measurements performed upon each member of the ensem-
ble (at the same time) would then be the expectation value

WY D, Gl dwi vy
A = = :
T SreiDs ey, 1

However, we are less interested in the instantaneous expectation value of A than in its value averaged over a time interval
that is short compared with the resolving time of the apparatus (macroscopically short) but long compared with quantum
fluctuation rates (microscopically long) such that the environment variables are averaged over many states. Thus, we
define the thermodynamic variable as

DL WA 1
A= Al1f] = = Py
i P Trp

where the statistical matrix (or density matrix) p; ; is defined as

pij =cily, tlcily, 1]

The time average is taken with respect to an interval that is macroscopically short but microscopically long.

Thus far we have avoided making any approximations or introducing any new assumptions or postulates beyond
those already contained in quantum mechanics. However, to make further progress we must introduce two postulates
concerning the properties of the statistical matrix. These postulates are most easily formulated in the energy representa-
tion, such that
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ﬁ,lﬁi:Eilﬁi
H ¢;=E}¢;
HY = Er¥ with Er ~E; + E|

We assume that the coupling between the system and its environment is sufficiently weak that the energy of the system is
found within a macroscopically narrow range £ — % AE<E, <E+ % AE containing many possible states of the system.
Transitions between these states are mediated by AZ . All states within this energy range which can be connected by AH
are considered accessible. We assume that the environment is sufficiently complex, its states so numerous, and its transi-
tions so rapid that phase relationships between different states of the system cannot be maintained over microscopically
long time intervals. Thus we introduce the postulate of random phases.

Postulate of random phases: ¢y, t]c;ly, 1] = P;6;;

Furthermore, we assume that the most probable equilibrium macrostate of the system maximizes its disorder, such that all
accessible microstates occur with equal probability.

Postulate of equal a priori probability: each accessible microstate within the energy interval
E - % AE<E,<E+ % AE occurs with equal probability P; = T[E, AE]_l where T'[E, AE] represents
the total number such states.

We will soon find that this postulate, commonly known as the statistical postulate, is incredibly powerful.

The most important consequence of the postulate of random phases is that thermodynamic quantities can be
represented by ensemble averages, such that

_ Trp4
A= —L2 - NPy
Trp -

is diagonal in the energy representation. The probability P; can now be interpreted as the frequency that microstate i
occurs in the ensemble and A4; = (¥; | 4| ;) is the quantum mechanical expectation value for the operator 4 in system
state 7. Thus, an average with respect to a complicated but very rapid time dependence is replaced by an incoherent
average over the properties of stationary states. Having eliminated the interference between different states of the system,
we can imagine that the ensemble consists of a collection of stationary states of the system, without regard to their coupling
to the environment. The postulate of random phases requires there to be some coupling, otherwise degenerate states would
necessarily interfere, but once the interferences are eliminated we can pretend that each member of the ensemble is isolated
and, hence, is in a stationary state. The problem of temporal averaging then reduces to counting states and determining
frequencies. Without interference the wave functions for different members of the ensemble become disentangled and can
be viewed as distinct copies of the same system.

The loss of coherence between members of an ensemble with random phases finds an analogy in the description of
an ordinary beam of light in terms of a superposition of wavelets with random phases or a stream of photons with random
phases. The latter clearly comprise a statistical ensemble. Even if the light were nearly monochromatic, with a very
narrow range of frequencies, ordinary light sources are composed of many independent emitters with uncorrelated phases
such that the stream of photons becomes a collection of nearly identical particles with random phases which eliminate
interference phenomena. In order to observe interference using white light one must split the beam and then recombine the
subbeams using only a small difference in path length. Similarly, in the two slit experiment, either with light or electrons,
attempts to determine which slit through which a particle passes disturbs the phase relationship between the two subensem-
bles (slits) and destroys the interference pattern. Randomization of the phase by an external influence, here the environ-
ment the system interacts with, destroys the coherence between members of an ensemble. Observables then become
incoherent averages over the ensemble.
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Evolution of Disorder

Consider a system which is very nearly isolated, interacting only weakly with its environment. We suppose that
there exists a very large number of accessible states within a narrow energy range. Transitions between these states are
mediated by the weak coupling to the external environment as represented by a hermitian interaction hamiltonian that is
invariant with respect to time reversal. The principle of detailed balance then requires the transition probability W ;
between a pair of states to be symmetric between forward and reverse directions, such that W;; = W; ;. The probability
P;[t] that the system will be found in state i at time ¢ then evolves according to

%=ZM,jPJ_ZWj,iPi

JEI JE

where the first term represents the transition rate into state 7 from all other states while the second is the rate out of state i
into all other states j # i. Thus, using the principle of detailed balance, we obtain the master equation

dap;
T ZVVi,j(Pj_Pi)
J

which describes the irreversible behavior of the system.

The time dependence of D can now be analyzed using the master equation, whereby

dD dP;
— = —Z(l +1nPi)th’ = - ZW,-J(Pj—Pi)(l +InP;)
i L

Alternatively, interchanging the summation indices and using the symmetry of ; ;, we find

dD
——=- ZWJ-J(P[—R/)(I +InP)) = ZW,-,,-(Pj—Pi)(l +1nPj)
i,j ij

Combining these two forms, we obtain
dD 1
W = EZW”/(PJ_P’)(IHP]_ lnP,»)
ij

which is nonnegative because In P is a monotonically increasing function of P. Hence, we conclude that
dD

—=0

dt

where equality pertains if and only if P; = P; for all pairs of states which are connected by nonvanishing transition probabil-
ities. Therefore, the disorder within the system increases monotonically until an equilibrium condition is reached for

which all accessible states are equally likely. Thus, we have justified the statistical postulate of equal a priori probabilities
by demonstrating that systems naturally evolve toward equilibrium conditions characterized by maximum disorder consis-
tent with the external constraints upon them.
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It may appear paradoxical that irreversible behavior is predicted for macroscopic systems whose microscopic
interactions are invariant under time reversal. Although irreversibility is a universal aspect of our experience, where order
inevitably yields to chaos, how does it arise from the Schrédinger equation and the principle of detailed balance? Note that
since all quantities appearing in the master equation are real and the time dependence is linear, the master equation is not
invariant under time reversal ( - —t) or trajectory reversal (¢ » —¢ combined with complex conjugation). The origin of
this irreversibility may be traced to the neglect of phase relationships between the system and its environment, due ulti-
mately to our ignorance of the precise behavior of the environment (universe). The loss of coherence between the states of
the system and its environment implied by the postulate of random phases leads to the irreversibility of the master equation.

Actually, the weaker condition 3. ; (W; ; — W;;) = 0, which follows from causality (cf. Callen), is sufficient to
ensure that P; = n~! in equilibrium. Alternatively, if we were to regard the statistical postulate as fundamental, then we
could deduce W; ; = W;; in equilibrium, but since the transition probabilities are intrinsic properties of the dynamics of the
system, we conclude that ; ; = W, ; for any distribution of states, be it equilibrium or not.

Finally, it is important to recognize that the equilibrium condition of equal a priori probabilities does not depend
upon the transition probabilities between states. If some state i is particularly difficult to reach because all transition
probabilities ¥; ; from states j # i are very small, we would expect that state to be reached infrequently. However, once it
is reached, the dwell time in that state will be relatively long because all transition probabilities /#;; which depopulate that
state are also quite small. Similarly, states which are easily reached are also quickly left. Hence, frequency compensates
dwell time so that in equilibrium the average time spent in each accessible state is equal, provided that the macroscopic
averaging time is sufficiently long to ensure that all states are reached a statistically significant number of times. Under
these circumstances, the principle of detailed balance leads to equal objective probabilities as measured by temporal
averages.

Statistical interpretation of thermodynamics

m Entropy and energy

Thermodynamic quantities represent ensemble averages in which many possible quantum states with similar
macroscopic properties contribute according to their statistical weight in the ensemble. Recognizing that the statistical
matrix evolves toward a macrostate of maximum disorder in which all microstates compatible with the external constraints
appear with equal probability, the macrostate with greatest probability is that which contains the largest number of avail-
able microstates. Let I represent the total number of microstates within a macrostate. The disorder is then

D= —ZP,»InP,— = —TInl' = InT
i

where each available state is assigned equal probability P; = I'"!. Finally, recognizing that the disorder function was
designed to mimic all important properties of thermodynamic entropy, it is natural to make a statistical definition of
entropy as

S = —kBZP,»lnP,» = kzyInT
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where the constant of proportionality is chosen to reproduce the thermodynamic temperature scale. Therefore, the central
problem of statistical mechanics becomes the determination of the dependence of the total number of available microstates
upon the external constraints.

It is instructive to express entropy

S=(-ksnP) = kg ZP In P,

as an ensemble average of the quantity —kz In P where P is an operator whose expectation value is the frequency with
which a state is represented in the ensemble. Recognizing this operator as the density operator p, we can formally express
entropy as

S=(—kzinpy = kg Trplnp

assuming that p is properly normalized. Similarly, the internal energy can be represented as an ensemble average of the
energy (hamiltonian) operator, such that

U= () = ZPiE,» =TrpH
i
where P; is the frequency that state i with energy E; is represented in the ensemble.

m Adiabatic processes

Consider a thermally isolated system upon which work may be performed by varying the external conditions
without permitting heat exchange. If we further assume that the external conditions vary sufficiently slowly so that the
system is always arbitrarily close to equilibrium, transformations of state are also quasistatic. Quasistatic adiathermal
processes are described as adiabatic. We now show that adiabatic processes do not change entropy and, hence, are
reversible.

Suppose that the external conditions are changed by adjusting a parameter A, which then becomes time dependent
(A =A[#]). The time dependence of entropy can then be expanded in powers of dA/d ¢t according to
ds dAy?
— =4 (—) 4+ e
dt dt

where there is no constant term because the entropy of an equilibrium state remains constant in the absence of external

changes. Moreover, there is no linear term because > 0 independent of the sign of . When <& d + is small, we find
ds A1y ds dA
_=A(_) = —=4— —0
dt dt dA dt

Thus, the entropy of a thermally insulated system is invariant with respect to adiabatic transformations. Recognizing that
>, d P; = 0 because the probability distribution must remain normalized to unity, entropy changes can be related to changes
in microstate probability according to

ds = —kBZ(l +InP)dP; = —kg ZlnP,dPi

i

Hence, d S = 0 suggests that the probabilities P; are independent of A. This result is a consequence of Ehrenfest's theorem,
which states that adiabatic processes do not cause transitions between states, but merely adjust energies and wave functions
in a smooth, parametric fashion. Therefore, adiabatic processes preserve the distribution of microstate probabilities within
an ensemble.
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However, it is not always obvious when a process is sufficiently slow to be quasistatic because the equilibration or
relaxation times for dissimilar systems vary considerably. For example, adiathermal expansion or compression of a gas
may be performed quite rapidly and still be adiabatic because the relaxation rate is governed by the velocity of sound.
Indeed, the conditions for adiabatic expansion of a gas are often specified as "sufficiently rapid" to neglect thermal interac-
tion, which is often of more concern than the quasistatic requirement. On the other hand, even with very slow variation of
the magnetic field upon a ferromagnetic material, the magnetization will usually exhibit hysteresis and, hence, will not be
reversible despite the extreme slowness of the variation of the external conditions. In that case it is so difficult for a
magnetic domain to spontaneously change its magnetization that the equilibration time is extremely long.

m Pressure

Suppose that the hamiltonian & = H[A] is an explicit function of the external parameter A, where the dependence
upon internal variables has been suppressed for brevity. The thermodynamic energy U[A] is an ensemble average of the
hamiltonian and will vary with A[¢] according to

U[A]=W:%:@:@m

dt

where we assume that the hamiltonian has no explicit time dependence. On the other hand, we can consider U to be a
function of entropy and A, such that

dU_(aU) dA
dr ~\or)s dt

where S is constant for adiabatic processes. Comparison of these expressions now reveals that
()= (5]
ar)s  \oa

. oH
Fy=——
AL

Thus, the quantities

play the role of generalized forces acting upon the system and we can express variations of internal energy in the form

dU = TdS - ZFMM
A

where the thermodynamic forces are identified as ensemble averages F) = (F)).

If a system is confined to volume V' by external forces (walls), the pressure can be interpreted as a generalized
force conjugate to the volume variable. Thus, the fundamental relation for a simple compressible system becomes

= (6U) = dU=TdS dv
p= av Js = p

Therefore, pressure is obtained from the ensemble average

which can be expressed in the energy representation as
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1

For example, consider an ideal nonrelativistic gas within volume ¥ = L3. Single-particle energy levels are then
given by

72 n
&, =n’ where n’ =n,> +n yz +n,?
2ml?
Using the chain rule
de, 0dg, 0L
oV~ AL aV
and the derivatives
g, 2 ov 3
= - — gn —_— = — V
oL L oL
we immediately find that
22U
P=3Yy

where U = NE is the internal energy for an ideal gas with N particles and mean single-particle energy €. Therefore, the
pressure exerted by an ideal gas upon its container is simply two-thirds of its energy density. This result agrees with the
thermodynamics of an ideal gas, as expected. This statistical analysis reveals that the relationship between pressure and
energy density is an elementary consequence of the scaling between single-particle energy and volume. Thus, we obtain a
familiar result using a dimensional argument which is somewhat simpler than kinetic theory and can easily apply similar
arguments to other systems, such as the photon gas.

The adiabatic relationship between pressure and volume also follows immediately from this analysis. The single-
particle energy levels for a classical ideal gas scale with L=2 or, equivalently, with =3 Thus pressure, which depends
upon the derivative of £ with respect to ¥, scales with =53 Therefore, we find

exl?oa VM = UV = poV>? = pl3" = constant

for isentropic variations which do not change the probability distribution.

These derivations involve a subtlety which may have caught your attention. If the system is prepared in an energy
eigenstate, which is supposed to be stationary, how does a nontrivial probability distribution arise for which more than a
single state is represented with nonvanishing probability? To some extent the notion of a statistical ensemble evades this
issue by stipulating the existence of a vast number of copies of the system which are macroscopically identical but which
are prepared in microstates with frequency distribution P;. If there are no interactions between the systems and their
environments, and each system is in a stationary state, the nontrivial probability distribution also remains stationary and the
ensemble average is well defined. However, it is a tenet of statistical mechanics that temporal averages for a particular
system are equivalent to ensemble averages, which then requires that each system samples all states with probability P;. If
the container could be maintained at absolute zero in a unique quantum state that does not exchange energy with the
confined particles, the probability distribution for a single system prepared in a stationary state would in principle collapse
about that single state. However, because it is not possible to reach absolute zero, the container is maintained in equilib-
rium at some finite temperature with its own distribution of states. Fluctuations in the state of the container couple to the
state of the prisoner via interactions which can never be completely suppressed, giving rise through energy exchange to a
distribution of states with finite width.
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m Heat and work

Consider a system with hamiltonian /. The thermodynamic energy is the ensemble average of the expectation
value of this energy operator, such that

U=y = ) PE

where P; is the frequency that state i with energy E; is represented in the ensemble. If the external conditions are changed,
the change in internal energy becomes

dU = Z (P;dE; + E;dP;)

The first term, in which the energy levels are changed without altering the probability distribution, corresponds to adiather-
mal, isentropic work. The second term, in which the probabilities are adjusted without changing the energy levels, must
then correspond to heat transfer at constant volume. Hence, we identify

SW =) PidE;=-pdV

50 = ZE,dP[ =TdS
i

where the statistical interpretation of pressure developed in the preceding section has been used to perform the sum over
states in the definition of work. The identification of the second term with entropy then follows from the thermodynamic
U

relationship 7' = (55),,. Recognizing that

dS = —kg ZlnP,dP,-
i

we obtain the fundamental thermodynamic relation for a simple compressible system as dU = T dS — pdV and interpret

ds = —kBZInPi dP;

pdV =—ZlPidEi
i

Therefore, work is associated with changes of the energies of microstates, whereas heat is associated with changes in the
probabilities of microstates.

For example, consider a gas of noninteracting particles, each of which occupies some single-particle eigenstate of
the box. The probability that the entire system is found in some state of the V-body system can be expressed in terms of
the probabilities for each particle that it is found in a particular single-particle eigenstate. The diagram below illustrates, in
a rather schematic fashion, the population of some of these single-particle states. If we change the volume of the box
quasistatically, the distribution of particles among eigenstates remains the same, but work is performed because the ener-
gies of the eigenstates are changed. If we leave the volume of the box alone but shine light on the particles, some of the
particles will absorb energy from the light and be promoted to higher energy levels. Although the energy levels remain the
same, the system absorbs heat because the population of levels with higher energy has been increased at the expense of the
population of lower energy levels. Thus, heat is associated with variation of the probability distribution. If the probability
of states of higher (lower) energy is increased, then heat is absorbed (expelled). In the diagram below adiabatic compres-
sion is followed by heating at constant volume.
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Multiplicity functions

To apply the statistical postulate, we must determine the number of accessible microstates consistent with the
external constraints upon the system of interest. This number is known as the multiplicity and the dependence of multiplic-
ity upon external conditions (such as total energy, volume, and particle number) is governed by a multiplicity function.
Hence, the central problem of statistical mechanics is the determination of the multiplicity function, or avoidance thereof,
by application of theorems or methods based upon statistical reasoning.

Several measures of multiplicity are available. Suppose for the moment that we can specify the energy E, volume
V, and particle number N with infinite precision for an isolated system. For macroscopic systems there will normally be a
very large number of quantum states with precisely the same values of these external variables. Hence, we say that the
macrostate specified by (£, V, N) contains many microstates and label this number Q[E, V', N]. The function Q[E, V', N]
can be very irregular because it reflects a spectrum of discrete states with various degeneracies that depend upon micro-
scopic details of the structure of the system. A somewhat smoother measure of multiplicity, at least in a relative sense, is
provided by

SE, V,Nl = ) QIE, V,N]
E'<E

which is defined as the total number of states with energies £’ < E at or below £E. However, since it is not possible, even
in principle, to define energy with infinite precision, we are more interested in the number of states within a very small
interval 0E centered upon E. [Similar arguments can be made for V" and N, but those dependencies will be suppressed for
brevity.] The energy resolution 6 E should be large compared with the level spacing, so that it contains many microstates,
but small compared with the rate of change of thermodynamic variables or with experimental precision. Thus, 6F should
be microscopically large but macroscopically small. Therefore, we define

IX[E]
FIE] =~ E = glE]6E

as the multiplicity of microstates within an energy shell £ + % O0F. Note that the dependence of I' upon §E remains
implicit, but should not be forgotten. For an appropriate choice of shell width 6 E, the function I'[E] should be sufficiently
smooth for practical applications. Similarly, the density of states

0x

glE] = 3E
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should be a smooth function of energy determined by a physical, rather than strictly mathematical, differentiation process
involving finite, but quite small, rather than infinitesimal differences.

These considerations apply when the level density is large and smooth. However, at very low temperatures details
of the energy spectrum may become apparent when the thermal fluctuation energy kg T becomes comparable to the level
spacing. Probably the most important example is the phenomenon of Bose condensation. Under those circumstances we
may need to return to () instead of g and analyze the population of particular quantum states more explicitly. However,
because such details are not readily apparent for most of our applications, we now consider the properties of I' when the
level density is large.

Suppose that a system has f'degrees of freedom and let Z;(g) be the total number of states for a degree of freedom i
(i =1, f) which contributes energy € < ¢ to E. For example, an ideal gas of N noninteracting structureless particles can
be described by f =3 N momentum variables. If & is not too small, we expect X; ~ £/ Ae where A¢ is the average spacing
between energy levels near €. Furthermore, we assume that the average contribution to the total energy is the same for all
available degrees of freedom, so that e ~ E/ f. Hence, the total number of states below a specified energy is on the order

of
o (o[ 2]

while the number within shell 6E is about

0Z;

(921 oe f-1
= __E ~ 5,/ Z=6E
oe

)
[[E]l= — 6E ~ f 3,/
R T A P Y

For very large f ~ 10%*, %,[E/ f] varies slowly with E while I' increases extremely rapidly with increasing E because f
appears as an enormous exponent. Nevertheless,

E)
InT[E] ~ fInZ, +ln(a—l 6E)zfln21
&

is practically independent of 6 £ because the inequalities

0X
< WL 0E < f
&

render the logarithmic dependence upon 6 E negligible. Therefore, we conclude that
InT « fInE = T« E/

and

InT ~x InQ ~ InX ~ Ing

independent of the choice of 6 F .

Evidently, it matters little which multiplicity function we choose to employ for the definition of entropy (or disor-
der) because

SZkBIIIF =~ kBIIl.Q ~ th’lZ =~ kBIng

up to factors of order 1 + O(f~"). This fortuitous circumstance explains in part the success of statistical methods of
thermodynamic analysis. Furthermore, it is important to recognize that entropy, defined as the logarithm of multiplicity, is
an extensive function because

E Vv
N = SaN = SIE VN = N2, 2]
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where £ and %

= + are intensive parameters.

It may at first seem surprising that In X ~ Ing for large N, but with N appearing as an exponent the overwhelming
majority of states with energy less than or equal to £ are actually found very near to E. Classically this corresponds to the
fact that the volume of an N-dimensional sphere is dominated by the region very close to the surface when N is large.

m Example: binary systems

Systems consisting of N particles which may each occupy only two states comprise the simplest class of statistical
models but are nevertheless rich enough to illustrate many of the central principles of statistical physics. More impor-
tantly, several systems of physical interest belong to this class. For example, the magnetic properties of a crystal consisting
of spin % atoms can be analyzed using this model. We assume that the atoms are confined to stationary sites on a crystal
lattice and neglect thermal vibrations about these sites, concentrating upon the magnetic degrees of freedom only.

Each atomic spin can point either along or against the external magnetic field. If each spin has magnetic moment
1, the net magnetic moment of the entire system is M = (N; — N,) i, where N; is the number of spin-up and N, is the
number of spin-down atoms. In the presence of a magnetic filed B, the energy of the spin system is

U=-M-B = —(N; - N,) uB

where spin-up refers to the alignment along the applied field.

Since each of the N states may independently occupy either of 2 states, the total number of states is 2V . A list of
these states can be constructed from the symbolic expansion of the N -fold product of the two possibilities for each spin,
namely (T+ LY. For example, if N = 4, we find the 16 microstates listed below.

TR M N N N e AT S S R A S RN o N o AN
I B B N B R I e e A I B R A e I 2 a2 LI 2 o R 2 A e S AN A A

There is nothing intrinsically special about the choice of symbols being up or down arrows — we could just as well have
two colors or two fruits or any other pair of distinct traits. This type of analysis can also be extended to systems with 3 or
more distinct single-particle states by using a polynomial in place of the binomial (T+!).

Alternatively, each state of a binary system can be specified by a unique N -digit string of 1's and 0's, a binary code.
For example, if we assign spin-up a code of 1 and spin-down a code of 0, all possible states of a 4-atom system are
described by the following list of 2* = 16 configurations.

M=+4pu 1111

M=+2yu 1110110110110111

M= 0y 110010101001011001010011
M = =2 100001000010 0001

M = -4y 0000

When displayed in this format, the multiplicity profile resembles a parabolic function of the net magnetic moment. Desig-
nating the degeneracy of an energy level with N+ magnetic moments aligned with the magnetic field and Ny = (N — Ny)
moments against B as g[Ny, N], we find

gl4,4]=1 g[3,4] =4 g[2,4] = 6 g[l,4] =4 g[0,4] =1

summing to a total of 16 microstates. More generally, the degeneracy of an arbitrary state is given by the binomial
coefficient

N! N!

N
N+. N] = = =
g, N (NT) N V(N=Np!  NpIN,!
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describing the number of ways in which N; distinguishable objects can be selected from a total of N distinguishable
boxes.

Suppose that the system of interest contains approximately 1 mole or N4 = 6.022 x 10** independent spins, typical
of macroscopic samples. The total number of magnetic states available to such a system is then fantastically large, about
2Vi ~ 1019 A common method for impressing the reader with the magnitude of such a number is to estimate the length
of typescript required to represent all of its digits. To be a little more modern (though still dated), we'll estimate the length
of magnetic tape required to carry a binary representation. A high density tape can carry 6250 bits per inch (although most
formats are actually considerably less efficient). Therefore, 6 x 10 bits for a single state requires about 10'° inches or
about 270 light years of tape.

Similarly, the number of states whose energy lies within some specified interval (£, E + JE) is also very large,
some appreciable fraction of the number quoted above. For all practical (macroscopic) purposes, the differences between
most of the states within this interval are negligible and, in the absence of compelling contrary information, we assume that
each of those states may be found with equal probability, a priori. Of course, the probability of any individual microstate
is extremely small, being the reciprocal of the total number of states within the energy interval. If interactions between
neighboring spins causes spin-flips to occur every 1072 seconds, a typical atomic time, approximately 10* changes of
state occur each second. Even at this rate it is impossible to sample all possible microstates — it would still take about
10" seconds to sample all microstates because 10> — 35 = 10>}, Nevertheless, we easily sample enough states to
perform a meaningful ensemble average because the overwhelming majority of states are macroscopically similar. The
numbers involved in the statistics of macroscopic systems simply boggle the imagination.

It is useful to define an alignment variable x as the fractional asymmetry between spin-up and spin-down
populations

_NM=-N
N
such that
Ny = g(1+x)
N
N, = 7(1—96)

represent the populations of the two spin states and U = —x N u B = —x Uy« is the internal energy. Assuming that N, Ny,
and N, are all large, we can use Stirling's formula to express the multiplicity function as

Inz! ~ zlnz -z = In ~N(1+xLo[ 2 ]+ 1_xLo[ 2 ])
- £ 2 T 2 T
such that the entropy becomes
Umax_U
2Umax

2 Upax ]+ Umnax + U Lo [ 2 Upax )

S=Nk
B( Umax -U 2 Umax g Umax +U

Log[
After some straightforward algebra, we find that the internal energy takes the form
1 oS

T=30 = U = —NuBtanh[g%]

At high temperature the internal energy approaches zero and the spins are found with equal probability in either orienta-
tion, such that the entropy approaches its maximum possible value:

To00 — U->0 = S>Nkzgln2
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The same results can also be obtained using the definition of entropy in terms of probability. Assuming that the
atoms do not interact with each other, the orientation of each spin depends only upon temperature and the external mag-
netic field and is independent of the orientations of neighboring spins. Therefore, the entropy Sy = N S; for N statistically
independent spins is simply N times the entropy for a single spin, such that

S=NS, = —kBZPl[O'] In P[]

where for a binary system the summation includes spin-up and spin-down states of a single atom. Probabilities for the two-
state problem can now be represented using an alignment variable x defined by

1+x
Py = 7
P, = 1-x
LT

so that we again find

Log[lix] * lngog[lix])

More thorough presentations of the thermodynamics of binary systems can be found in thermo2.nb and spin-half.nb.

m Example: confined systems

Consider the states available to a particle in a cube of volume L. Imposing the boundary condition that the wave
function vanishes at the walls, we find

Ylx, y, z] o sinlk, x] sin[k, y] sin[k; z]

where k; = % for integer n;. The single-particle energy levels are then

232 2
_mhn . 2_ 2 2 2
En= 5> with  n*=n"+n," +n;
2mlL

where 71 = 1.0546 x 107 J-s is Planck's constant. Hence, the energy levels available to a particle confined to a box are
described by a discrete spectrum of the form &, = n? &y where &y = (%> x> /2 mL?) is the basic quantum of energy for this
system. However, many of the energy levels are shared by different states and hence are degenerate. For example, the
energy level with n*> = 14 carries the 6 configurations (7., ny, nz) =(1,2,3), (3,1,2), (2,3,1), (2,1,3), (3,2,1), and (1,3,2).

Suppose that the particle is an N, molecule with mass m = 4.65 x 10726 kg and that the box has sides of length
L =1 m. The basic energy unit is then &, = 1.18 x 107**J for this system. Further suppose that our molecule is simply one
member of a mole maintained at a temperature of 273 K. The average energy per molecule is then
T = % RT /N, =5.65%1072'J where R = 8.314J/K/mole is the molar gas constant. Hence, (n?) = 4.79 x 10?! is enor-
mous. Since each of the three dimensions will have the same average excitation, we estimate that the average value for
each quantum number is {(1;) ~ 4 x 10'°. The multiplicity for a system of N, objects, each of whose single-particle energy
levels has a large degeneracy, becomes fantastically large. Fortunately, there are techniques which expedite the analysis of
such large numbers.

Suppose that the system of interest occupies a finite volume but is not necessarily constrained to a definite volume.
We may then imagine enclosing the system in a box that is so much larger than the actual system that periodic boundary
conditions can be applied with negligible effect upon the wave functions of the constituents. From the basic principles of
quantum mechanics we know that the energy levels of the system are discrete even if the spacing is infinitesimally small by
macroscopic standards. Therefore, the energy levels available to any finite system can be enumerated, at least in principle.
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m Example: N distinguishable oscillators

Consider a system of NV harmonic oscillators and assume that interactions between these oscillators can be
neglected. For example, electromagnetic radiation in a cavity or the vibrations of atoms about lattice sites in a crystal may
be analyzed in terms of independent modes of oscillation. Each individual oscillator has an energy spectrum &, = nfiw
consisting of an infinite sequence of equally spaced levels where 7 is the total number of quanta and 7w is the fundamental
quantum of energy for the system. [The zero-point energy represents a trivial offset of the energy scale and can be
omitted.]

For example, consider a single particle in a 3-dimensional harmonic well. The total number of quanta is then
n = ny +ny, + n, where each of the three spatial dimensions can be considered to be an independent oscillator. The degener-
acy of each single-particle energy level is equal to the total number of ways that » quanta can be distributed among the
three independent axes. There are n + 1 possible values of n, between 0 and n. For each of these values, we can choose
n, to be anywhere between 0 and n — n,. The number of quanta along the z-axis is then determined. Hence, the degener-
acy of a single-particle level with n quanta is given by the sum
n+1 1

gil=) (n=n+ )= Y k= =@+1)(n+2)
n,=0 k=1

whose value can be demonstrated by induction.

The degeneracy for a system of many independent oscillators can now be obtained by extending this argument to f
independent degrees of freedom, where f'is the total number of oscillator modes rather than simply the total number of
particles. Let n represent the total number of quanta, so that the internal energy of the system is U = nficw. The degener-
acy is simply the number of distinct ways that » indistinguishable objects (quanta) can be distributed among f distinguish-
able boxes (vibrational modes). Suppose that the boxes are represented by vertical lines marking their boundaries and that
the objects are represented by circles, as sketched below for a particular configuration.

The outermost walls need not be included. The number of combinations of # objects and f — 1 interior partitions is simply
(f +n—1)!. However, because the n! permutations of the balls or the (f — 1)! permutations of the partitions among
themselves leave the system invariant, the degeneracy is simply the binomial coefficient

(fHn=1)  (f+n-1)!
g[n’f]_( )_ n!(f - 1!

The earlier result for a single three-dimensional oscillator is recovered by choosing f — 3.

In the limit of large n and large £, we can employ Stirling's approximation to obtain
Ing ~ (f+n)In[f+n] —nlnn = f(Q1+x)In(1+x) — xlnx)

where x = n/ f is the average excitation per oscillator. The entropy can now be expressed as
S=kpf((1+x)In(l +x) — xlnx)

where x = U / fhw. Evaluating the temperature, we find

1 Jdlng dlng 1 1+x 1

BT eu VT gy TS = o= o

where y = %’B—% is a dimensionless variable that represents the ratio between oscillator and thermal energies. Therefore, we

obtain the thermal equation of state
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fho
U= ol T _ |
and heat capacity
Cy ye¥ b flw
= where y =
Skg  (ev—1)> Yk T

It is useful to define a dimensionless reduced temperature as 7 = y~' = kg T/ hiw.

Einstein's model of the heat capacity of a crystal containing N atoms in a lattice treated the 3 N normal modes of
vibration as independent harmonic oscillators with a single average frequency w. If we define a characteristic temperature
Ty = hw/ kg, the reduced temperature becomes 7 = 7'/ Tg. The figure below displays the dependence of the heat capacity
upon reduced temperature. At high temperatures, 7 > 1, one finds the classical heat capacity Cyy — 3 N kp expected for
equipartition among 3 N coordinates and 3 N momenta. However, at low temperatures, 7 < 1, the heat capacity is much
smaller quantum mechanically than classically because the finite energy required to excite a quantized oscillator freezes out
states that would participate in a classical theory permitting arbitrarily small excitations. Although this model is simplistic,
the explanation of reduced heat capacity at low temperature in terms of quantization of energy provided important support
for the early quantum theory.

Heat Capacity for Einstein Crystal
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We will return to this and more refined models shortly. Further information on these systems can be found in the
notebooks hotherm.nb, debye.nb, and planck.nb.

Thermal interaction

Consider two isolated systems with multiplicity functions I'j[E£;] and I';[E,]. These functions depend upon details
of internal structure and may be quite different for dissimilar systems, but we assume that each I';[E;] is a rapidly increas-
ing function of energy. The composite multiplicity function for the combined system comprising the two noninteracting
subsystems is then

T'[E), Byl = TY[E] T1[E]
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Now suppose that these systems are brought into thermal contact with each other but that the combined system remains
isolated. If the initial energies are £ ; and Ej;;, the initial multiplicity is T’ (li?z =T[E1;]T2[E>;]. As the two systems
interact with each and exchange energy, the number of available microstates will also change as each system's share of the
total energy changes. Although these systems can exchange energy through their shared boundaries, we assume that there
are no long-range macroscopic interactions between them so that the net energy £ for the combined system is very near
E\; + E;;; hence, we assume that £ = E| + E, is simply additive. During the thermal interaction, the macrostates for each
subsystem change but are confined by the band E| + E; = E + 0 E where JE is the energy resolution. (We left 6E implicit
in I[';.) The total multiplicity is then

FE] = ) TiE ] TlE - Eigl = fgl[El] To[E - E]dE
k

where the summation includes all possible energy divisions between two subsystems. Since each term is positive and the
sum includes Fﬁ’}z, clearly

‘
r =T,

where equality applies only in the rare circumstance that only a single macrostate (k = i) is available. Thus, thermal
interaction must increase entropy as more microstates become available with the same total energy. Furthermore, because
I'1[E}] increases very rapidly as £ increases while [';[E — E] decreases very rapidly as its share of the fixed total energy
decreases, the product I'|[E;] I;[E — E] is a very sharply peaked function of E;. Therefore, in equilibrium the combined
system will be found with overwhelming probability very near the peak of I'; ;[ £}, £ — E;] characterized by most probable
energies £ and E,, with E| + E, = E| + E,. Since I'j, is sharply peaked, the summation is dominated by the single
greatest contribution I'; [£;] T',[E — E,]. Hence, maximizing In I'1» with respect to E; is equivalent to maximizing InT",
whereby

0 0 0
— InTL[E,E-E{] =0 — InTY[E{] = — In[L[E
9E, nl'[E 1] = I, nI'[E;] 05, nI,[E,]

This relationship is illustrated in the diagram below, which displays schematic multiplicity functions I'j[£/],
IL[E - Ep],and 'y 5[E), E — E|]. Note that to display all three functions together, we must multiply I'; and I'; by small
factors y; and must choose the energy range and axis scaling carefully because the multiplicity functions for macroscopic
functions are incredibly steep. The product of a rapidly falling and a rapidly increasing function is usually a sharply
peaked function for which the position and width of the peak depends upon the two slopes. Another useful way to visual-
ize the optimization of energy sharing is to display the product multiplicity function within the band permitted by the
energy constraint as a density plot in which the shading indicates the number of available states. The initial state will
usually not be near the peak of the composite multiplicity function, but once the systems are permitted to exchange energy
the combined system will move toward the most probable configuration and will soon be found with overwhelming
probability within the peak of maximum entropy.
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Schematic Multiplicity Functions
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Recognizing that thermodynamic equilibrium requires 7 = 7, and using the thermodynamic relationship % =7,

we are led to the identification of
S=kzInl

as the entropy. Boltzmann's constant kz = 1.38066 x 1072 J kelvin™! is chosen to produce agreement with the thermody-
namic temperature scale. Thus, at equilibrium we find

F[E] ~ gl[El] rz[E—El] (5E1 = S= S] +Sz
where 6 E is the width of the sharp peak in I'j [ £}, E — E]; clearly In 6E; is negligible for macroscopic systems. There-

fore, entropy is an extensive variable, as required by thermodynamics, and
S=81;+8;
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where S1; = kgInT'|; and Sy; = kg In T',; are the entropies of the two subsystems before interaction. Thus, we have
provided a statistical interpretation of the law of increasing entropy.

The change in entropy that results from an infinitesimal exchange of heat Q = d E| between two systems in
thermal contact via immovable and impenetrable walls which do not permit exchange of volume (work) or particles is

alnfl 61nl"2
ds = LﬂSl +LﬂSz = kg CﬂEl + kB dEz
1 2
such that
1 1
ds = (=— - —)o
(7 - 7)00

The statistical requirement of increasing disorder as the system evolves toward a macrostate with greater multiplicity of
microstates is equivalent to the thermodynamic inequalities

dS=0 = 00=0whenT; <7, or 6Q<0whenT| =T,

which require heat to flow spontaneously from warmer to colder systems. Furthermore, we identify the thermodynamic
internal energies U; with the equilibrium energies £; which maximize the net entropy.

More generally, suppose that two interacting systems can exchange energy, volume, and particles through a
flexible, permeable, diathermal boundary. Once again assume that I" is sharply peaked about
[\[E, Vi, N\1T1[E,, Vs, Ny] where E;, V;, and N; are the most probable values for the energy, volume, and particle
number for each subsystem subject to the constraints £ + £y = E+6E, V+V,=V +6V,and N; + N, = N +6N.
Thus, maximization of InI" with respect to independent variations of £, V', and N; is equivalent to maximizing InT'; »
and results in the equilibrium conditions

Glnrl (9lnF2

0E, 0E,
81nF1 _ [ﬂnl"z
ovy A,
Glnrl _ (9lnF2
AN, AN,

specifying the most probable macrostate. Correspondence with the fundamental relation of thermodynamics,
TdS=dU + pdV — udN is then achieved by means of the identifications

8S olnT
“(55),, = #=(%F)

aU Jyx OE Jyy
_(6S) _ _(amr)
o Juw Br=\=3v N

_ ((95') - 3 (6lnr)
B oU Jyn Pu= ON Jey

where S = kg InT is entropy, 7 temperature, p pressure, and u chemical potential and where it is convenient to define
B=tksT L Equilibrium then requires

NlE NS N =

=T, pi=py W=

for the final, most probable, macrostate with U; ~ E;, V; ~ V;, and N; ~ N;. Therefore, an intensive parameter determines
the equilibrium distribution of a conserved quantity between interacting subsystems. Note that the equalities between the
extensive variables (U, V', N) and their most probable values are to be interpreted in a thermodynamic sense, which
requires these quantities to be found with overwhelming probability within very narrow ranges centered upon their most
probable (equilibrium) values.
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Fluctuations

The widths of the distributions for the thermodynamic variables can be deduced from a Gaussian approximation to
I'. For simplicity, consider only the dependence upon energy. Suppose that two systems are in thermal contact with each
other but that the composite system is thermally isolated. The two systems share the net total energy, such that
E = E, + E,. Near equilibrium we can expand the logarithm of the composite multiplicity function about its peak, for
which the subsystem energies are near their most probable values, £, and £, with £, + E, = E. Hence, we write

~ 1 621111]72 ~ 2
InTys[E] ~ InTy5[E4] + ST (E1—Ep) + -
OE\" g -k,
where FLZ[EI] =T4[E,]TL[E - E|], such that
)
- (B, — EY)
Tio[E] = Tl £1] Exp o
o
We can now identify
) (92 In r1’2 (92111 Fl 62111 FQ
e =" 7t 2
aEl Elel aEl (9E2 EIZEI’EZZEZ

as the energy variance for the composite system. It is useful to identify the individual contributions as
*InT; 1 3*S; -1
-2 i L 2
ot - ———— = —— = (kg T° C)
oU? ks oU?

where C; is the appropriate (here, isochoric) heat capacity for system i. Thus, the mean energy fluctuations for two
interacting systems are related to those for each individual system by

11 1
o2 o 052
such that
C C
Ci+C

If one system is very much smaller than the other, the smaller system dominates the energy width, such that

C
2~ 2 —_— —
C2>>C1=>O'~kBT Cl(l Cz)

Hence, the average energy is very near the most probable energy, and our other approximations are valid also, if

g 2 2
U«l = kg T°Cy> U

where Cp is associated with the smaller subsystem. For example, if our system is a classical ideal gas, we find
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3 3 12 o (3 17
U:ENkBT:az(EN) kBT=>U=(3N)

such that - < 1for large N. Thus, if N ~ 10%*, the relative width of the energy distribution is about 107 and it is
extremely unlikely that the system can be found with an energy differing from its most probable value by more that one
partin 10''. Therefore, the energy distribution is extremely sharp in a macroscropic sense and the thermodynamic energy
is extremely close to the most probable energy despite the rapid changes in the microstate of the system because there are a
vast number of states within an extremely narrow band about the most probable energy.

For each subsystem, the root-mean-square (rms) energy fluctuation

ailU] = (ks T2 C)'"?

is proportional to temperature and to the square-root of its heat capacity. Recognizing that the heat capacity is proportional
to the size of a system, it is useful to express the heat capacities as C; = m; ¢; where m; is the mass and ¢; the specific heat
for system 7, such that

mpcymycCy

TilU] = ks T*mic)” = o2 = ks T2
mycy+mypcy

Suppose that the two systems have similar composition but different sizes, such that
my my

Cl R C) = O'2=k3T2 —

mi +mp

Similar analyses can also be performed for fluctuations of volume, particle number, or other variables. For example, one
finds that fluctuations of volume are governed by the compressibility of the system.

This argument can be generalized to include any extensive quantity that can be exchanged between a system and a
much larger reservoir. Variations of the total entropy for two interacting systems can be expressed in the form

dS = ds, + ds, = s+ 22 qp, + 252 a4y 4
= 1 2 = 1 6E2 2 6V2 2

where the variation in the contribution d.S, of the reservoir is expanded in terms of its extensive variables; here we limit
the expansion to two terms, for simplicity, but others can be included easily. Using

E=E+E, = dE,=-dE;
V=V +V, :>CZV2=—L£V1

for the conserved extensive quantities and identifying the intensive variables
652 1 8S2 P2

0E, T, aV, T,

we find
dE, + p,dV,
ds = ds, - aeTpart
I,
Assume that system 2 is a large reservoir and the system 1 is a much smaller subsystem. The temperature and pressure of
the reservoir are constant for all practical purposes, unaffected by changes is the energy or volume of the much smaller
subsystem. Thus, the entropy change for a small but finite fluctuation of the extensive variables for the subsystem takes
the form
TzASl - AE] - pzAV1
T

AS =
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The probability for such a fluctuation is then
TzASl - AEl —pzA Vl ]
kg T

P« Exp[

Focusing our attention upon the smaller subsystem, it is convenient to identify 7 = 7, and p = p, and to omit the subscript
for the subsystem, such that

TAS — AE —pAV]
ks T

P« Exp[

Next expand the variation of energy about its most probable value, such that

AE OF AS + OF AV + ! ( FE (AS)? +2 ( FE )AVAS + vE (AV)Z) +
T oS v 2\ as2 v as V2
and identify
0E T OE p
s ov. T
to obtain a Gaussian probability distribution
P « Exp|-8 ! ( PE (AS)? +2[ vE )AVAS + vE (AV)Z)
o ExXp|-p = | == —
P72 o YR a2

governing entropy and volume fluctuations in the subsystem. Notice that the first-order variations are eliminated by the
equilibrium conditions that require the temperature and pressure of the most probable state of the subsystem to be equal to
those of the reservoir. Using

ATAS = (aT AS + or AV)AS
~1as v
A AV—(ap As 4+ 0P AV)AV
VT PYa
and the Maxwell relation
(5¢), = (57)
as )y~ \av )
we observe
O*E 5 OE OE 5
ATAS — ApAV = —— (AS)?> +2 AV AS + —— (AV)
982 PYAN FYZ

and express the probability distribution for fluctuations in the form
ATAS — ApAV ]
2kg T

P« Exp[—

where two of the variables are considered independent and the other two dependent.

In the absence of an entropy meter, it is useful to expand the entropy fluctuation
oS oS Cy ap

AS = (———) AT + (—) AV = — AT + (——) AV
orT )y oV )r T oT )y

in terms of temperature and volume and use the the equation of state for pressure fluctuations
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P P P AV
Ap = (—p) AT + (—p) AV = (—p) AT -
orT v oV T oT %4 VKT

such that
Aary

o,
ATAS — ApAV = —= (AT)* +
T VKT

The probability distribution for fluctuations

Cy (A7) 1@y
P « Exp| - —— — |Exp|-—— ——
kB T 2 2 kB TV« T 2
factors into two Gaussians. Therefore, we conclude that temperature and volume fluctuations are statistically independent
and can identify the variances for these fluctuations

kg T2

(AVYY) = kg TV iy (ATAVY = 0
Cy

(AT =

by inspection. When analyzing local fluctuations of density, it is more natural to employ a subsystem with fixed volume
and variable particle number that fixed particle number and variable volume — the local subsystem is fixed in space with
imaginary walls that permit free passage of particles in or out as the density changes. The fluctuation in density, o= N/V,
is obtained using

0 0
0= = Mo= - AV = (A0 = W“AV)Z)

such that

0N o
{((Ao)) = 7kBTKT

is proportional to the isothermal compressibility.

For a simple ideal gas we obtain

ideal gas = ((AT)") = 3N (AV)) = v ((Ao)) = N

Thus, for an intensive variable, like T or o, the variance is inversely proportional to N while for an extensive variable, like
V', the variance is directly proportional to N. Nevertheless, the relative fluctuations in both extensive and intensive
variables

12 5172 2172
AT)? 2 AV A
ideal gas —> Ay 2 N2 Lansy N2 {Aor) i
T 3 v 0

scale with N~1/2 and are usually very small for macroscopic subsystems except near a phase transition where one or more
of the relevant response functions might diverge.
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Problems

v Canonical density operator for spin %

The hamiltonian for a spin % magnetic dipole moment y in a magnetic field B = B2 is H = —uBo-.. The density
operator for the canonical ensemble is p oc e P .

a) Evaluate the normalized density matrix in the basis which diagonalizes o, and evaluate the expectation value of

—

o.

b) Express p in the basis which diagonalizes o, and re-evaluate (7).

v Canonical density matrix for free particle

In the momentum representation matrix elements of the hamiltonian for a nonrelativistic free particle take the form
(K 1A %) = sk 6]k, % |
where

" K2

elk] = 2m

is the kinetic energy. Wave functions with periodic boundary conditions are
<]7 |F> — V—1/2 {Ei??
where V' is the volume of a cube and the momentum eigenvalues are

£ =i ) 2
- nxsny:nz L

where the quantum numbers {n,, n,, n.} are integers. Assume that the box is sufficiently large to replace summation
over discrete momenta by three-dimensional integration according to

Z f =
RN V
Qn?

Ny, Ny, N,

a) Evaluate the canonical density matrix p = e~P1 in the momentum representation and compute the partition
function Z = Tr[p].

b) Evaluate the mean single-particle energy.
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¢) Express the density matrix in the position representation; in other words, evaluate (#* | p | 7). Provide an intuitive
interpretation of the off-diagonal matrix elements.

v Disorder summed over bands

Suppose that an ensemble consists of many identical systems and that the states available to each system can be
divided into a sequence of bands where each band contains g; equally likely states with energy &;. Let p; be the
probability that a system is found in some state within band .

a) Find a general expression for the disorder of this ensemble in terms of g; and p;. It is crucial to remember that
disorder sums over states, not levels, so that the degeneracy of each level must be considered carefully.

b) Evaluate the disorder assuming that the lowest band dominates the ensemble, such that p; ~ 1.

c) Evaluate the disorder assuming that each state with energy & < &y« is equally likely, such that the probability that
the system is found within one of its accessible bands reduces p; « g;.

v Living at the edge

We argued that the entropy for large systems can be evaluated using several definitions of the multiplicity functions
that appear at first glance to be rather different but which give practically identical thermodynamics because

InT ~x InQ ~ InX ~ Ing

if N is large enough. There is a simple geometric interpretation of this result. Each degree of freedom can be
represented by a variable {x;, i = 1, N} and the states of the system by points in an N-dimensional vector space. If
each variable is scaled so that the energies contributed by a particular value R of a coordinate are the same, the total
number of states is proportional to the volume of an N-dimensional sphere of radius R. It is convenient to express R
in terms of the average spacing between energy levels such that R is a large pure number and the volume of the
sphere represents the total number of states with energy £ < R. The volume of an N-sphere is represented by the
integral

VnIR] = fclVN(D

N
R2 - inZ :|
i=1

where @[z] is the truth function, taking the values 1 if z > 0 or 0 if z < 0, and where
N
avy = [ |dx
i=1

is the differential volume element. For large N the volume of a spherical shell of thickness R is almost equal to the
volume of the entire sphere provided that 6R is not infinitesimal. In fact, the volume of the sphere is approximately
equal to the volume of a shell, which is practically equal to the area of the sphere.

a) The volume of an N-dimensional sphere can be evaluated using a trick based upon the integral

00 N 00
f e dx =71/ = f e_rzaYVN = N2

00
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where 72 = Zﬁl x> and where each Cartesian integral extends over —oo < x; < co. By converting from Cartesian to
spherical coordinates, demonstrate the volume of an N-dimensional sphere can be express as Vy = Cy RV and
determine Cy. Demonstrate that the expected values are obtained for N < 3.

b) Compute the area of an N-dimensional sphere and the volume of a spherical shell at its surface. Compare the
logarithms of these quantities for large N.

v Generating function for degeneracy of oscillator system

Demonstrate that the number of ways g[n, f] in which n quanta can be distributed among f* degrees of freedom is
given by the coefficient of # in the power-series expansion of the generating function

() = Yemne

and thereby obtain an explicit expression for degeneracy of the f-oscillator energy level with a total of n quanta.

v Solid binary mixture

Suppose that a solid mixture is created by melting two pure crystals, one composed of atoms of type A and the other
type B, mixing the two liquids, and cooling the mixture until it solidifies. If the concentrations of A and B atoms are
uniform throughout the resulting solid, the mixture is described as homogeneous. Often, however, this process
produces a heterogeneous mixture composed of many small, nearly pure crystallites mixed together. The outcome
depends upon competition between the energy and the entropy of mixing. A simple model for the homogeneous
mixture supposes that a crystal lattice is to be populated by N4 = x N atoms of type A and Nz = (1 — x) N atoms of
type B to form a binary alloy A, B,_, . Let f;[T] represent the free energy per particle due to vibrations for atoms of
type i € {4, B}. Here we focus upon the entropy of mixing and assume that f;[7] is independent of x and density.

a) Develop a simple expression for the mixing entropy S[x] assuming that N4 and Np are large. [Hint: what are the
probabilities that a site is occupied by an atom of type A or type B?]

b) Find an expression AF = F[x] — N4 f4 — Np fp that compares the free energy F[x] for the alloy with the free
energies for pure crystals of each type assuming that the interactions between neighboring atoms are independent of
type. Is it more favorable for this system to form a homogeneous or a heterogenous mixture?

¢) Suppose that the interaction energy between unlike atoms is much less attractive than the interaction between two
like atoms. Under these conditions one expects the system to separate into nearly pure phases. It is useful to define
Ae = gpg — ggg Where Ae > kg T'. Express the equilibrium concentration of impurity A atoms in a B crystal in
terms of A and T'.
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v Does equal temperature imply equal energy per particle?

Consider two different Einstein crystals, with N; elements and vibrational quanta &; fori = 1, 2. If the two crystals
are brought into thermal contact, the equilibrium condition would be

OSIULN ] _ 0S[ULN,]

aU, U, - T

Determine the energy per oscillator for each system. Do you agree with the common assertion that "equal
temperature implies equal energy per particle"? Under what conditions is that true? Investigate the ratio
(U1 / Ny)/(Uy [ N;) in both high and low temperature limits.

v Smallest meaningful temperature difference

Temperature equalization by energy exchange between systems in thermal contact is a probabilistic concept. Hence,
it is of interest to determine the minimum temperature difference, A Ty, , for which energy exchange is
overwhelmingly probable, which is then the smallest meaningful temperature difference between those systems.
Consider two identical Einstein crystals, with N oscillators each and characteristic temperature 7y, at initial
temperatures 7; = T'X (1 + ). For simplicity, consider only the high temperature limit 7" > Tr and assume that
ox1.

a) Evaluate the entropy increase, AS = S[2 N, T] — S|[N, T1] - S;[N, T3], due to equilibration of the two crystals.

b) Assuming that N = 10%*, determine the factor by which the number of available states increases due to
equilibration.

c) Estimate the smallest meaningful temperature difference, A 7y,;,, for systems of this type.

v Properties of statistically normal systems

According to thermodynamics, entropy should be an extensive state function. Furthermore, normal systems are
confined to positive temperatures, which requires entropy to be a monotonically increasing function of energy:

S
7T>0 = — >0
O0F

Finally, the internal energy is normally a monotonically increasing function of temperature:

Cr=0 = (aE) >0
V= T )y =

Therefore, the multiplicity function for a statistically normal system must satisfy several general requirements.

a) Demonstrate that extensivity requires the multiplicity function to take the form
QIE, V, N] ~ EXp[N¢[£, K] | = s~Nks ¢[£, K]
N N N N

where ¢ = @€, v] is a positive-definite function of the energy and volume per particle.
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b) Next demonstrate that positive temperature and heat capacity require ¢ to be a convex function of the energy per
particle with positive first derivative and negative second derivative with respect to €.

¢) What requirements must the density dependence of ¢ satisfy to ensure mechanical stability?

v Correlations between entropy, temperature, volume, and pressure fluctuations

Use the T, V' covariance matrix

kg T?

Cy

(AT)) = (AV?Y = kg TV kr (ATAVY =0

to deduce the following thermodynamic covariances:
D(ATAS) i) (ApAV) iii)(ASAV) iv)(ApAT)

Express your results in terms of Cy, @, k7.

v Statistical independence of entropy and pressure

In the text we showed that temperature and volume were statistically independent by demonstrating

Cy ,  @Ary?
ATAS — ApAV = — (AT + —— = (ATAV) =0
T VKT

a) Show that entropy and pressure are statistically independent by demonstrating

T
ATAS — ApAV = TN (AS)? + V ks (Ap)?
p

and deducing ((AS)?), ((Ap)?), and (AS Ap).
b) Alternatively, expand AS and Ap in terms and AT and AV and use

kp T?
Cy

(AT)*) = (A = kg TV kr (ATAVY = 0

to obtain the same results.

v Covariance between energy and volume

Expand AE in terms of AT and AV and use

kg T?
Cy

(AT = (AVYY = kg TV iy (ATAV)Y =0

to evaluate ((AE)*) and (AE AV for a subsystem with fixed N in thermal and mechanical contact with a much
larger reservoir of energy and volume. Express your results in terms of Cy, @, and xr. Provide a qualitative
interpretation for these results.
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v Convexity of entropy

According to the maximum entropy principle, entropy must be convex function such that any small variation of the
independent variables from their equilibrium values would reduce the entropy of an isolated system. Thus, we might
have expected the probability distribution for fluctuations to be expressed in the form

P« E ! (825 (AE? + 2 ) AEAV + s (AV)Z)
e Y P55 audV P

but in the text we used

2 2

v (AS)? +2( U
H52 av oS

) *U 2”
AV AS + Ar)

1
P « EXp[—BE( 6V2

Although the former is more intuitive, the latter is equivalent and the thermodynamic manipulations required to
simplify the results are much easier. Neverthless, it can be instructive to repeat the analysis using the AE, AV
expansion.

a) By expanding AS) instead of AE}, show that the probability distribution for fluctuations of the energy and
volume of a subsystem in thermal and mechanical contact with a much larger reservoir of energy and volume takes
the form

P« E ! (825 (AE? + 2 S AEAV + s (AV)Z]
o« Exp|—— —
P ™2 \a02 UV ar?

where subscripts have been dropped and where the derivatives are evaluated at the state of maximum entropy
(equilibrium).

b) Demonstrate that
2r
Vac - b?

and deduce the covariance matrix for a generic two-dimensional Gaussian probability distribution of the form

00 00 1
f f Exp[——2—(ax2 +2bxy + cyz)]afxdy =

Pl[x, y] o< Exp[- % (a (A)c)2 + 2bAxAy + ¢ (Ay)2 )] where Ax =x — X and Ay = y — ¥ are deviations with respect
to mean values.

c) It is useful to expand S around its extremum in terms of the curvature matrix @ such that

%S 1
@ = [ax,-axj )x = SxS+ 3 ;ai’ijiij

where Sy is the equilibium value, x = {x;} is a vector of independent variables, ¥ = {X;} is evaluated at the maximum
S, and Ax; = x; — X; is a displacement with respect to an equilibrium value. Determine the relationship between the
curvature matrix @ and the covariance matrix o where

O-i,j = <AX[ ij>

What conditions must @ satisfy?
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d) For the present application it is convenient to employ variables defined as f = 1/7 and g = p/T and to use the
Jacobian 9{U, V'}/0{f, g} to express o in terms of familiar thermodynamic response functions. Use this method to
evaluate ((AE)?), ((AV)?), and (AE AV).



