Theoretical Dynamics December 09, 2010

Homework 11

Instructor: Dr. Thomas Cohen Submitted by: Vivek Saxena

Problem 1

Let ¢, 0 and 9 denote the Euler angles, and wyg = é, wp = 6 and Wy = '¢ denote their angular
velocities. First, we express the components of these angular velocities along the body axes (2/,y/, ),
i.e. we find (wy,wy,w,). The full transformation can be depicted as

w¢ = ¢ Wy
. T
Wy = 0 — Wy (1)
Wy = 1,[} Wt
N—— N——
body system body system

The transformation, 77, is a transformation from “body spherical coordinates” to “body Cartesian
coordinates”. Referring to diagram (c) below,

Figure defining the Euler angles. Figure courtesy Goldstein, Poole and Safko, Classical Mechanics, 37% Edn.
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and using the fact that angular velocities for infinitesimal rotations are directed along the normal to

the plane of rotation (consistent with the right hand screw rule), we can write

(We)ar = Gsinfsingh

(We)y = Hsinb cos
(wg) s = dcosh
(wo)ar = o5
(wo)y = —fsinf
(wg)z =0

(Wy)ar =0

(wy)y =0

(wy)or =9

Adding the corresponding components, we get

bOdy = ¢sinfsiny + 0 cosvp
wady = ¢sinfcosty — fsine

bOdy = ¢cosl + 1

Problem 2

The principal moments of inertia are Iy = Iy = Iy and I3 = Iy/2.

(a)

Tt = W N

A~ N /S N N /N /S A/
© 00 N O
~— O~ O ' ~— ' ~— ~—

—
—
=]

In this case, § = 0 and ¢ = 2wy. The angular momentum along the body-fixed z-axis is given to be

constant and equal to Ipwg. This implies

1
Igo.)g = Eow;), = Iow() = w3 = 2wy

So, from Eqn. (13) above,

dcost+v = 2wy
— 2wpcosh+1 = 2w

The condition for regular precession is

mgl = ¢(Isws — I cos b)

1
= mgl = 2wy <20(2w0) — Ip(2wp) cos 9>

— mgl = 2Iywi (1 — 2cosf)
= 1=2(1—-2cos0)

1
e 9:7
CcOS 4
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(b)

The equation of motion is
1 . . .
+ 5(1/1 + ¢ cosB)psinf — wisinf = 0
Assuming that Af << 0, we can write

sin(f + Af) = sin 6 cos Af + cos 0 sin A
~ sin 4 cos 0Af

15 A6
VI5 A0

4 4
cos(0 + Af) = cos 6 cos A — sin 0 sin A

~ cos 0 — sin OAO

zl——\/ﬁAH
4 4

Linearizing the equation of motion about 6y = cos™ i

e get
A0+WOA0f g{

from which it follows that the nutation frequency is %

Problem 3
The equation of motion is
i=f(z) = —\wiz
Let
=20+ Ar1 + Nwg + Nag + Mg + Nas + ...
Substituting this into Eqn. (1) we get
Fo 4+ AB1 + A2 4+ N33g + Mg + Ny = —/\ngxo — )\3w8x1 — )\4w8x2 — )\5w3x3

to order A\°. Comparing coefficients of various powers of A on both sides, we get

Zo =20

21 =0

fL"Q = —ngo
i3 = —w%xl
. 2
T4y = —W(T2
Ty = —ngg
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Using the boundary conditions given in the problem, the solutions to each of these second order

differential equations can be determined successively. The results are:

xo(t) = x(0)

x1(t) = (0)t
1a(t) = _w(jxé())ﬂ
2s(t) = _wOi’éO)t3
z4(t) = wéa;(f )"
5(t) wgfég)ﬁ

(a)

The solution to order #° is:

2 6 24 120
(b)
The exact solution is:
z(0)
Zex(t) = 2(0) coswot + sin wot
wo
wit?  witt WitS %(0) witd  witd
- 1— 20 I o L S A e L LN
m(o){ 2 T 24 720 T }+w0 {WO 6 120

wiz(0)t? w%dc(O)t?’_i_wéac(O)t4 wi(0)°
2 6 24 120

So to order 7, the exact solution agrees with the perturbative solution.

= 2(0) + (0)t + O(%)

Problem 4
The equations of motion are
s v
 m Oz
i NV
Y m Oy
Define
oV
f(z,y) T oz
@=-5
g Y y ay

(38)



Further, let
=20+ A\r1 + Moo+ Nag + Moy + ... (46)
y = yo + Ayt + N2y2 + Nyz + Myg + ... (47)

The functions f(x,y) and g(x,y) can be Taylor expanded about the point (zg,yp) (denoted by the
subscript 0). For f(z,y) the expansion is of the form

f(z,y) = f(xo,y0) + g‘i i (x — x0) + (;ch i (y — yo) + gi{ 0 (z —2$0)2 + ?)ZJ; . (y _2y0)2
" 88;6y 0 (z — 360)2(24 — o) n (;3;6]; 0 (z — aco)z(y — ) 4 HOT.
= f(xo0,v0) + gz ) (x — x0) + Z‘; i (y — yo) + gi{ 0 (z —2$0)2 + ?)Zg . (y _2y0)2
i (@ —20)(y —yo) + H.O.T. (48)

Plugging this into the differential equation for x, we get (retaining terms up to second order in the
partial derivatives)

2
Fo 4+ AE1 + A2Eg + NPag + My = _% [f(xo,yo) + gi . (x — zo) + 8‘5 . (¥ — vo)
P ozl O] owl
Yozl 2 Tagel, 2 T aeay|, "W w)
(49)
A2 0
=—— [f(xo, yo) + 2 (Az1 4+ N22g + Xz 4+ May)
m x|,
of 2 3 4 <+ i 2 3 4.2
+ (Ay1 + Ay2 + Ay + Aya) + 5| (A1 + A2 + X153 + Aay)
91, 2 Jz#|,
162
+ 3 8—£ (A1 + Myo 4+ Nys + Alyy)?
o f
+ (Az1+ Ny + N + Xaa) g + Ayz + Ny + Aya)
0xdy |,
(50)
Equating the coefficients of various powers of A on both sides, we get
To=0 (51)
i1 =0 (52)
1
— 53
m x07y0 ( )
1
— 54
w52, Oyl] (54
1 1 &%f| o 10%]
— - —= - —= 55
m[ 02124_28332 0$1+2ay2 oyl} (55)

11-5



Following a similar procedure for the differential equation for y, we get

go =10 (56)
41 =0 (57)
. 1
2 = ——g(z0,Y0) (58)
m
" 1 [ 9y 9y
- _ | = - 59
] m[ax01+ay0y1] (59)
) 1 [y dg gl o 10%| ,
- — | X 29 29 29 60
Y4 m[axo 2+6y0y2+28x20x1 28y20y1 (60)
The solutions are
CUO(t) = c1t + cg, yo(t) = dlt + dz (61)
zi(t) =cst +cay  yi(t) =dst +dy (62)
1
zo(t) = —Tf(l"o,yo)tQ + cst +co (63)
m
1
yo(t) = —%g(ﬂ?oayo)tQ + dst + ds (64)
1 of 9 1 af 3
t) = —— — d t° — — - d t t 65
z3(t) 2m |:C461L' + 48y ] [C ox |y + > Oy ] Terttes (65)
1 0g 0g 9 1 89 dg 3
t)=—— - d t°— — = ds t° +drt 4+ d 66
s(t) 2m[c48x0+48y0] Sox), Tyt T (66)
1 of 1 8f 1 0%f] o 1 O*f| , 1 0°f
-y -2 2L SN (- P - S d
z4(1) {2m2 Oz Of(xo,y0)+ 2m? By 09(95073/0) om Ox2 003 2m dy? . 37 80y 003 3
1 of 1 of 1 0°f 1 0°f 2 t3
I P A =P ady - dy+ cads) b =
+{ maxocs m 0y |, T m 0x2 06364 m 0y? |, 34 8x8y0(634+c4 ) 6
1 of 1 of 1 0*f 1 02 1 0%f 12
SR N A R A di b =+ cot
+{ m@xocﬁ m Oz |, 2m 0x?|, 2m 0y? m8x8y0044 2+C9 e
(67)
1 dg 1 dg 1 9%l o 1 d%| , 1 9%
= _— _— _—_— — _—_— — _—_— d
ya(t) {ng o Og(xo,yo)Jr 52 8y‘0f<$0’y0) om 922),% " 2m 02|, B " m ooy, cads
1 9g 1 dg 1 0% 1 0% g t3
-9 _ -4 _ = _ - 249 _ d d) b
+{ maxocE’ m Jy|, m8m2003c4 m Jy?|, 34 8x8y0(034+c4 3) 6
1 9dg 1 dg 1 9% 1 0% 1 0% t?
= e = g — 29 = 09 g =TI b hdet +d
+{ m xoc6 oz |, 67 om ox%|, 2m 0y? m8x8y0644 2+ ot + 10
(68)
So, the general solution for x(t) is x(t) = z1(t) + x2(t) + x3(t) + z4(t), that is,
z(t) = ag + ant + agt? + azt® + agt? (69)
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where

()40:62+C4+06+Cs+010:x(0)

a; =c1+c3+c5+cr +cg = 2(0)
1 1 of of
__ b Yy, Y
a2 2mf($o,yo) 5 [04 oz, 45 0]
1 1 of 1 of 1 0%f 1 0%f 1 0%f
+ - 5 —— | d6—5—- 735 " 5- a3 - — cqdy
2 m Oz |, m Ox |, 2m 0x*|, 2m 0y*|, m 0zdy |,
1 10 1 of 1 0%f 1 0%f 0
S LR PR B P A L dy + cad
a3 6{m805 m8y05 m8x206364 m8y2034 D20y (c3dy + c4d3)
1 (1 of of 1 9% o 1 0%*f| o 1 O*f
) - Y = Y _ - ZJ A >
= 12{2m 8xof(x0’y0)+2m2 Oy 09(1’073/0) 2m Ox?2 063 2m 9y? |, 3 m dxdy
Similarly, the general solution for y(t) is
y(t) = Bo + But + Bat® + Sat® + Bat’
where
Bo = d2 + dy + dg + ds + d1o = y(0)
B = di + d3 + ds + d7 + dg = 5(0)
1 1 dg dg
g —_— d _—
o= —5— 9(wo,Y0) — [ 9z, + 13, J
1 lﬁ i@ _L@ 1 gl 1 Pl
2 m Ox m 0z |, 2m 0x?|, 2m Oy? m0x8y044
1 1 dg 1 g 1 0% 1 0% 2g
) B Rl M| _ =99 - dy + cad
6{ m Oz mayo 7 m 922 06304 m dy?|, 304 8x8y0(c34+c4 3)
110 1 9g 1 &g 5 1 0| , 1 &%
Bs = 12{2m %09($0,y0)+i2m2 a*yof(iﬂo,yo)—% 6m2063_2m dy? o 37, Oxﬁyo
From the differential equations, we have
x(tzo)__f(iﬁo,yo) . OQ:_f(on,yo)
m 2m
it = 0) = 9(wo,90) __ By = 9(z0, o)
m 2m
and
d3x 1 [Qf of ]
2 == | 2] #0)+ 22| 9(0)] = 6a
dt3 |,_, m | Oz #(0) 3y0() 3
d3y 1 [8g dg ]
SY =1 g0+ 22| g0)] =68
at3 |,_, maajo() 8y0() s

(72)

0

(74)

(78)

(79)



dix 1[0 [of. Of. o (of. Of. o [(0of

|, m (ot (aﬂ*ayy)t o O (ax“ayylo 03, (aw
= 240y

d*y 1[0 (og. Og. 0 (0g. O0g. : 0 (0g .

@)= o (et ) (e o) 20+ 3 (02

In this manner, we can determine the «;’s and (;’s from the boundary conditions, and hence determine

x(t) and y(t) to order t*.

Problem 5

The equation of motion is

é+¥sm0:0

Now,
O(t) = wot + A0y + N2 + . ..
As we are interested only in a solution to O(\?),

sin(f) = sin(wy + A01) = sin(wot) cos(Ad) + sin(A0;) cos(wot)
~ sin(wot) + A1 cos(wot)

Substituting
; .V
Ay + A20, + To(sin(wot) + A0y cos(wot)) =0
Equating coefficients of like powers of A on both sides, we get

él = —? sin(wot)

Vo

éQZ—T

01(t) cos(wot)

(91)

(92)

Using the given boundary conditions, 6;(0) = 0 and 6;(0) = 0, these equations can be solved analyti-

cally, to yield the solutions

Ou(t) = %[sin(wot) — wof]

0
Vi@ [ sin(2wot : 5wt
0o (t) = 122)3 (8 of) _ wot cos(wot) + 2 sin(wot) — TO
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Problem 6
(a)

The solution #(t) for an anharmonic oscillator must satisfy the differential equation

; V7
6 =—-Csind (95)
1
The solution §(¢) must be periodic with some period T" such that if 6(¢ = 0) = 0 then 0(t = T) = 27.
Since the energy,

1 .
E = 5[02 — Vo cos (96)

is conserved, we must have §(t = 0) = 6(t = 2r). That is, the angular speed after one period will be
identical to that at ¢t = 0. If 14 is negligibly small, then the solution is 6y = wot where wy = 2%, with
the understanding that 6(t + T') = 6(¢) (that is, the angles are measured modulo 27). This ensures
periodicity. If V4 is not negligibly small, then this solution still predicts the correct angular position
at times t = nl" where n is an integer, because the potential energy itself is a periodic function.
Deviations from this solution will occur between two successive periods, i.e. nT <t < (n+ 1)T, due
to the variation of the potential energy term, and will vanish at ¢t = nT.

So, the deviations can be expanded in a Fourier sine series of the form )" ¢, sin(nwt), where nwT =
2mm where n and m are integers, so that the argument of the sine term ensures that the deviations
vanish at integral multiples of the period T'. That is, the solution can be written as

0(t) = wt + i cp sin(nwt) (97)

n=1

In general, w # wg. This is because of the fact that in the anharmonic regime, we cannot approximate
sinf as 6 and so the effect of the gravitational potential Vj is to slow the pendulum down so that
it takes longer to complete one cycle than it would if the oscillation frequency were wg. Therefore,
w < wp. Note that the existence of higher Fourier modes emphasizes the anharmonicity of the solution.

(b)

We have
W= wy + Mg + Nws + ... (98)
en = AN 4 AeD 422 ) (99)

So, up to second order in A, we can write

0(t) = (wo + Mwr + A2wa)t + A + el sin[(wo + Awr + A2ws)t] + A2 sin[2(wo + Awr + A2ws)]
(100)
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Since the sine terms are premultiplied by A, they can be approximated as

sin[(wo + w1 4+ Aws)t] & sin[(wo 4 Awi )t] = sin(wot) cos(Awit) + cos(wot) sin(Aw;t)
~ sin(wot) + Aw1t cos(wot) (101)
sin[2(wo + Awi + Aws)t] ~ sin[2(wo + Awi)t] ~ sin(2wgt) (102)

as we are only interested in terms to order A\2. Substituting these into the expression for #(t) and
rearranging, we get

6(t) = wot + A[wit + cgo) sin(wot)] + A\ [wat + cgo)wlt cos(wot) + cgl) sin(wot) + céo) sin(2wot)]  (103)
Comparing Eqn. (103) with Eqns. (88), (93) and (94) we get

Vo V¢ 5
2
0 _ Vo W _ Y%
Cl = ﬁg, Cl = _[2wé X 2 (105)
2
o_ Vo 1
& = 7ed ¥ 5 (106)
Let a = XJ—%. Then,
5 o
w = wy l—a—za (107)
1
0(t) = wt + (o + 2a?) sin(wt) + §a2 sin(2wt) (108)

Eqn. (107) confirms tha w < wy as reasoned in part (a).

Problem 7
The energy is
1.
E = 5192 — Vhcost (109)
At t =0, 0(t) = wp and 6 = 0, so
1
§Iw§ — Vo =10V} (110)
implies that
/22
wo = 22V (111)
I
So,
1
o= LOQ = — (112)
Twg 22

We assume that Vy = 1 and I = 1 in suitable units, so that wyg = v/22rad/s and o = 1/22. The plots
for problems 5 and 6 are:
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S — Numerical
—_ Series
s = Zero Order s wy €
First Order: ép(t)
= Second Order: #31 t)

60

Figure for problem 5

E o |— Numerical
aro Series

L | — Zero Order : w1

P — First Order: 8 ( t)
L .

[ | — Second Order ; 831 t)

20F

Figure for problem 6

In the plot for problem 6, the large magnitudes of the numerical and series solution and zero-th order
terms mask out the first and second order oscillatory terms, which are shown separately below:

M I 0
| | H||||
I | |
(] ‘|| ‘H\H\ (i \‘
“‘ \‘Hl\lll
WL | {
i BT
1 i I\’Hp"

TN
| (
ool ||| ‘H

...............

Il

L
e

(A
For detailed calculations, and plots of all the terms, please refer to the attached Mathematica notebook,
problem-7.nb. From the plots, it follows that the solutions are very close for large values of t.

11-11



Clear ["Global" =*"7;
Problem 5 (Numerical Solution): The differential equation & + Ml’sin 0=0.Letk :MI‘J . We solve for the case k=1.

ifun = First [y /.
NDSolve [{y" [t]1+1%Sin [y[t]]=0,y [0]==0,y' [0]=Sqgt [22%1]},y, {0,300 }]]

I nterpol ati ngFunction[{{0., 300. }}, <>]

Plot [ifun [t], {t, 0,300 }]

1200

1000

800 |-
600 |-
400 F

200 -

T T T S S S SO S S MR
50 100 150 200 250 300

Series Solution obtained in Problem 5.

VO
fl [w,t 1= (Sin [wt]-wt);
J * w?
VO Sin [2wt] 5wt
2 [w ,t 1= -wtCos [wt]+2Sin [wt] - ;
JxJ xw? 8 4
VO
S[lw_,t 1=wx*xt + (Sn [wt]l-wt) +
J *x w?
VO Sin [2wt] 5wt
-wtCos [wt]+2Sin [wt] - ;
JxJ % w? 8 4

fls [t ]=fl [Sqt [22],t ]/. {(VO>1,J -1}

— (V22 t+sin|y/22 t])

22
f2s [t_]=f [Sart [22],t ] /. {(VO 1,0 - 1}

5

| eV e[z ] e2sin[Vaz t] - snf2/22 1]

2

SIS



2 | problem-7.nb

sol [t ]=s[Sat [22],t 1/. {VO-> 1,0 - 1} // FulSimplify

176

<< PlotLegends’

L (2+/22 t (79-4 Cos /22 t

)+24Sin[\/§t

+Sin[2 22 t])

Plot [{ifun [t],sol [t],Sagrt [22] =t fls [t]1,f2s [t]}, {t,0,20 1},
AxesLabel - {'t"," 6"}, PlotLegend - {" Nureri cal ", "Series",
"Zero Order: wot", "First Order: e (t )", "Second Order: e>(t)"},
LegendShadow - None, PlotStyle - {Red, Blue, Black, Green, Purple 1]
0
[ —_— Numerical
i E— Series
80 -
L _— Zero Order :wgt
L First Order :0.(t)
S —_— Second Order #,(t)
60 -
40 -
20 -
J | | | | | | | | | | | | |
10 1 20

Series Solution obtained in Problem 6.

wb = w0 * [l—a—

w6 /. {a»1/22 w0 - Sqrt [22]} // FulSimplify

1843

88 /22

terml [t ] = (a+2a®)Sin [wb*t] /. {a->1/22 w0 - St [22]}

Sin[

6

121

1843t

88 /22

|

5a2]

4




1
term2 [t ]=— a’Sin [2w6* t] /. {a>1/22 w0 - Sort [22]}
8

s— 1843 t
" [44@]
3872
1843
sol6 [t ]=————xt +terml [t ] +term2 [t ]
88 1/ 22
S 1843 t
1843t 6 S 1843 t | n{44\f2{]
—_— 4 +
8g /22 121 88 /22 3872

1843
Plot [{ifun [t],s06 [t], — =*t,terml [t ],term2 [t]},

88 4/ 22

{t,0,20 }, AxesLabel - {"t"." "}, PlotLegend - {" Nuneri cal ", "Series",

"Zero Order: wot", "First Order: e, (t )", "Second Order: e, ()"},
LegendShadow - None, PlotStyle - {Red, Blue, Black, Green, Purple }]
6
r —_— Numerical
80 - )
—_— Series

E —_— Zero Order :wqgt

First Order :0:(t)
60
—_— Second Order 9,(t)

40 -

20 —

Plot [sol6 [t], {t,0,20 }, AxesLabel - {'t"," 6"},
PlotLegend - {"Series"}, LegendShadow - None, PlotStyle - {Blue }]

problem-7.nb

|3



4 | problem-7.nb

6
80 - —_— Series
60
40 —
20
L | | | | t
5 10 15 20
1843
Plot [— #t, {,0,30 }, Axeslabel - {t" " e"},

88 4/ 22

PlotLegend - {"Zero Order: wt" }, LegendShadow - None, PlotStyle - {Black }]

120
e Zero Order :wt

100

80

60

40

20

T ER S S T T

Plot [terml [t ], {t,0,30 }, AxesLabel - {'t"" 6"},
PlotL,egend - {"First Order: 61 (t )"}, LegendShadow - None, PlotStyle - {Green }]



problem-7.nb |5

0.04

0.02

T N 1 T O R T T t

-0.02

-0.04 -

First Order :01(t)

Plot [term2 [t ], {t,0,30 }, AxesLabel - {'t"," 6"},
PlotLegend - {"Second Order: 6, (t )"}, LegendShadow - None, PlotStyle - {Purple }]

0.0002

0.0001

—0.0001 -

—-0.0002 -

E— Second Order #,(t)




