Phys420

Solution to HW#7
Chapter 8,#7, 8, 14,15,18,20,21,24,25,26
[image: image1.png]B-7 The stationary states for a particle in a cubic box are, from Equation 8.10

¥(x, y, z, t)= Asin(kyx)sin(k,y) sin(k,2)e ™ 0<x,y, x<L
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where k; = _;,_' etc. Since ¥ is nonzero only for 0 < x <L, and so on, the normalization

condition reduces to an integral over the volume of a cube with one corner at the origin:
) L L L
1=[dx|dy[de¥(x, t)* = A® {I sin®(kyx)dx | sin? (k,y)dy | sinz(ksz)dz}
0 0 0

L

L

Using 2sin® @=1-cos28 gives [sin?(k;x)dx = % - 4—1—sin(2k1x) .But k;L =n, 7, so the last
0 1 0

term on the right is zero. The same result is obtained for the integrations over y and z. Thus,

3 32
normalization requires 1 = Az(—LZ—) orA= (%) for any of the stationary states. Allowing the

edge lengths to be different at L,, L,, and L, requires only that L? be replaced by the box
2Y2Y2 22 [ 8 W (8
volume L,L,L; in the final result: A= (——- ——-)(—)} =( ) = (—) where
' Ly AL, ALy L,L,L, 14
V =L,L,L, is the volume of the box. This follows because it is still true that the wave must
vanish at the walls of the box, so that kL, =n;z, and so on.

Inside the box the electron is free, and so has momentum and energy given by the de Broglie
relations |p|=Alk| and E = h& with E= (c2|p|2 + mzc'*)l/2 for this, the relativistic case. Here

k=(k;, k;, k;) is the wave vector whose components k;, k,, and k; are wavenumbers along

each of three mutually perpendicular axes. In order for the wave to vanish at the walls, the

box must contain an integral number of half-wavelengths in each direction. Since 4, = 2z

ky
and so on, this gives

2
Thus, |p|2 =hk| = hz{kl2 +k+ k32} =( ) {m2 +n2 +n§} and the allowed energies are

fic 2 /2
=[(”—L-—) {nl2 +n? +n§}+(mc2)2] . For the ground state n; =n, =n; =1. For an electron

h
L

confined to L =10 fm, we use m =0.511 MeV/ ¢? and hc=197.3 MeV fm to get

2 y2
E= {3[(—’”%—%1@] +(0.511 MeV)z} =107 MeV.
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(a) n=1-I1=0->m=0
n=2-1=0-m =0
and I=1->m;=-1,0, +1
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(b) Forn=1,E = [1 J(13.6) =-122.4 eV

2
For n=2,E, = Z—J(13.6) =-30.6 eV

15 /,,/”/(/a) E, = —( ke” )[i) from Equation 8.38. But ¢ i i

> 22, 3 0= " so with m, — u1 we get

For ne he _pk®z%01 1y
(b) orn=3-2,E - EZ-A_T 2—2—57) w1th/1=656.3nmforH(Z=1,
4=m,). For He", , =~ 656. 3
e’ ’
22
. . m
(c) For positronium, Z =1 and U= ?‘-, 50, A =(656.3)(2) =1312.6 nm (infrared).

V The state is 6g
(@ n=6

13.6 eV -13.6
() E,=——— E¢=
n 62

eV =-0.378 eV

(o) For a g-state, I=4

L=[ll+1)]Y2h =(4x5)Y2h =201 = 4.471

(d) m, canbe 4,-3,-2,-1,0,1,2,3,0r4
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The total electron energy in a circular orbit is (as given) E= 5
m,r r

: 2
quantization rules for angular momentum L2 =1+ 1A% and E= —{Z—}(,Zw ) and using the
]

2
n

2 2 2 2 212

Bohr result r = =2 gives _(Z ke ) ZA+ ) Z7ke

. Remembering that a, =

2a, (nzao )2 n’a, m ke
. . 1 _J+D) .
and canceling common factors in each term leaves R 1. Thus, any orbital quantum
n
number [ greater than [, =n—1 will produce a total energy larger than that prescribed by n,
) ( 7z 2 / n 2 ) kez
ie, E,=——7.
Zao

32 :
1 1 ,
=— oL le2% At r=g,=0529%107"° find

(a) Vs (T) 4(2”)1/2 (ﬂo ) ( 4 ) r=4a, m we

1 1Y -172 1)”*
vas(ag)= W (;)-) 2-1De 7" = (0.380)(-‘;)

3/2
=(0.380)[————_—1-0—-—] =9.88x10™ m™¥?
0529%10° m
®)  IWaao)? =(988x10" m¥2)* =9.75x10% m™

(©) Using the result to part (b), we get P,,(ag) = 4milw,,(a W= 3.43x10" m™
g p get ras\dg 0|¥2:\A0
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[t% P (r)= iS,Ze—Z'/ % for hydrogen ground state, U(r) = -k% is potential energy (Z=1)
4

4ke2 oo

()= [U(By (r)dr =~ [re ¥ T2 dy
0 4 o
2 2o
= _4_k§_(f—°-) [267*dz  wherez= 2
a, 2 0 ay
—~ke?
= p; =-2(13.6 eV)=-27.2 eV.
0
2 2
To find (K), we note that (K)+{U)=(E)= e =-13.6 eV so, (K)= ke +13.6 eV.
ag ay

-25  The most probable distance is the value of r which maximizes the radial probability density

| U/ P(r)=|rR(r)|%. Since P(r) is largest where rR(r) reaches its maximum, we look for the most

probable distance by setting &‘l;lr;)l equal to zero, using the functions R(r) from Table 8.4.
r

For clarity, we measure distances in bohrs, so that — becomes simply r, etc. Then for the 2s
a9
state of hydrogen, the condition for a maximum is

d - 1 -
0=;{(2r‘—-r2)e 2} = {Z—Zr—E(Zr—rz)}e /2

or 0=4-6r +r>. There are two solutions, which may be found by completing the square to

get 0=(r ~3)* -5 or r =3+ /5 bohrs. Of these r =3+ /5 = 5.236a, gives the largest value of

P(r), and so is the most probable distance. For the 2p state of hydrogen, a similar analysis

gives 0= —}{rze"/ 2} = {Zr -—%rz}e“'/ 2 with the obvious roots r =0 (a minimum) and r =4 (a
r

maximum). Thus, the most probable distance for the 2p state is r = 4a,, in agreement with the
simple Bohr model.
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/he probabilities are found by integrating the radial probability density for each state, P(r),
from 7 =0 to r = 4a,. For the 2s state we find from Table 8.4 (with Z=1 for hydrogen)

2 2 4a, 2 2
Py (r) =|rRy (r)? =(8a0)'l(L) (2—1—) e and P=(8a,)”" | (ai-) (2——1—) e gr,
0

a4 4 0 a4y
4
Changing variables from r to z= L gives P=8"" f (422 -42% + z4)e‘zdz. Repeated integration
4 0
by parts gives
P=87{(42" - 42° +2*) - (82 - 122% + 42 ) - (8- 242+ 122%) - (-24+ 242) - (24)}e |
=87 {—(64+96+104+72+24)e™* +8} = 0176

4
0

4
For the 2p state of hydrogen P,,(r)= |rR2,,J (r)|2 =(244,)" (aLJ e and
0

4a, 4 4
P=(24ay)7" | (—ar—) e "*dr =247 [z%¢™*dz . Again integrating by parts, we get
0 \ 4 0

P=247"{-z% - 42° ~122% - 242 - 24}e* |: =2471{-824¢™* + 24} = 0.371. The probability for the
2s electron is much smaller, suggesting that this electron spends more of its time in the outer

regions of the atom. This is in accord with classical physics, where the electron in a lower
angular momentum state is described by orbits more elliptic in shape.




